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PREFACE 

In investigating the highly different phenomena in nature, scientists 
have always tried to find some fundamental principles that can explain the 
variety from a basic unity. Today they have not only shown that all the 
various kinds of matter are built up from a rather limited number of 
atoms, but also that these atoms are constituted of a few basic elements of 
building blocks. It seems possible to understand the innermost structure 
of matter and its behavior in terms of a few elementary particles: elec- 
trons, protons, neutrons, photons, etc., and their interactions. Since 
these particles obey not the laws of classical physics but the rules of 
modern quantum theory of wave mechanics established in 1925, there has 
developed a new field of “quantum science” which deals with the expla- 
nation of nature on this ground. 

Quantum chemistry deals particularly with the electronic structure of 
atoms, molecules, and crystalline matter and describes it in terms of 
electronic wave patterns. It uses physical and chemical insight, sophisti- 
cated mathematics, and high-speed computers to solve the wave equa- 
tions and achieve its results. Its goals are great, but perhaps the new field 
can better boast of its conceptual framework than of its numerical accom- 
plishments. It provides a unification of the natural sciences that was pre- 
viously inconceivable, and the modern development of cellular biology 
shows that the life sciences are now, in turn, using the same basis. 
“Quantum biology” is a new field which describes the life processes and 
the functioning of the cell on a molecular and submolecular level. 

Quantum chemistry is hence a rapidly developing field which falls 
between the historically established areas of mathematics, physics, chem- 
istry, and biology. As a result there is a wide diversity of backgrounds 
among those interested in quantum chemistry. Since the results of the 
research are reported in periodicals of many different types, it has be- 
come increasingly difficult for both the expert and the nonexpert to follow 
the rapid development in this new borderline area. 

The purpose of this serial publication is to try to present a survey of 
the current development of quantum chemistry as it is seen by a number 
of the internationally leading research workers in various countries. The 
authors have been invited to give their personal points of view of the 
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subject freely and without severe space limitations. No attempts have 
been made to avoid overlap-on the contrary, it has seemed desirable to 
have certain important research areas reviewed from different points of 
view. The response from the authors has been so encouraging that a 
nineteenth volume is now being prepared. 

The Editor would like to thank the authors for their contributions, 
which give an interesting picture of the current status of selected parts of 
quantum chemistry. The topics in this volume range from studies of the 
Jahn-Teller effect, the quantum theory of tautomeric equilibria, over the 
dynamics of molecular crystals to coupled-cluster many-body perturba- 
tion theory. 

It is our hope that the collection of surveys of various parts of quan- 
tum chemistry and its advances presented here will prove to be valuable 
and stimulating, not only to the active research workers but also to the 
scientists in neighboring fields of physics, chemistry, and biology who are 
turning to the elementary particles and their behavior to explain the de- 
tails and innermost structure of their experimental phenomena. 

PER-OLOV LOWDIN 
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I. Introduction 
The development of the theory of vibronic interactions in molecules 

and crystals is one of the important achievements of quantum chemistry 
in the past quarter of a century. The theory is based on a new approach to 
the problem of electronic structure and properties of poliatomic systems 
that goes beyond the framework of the full separation of the motions of 
the electrons and nuclei in the adiabatic approximation, the nonadiabacity 
being taken into account by means of mixings of the electronic states by 
nuclear displacements. This vibronic mixing is especially important in the 
presence of degenerate or close-in energy electronic states, resulting in 
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2 I. B. Bersuker and 1. Ya. Ogurtsov 

the so-called Jahn-Teller effect, which is a commonly used title for the 
works of this trend. 

At present the new approach has reached widespread development 
and applications in the form of a new concept of molecular structure, the 
concept of vibronic interactions. The applications of this concept involve 
practically all the areas of investigation in physics and chemistry of mole- 
cules and crystals, including spectroscopy in the full range of electromag- 
netic waves (visible, UV, IR, Raman, ESR, NMR, NGR, NQR and ra- 
diospectroscopy, as well as ultrasonics), magnetic and electric properties, 
scattering of light and particles, crystal chemistry, and crystal physics 
(including structural phase transitions and ferroelectricity, chemical reac- 
tivity, activation and catalysis, and electron-conformational interactions 
in biology) (see the following monographs: Bersuker and Polinger, 1983; 
Bersuker, 1984; Englman, 1972; Abragam and Bleaney, 1970; Perlin and 
Tsukerblat, 1974; and the following articles: Ham, 1972; Bersuker, 1975; 
Bersuker et al. 1975; Ghering and Ghering, 1975; Bersuker and Vekhter, 
1978; Bates, 1978; Ogurtsov and Kazantseva, 1979, 1981; Bersuker and 
Polinger, 1982; Reinen and Friebel, 1979, and others). 

In the present review article 1985’s results obtained in applications of 
the concept of vibronic interactions to the investigation of electric proper- 
ties of molecules (dipole and multipole moments and polarizabilities) are 
presented. Molecular aspects of these topics are almost untouched in the 
publications listed in the preceding paragraph. The idea of dipole instabil- 
ity was used first as a basis of the so-called vibronic theory of ferroelec- 
tricity (Bersuker, 1966; Bersuker and Vekhter, 1978). Meanwhile, the 
manifestation of the electronic or vibronic degeneracy in the electric re- 
sponses of molecules, being no less essential than other vibronic effects, 
has some special features. 

The traditional description of individual properties of molecules is 
based on the assumption of a definite charge distribution in them deter- 
mined by the symmetry of the nuclear framework. The light electrons, 
moving in the field of heavy nuclei, adjust (adiabatically) their space 
distribution to the nuclear configuration, which results from the self-con- 
sistent electrostatic interaction of the electrons and nuclei. 

Usually in the study of the electric properties of molecules, it is as- 
sumed that the electron and nuclear dynamics cannot destroy the molecu- 
lar symmetry, and hence the individual characteristics of molecules are 
conceptually determined by the symmetry of the nuclear framework only. 
This statement is based on the assumption that the charge distribution 
(either classical or quantic) is totally symmetric (with respect to the nu- 
clear configuration); i.e., it transforms into itself under the operations of 
the point symmetry group of the molecule. In cases in which the elec- 
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tronic state of the molecule is nondegenerate, the preceding consider- 
ations are correct, and they remain the same in both the classical and 
quantum descriptions. 

However, when distinguished from the former case, the quantum de- 
scription also allows degenerate states of the molecule. In each of the 
states of the degenerate term or in their linear combinations, the charge 
distribution is not invariant with respect to all the operations of the as- 
sumed symmetry of the molecule. Therefore all the conclusions based on 
the assumption of a totally symmetric charge distribution in the case of 
degeneracy become invalid. 

In addition, in the case of electronic degeneracy the nuclear configura- 
tion, following the Jahn-Teller theorem, is not appropriate to the mini- 
mum of the adiabatic potential, and hence the system is unstable with 
respect to nuclear displacements lowering the symmetry of the molecule. 
In these cases there are several (or an infinite number of) nuclear configu- 
rations equivalent in energy appropriate to the minima of the adiabatic 
potential, and for a correct description of the system the possibility of 
transitions between different equivalent minima has to be taken into ac- 
count. This results in a complicated mixing of the electron and nuclear 
motions, and their full separation becomes impossible. These consider- 
ations become extremely important in evaluations of molecular electric 
properties determined by dipole and quadrupole moments and polarizabil- 
ities. Some symmetry considerations given in the following illustrate 
these statements. 

Consider a molecule with an even number of electrons in a degenerate 
ground state belonging to the irreducible representation r of the point 
symmetry group of the molecule.* Denote the line of this representation 
by y. In accordance with group theory the reduced matrix elements of 
tensor operators even with respect to time reversal in the basis of the 
- function I ry)  are nonzero if their components belong to the representation 
r contained in the symmetric product [ P I  (for other cases the rules are 
similar; see the following discussion). It follows directly from this rule 
that in the nondegenerate state the matrix elements are nonzero for totally 
symmetric components of the polarizability tensor and for that multipole 
moment 2', for which the decomposition of the full spherical group repre- 
sentation D' into irreducible ones of the point symmetry group contains 
the totally symmetric representation. For instance, in the case of spheri- 

* It is known from the theory of vibronic interactions that the vibronic states can be 
classified by the same representations of the point group appropriate to the high-symmetry 
nuclear configuration, for which the ground electronic term is degenerate, the ground vi- 
bronic level having the same degeneracy and belonging to the same representation as the 
initial electronic term (Bersuker and Polinger, 1983). 



4 1. B. Bersuker and 1. Ya. Ogurtsov 

cal-top molecules in nondegenerate states, the scalar part of the polariz- 
ability is nonzero, and the totally symmetric representation is first met in 
the decomposition D’ for 1 = 3 in tetrahedral molecules and 1 = 4 in octa- 
hedral ones. This leads to the conclusion that in spherical-top molecules 
the polarizability is isotropic and the minimal multipole moment is an 
octupole one in the case of Td symmetry and hexadecapole one in the case 
of Oh symmetry. 

In degenerate states the situation is essentially changed. In these cases 
in the decomposition of the product [r2] into irreducible representations 
there are other representations in addition to the totally symmetric repre- 
sentation. As a result, there may be nonzero matrix elements for nonto- 
tally symmetric components of irreducible tensor operators of the polariz- 
ability and multipole moments. In particular, in the decomposition of [r2] 
there may be representations contained in D’ with an 1 value less than lA , 
for which D’A contains the totally symmetric representation. 

Let us illustrate this conclusion by the example of spherical-top mole- 
cules. In the degenerate states E, T I ,  Tz, and G3/2 there is the E represen- 
tation in the decomposition of the appropriate symmetric product, and 
hence in these cases the matrix elements are nonzero for anisotropic 
components of the tensors of polarizability and quadrupole moment, 
since E is first met in the decomposition of the spherical representation 
DZ. Moreover, in tetrahedral systems in states of the type T and G312 the 
matrix elements of the dipole moment are nonzero, since [T2] and {G:l2} 
contain the representation T2. 

Thus in degenerate states beside the totally symmetric components of 
the tensor of polarizability and multipole moments, the anisotropic com- 
ponents also have to be taken into account; i.e., the point symmetry of the 
charge distribution becomes lower than in nondegenerate states. Note 
that in nondegenerate states the diagonal matrix element of an operator 
coincides with the mean value of the appropriate magnitude (polarizabil- 
ity, multipole moments, etc.), whereas in the case of degeneracy there is 
no such direct relation between the matrix elements and observables since 
in the basis of the degenerate states each physical magnitude is appropri- 
ate to no matrix element but a matrix. Therefore the correlation between 
the matrix elements and the observables has to be carried out for each 
concrete experimental situation separately. Note also that concerning the 
manifestations in the observable properties, relatively close-in (but in fact 
far from being close) energy states may be the most similar to the case of 
exact degeneracy (see Bersuker et al., 1984). 

In work discussed in this paper some fundamental differences in di- 
pole (multipole) moments and polarizabilities of molecules in degenerate 
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states, as compared with nondegenerate ones, are established, and the 
manifestations of these differences in electric properties of matter studied 
by physical methods are discussed. 

11. Dipole Moments of Symmetric Molecular Systems 
In accordance with the widespread knowledge introduced in manual 

books there are two classes of molecules that differ by their behavior in 
external electric fields: (1) rigid dipole molecules and (2) nondipolar (po- 
larizable) ones. The first class contains molecular systems that, due to the 
internal symmetry, have a proper dipole moment, whereas the molecules 
of the second class, being high symmetrical ones, have no proper dipole 
moment, but acquire such a dipole moment under the influence of the 
external field due to charge displacements (polarization). However, as 
mentioned in the introduction, owing to the past 20 to 25 years' achieve- 
ments in vibronic interaction theory (Bersuker, 1984; Bersuker and Po- 
linger, 1982, 1983), this classification becomes incomplete and even incor- 
rect. As will be shown in this section in more detail, highly symmetric 
molecules that have no proper dipole moment (from a symmetry consider- 
ation) may behave in the electric field as rigid dipole ones if they are in a 
degenerate electronic state. This possibility was first suggested by Child 
and Longuet-Higgins (1961). Moreover, owing to the Jahn-Teller effect 
such molecules may have both types of behavior in electric fields depen- 
dent on the temperature region (Bersuker, 1969; Bersuker et d., 1973). 
The possibility of nonpolar molecules manifesting rigid dipole properties 
in the excited degenerate vibrational states was suggested even earlier 
(Mizushima and Venkateswarlu, 1953). 

A. Temperature Dependence of the Mean Dipole Moment 
The mean value of the electric dipole moment of a molecule in an 

external electric field % directed along the Z axis of laboratory system of 
coordinates (LSC), if the intermolecular interaction and the quantization 
of the rotational degrees of freedom are neglected, is given by the relation 

where H it the Hamiltonian of the internal degrees of freedom of the 
molecule, dz is the operator of the projection of its dipole moment on the 
Z axis of the LSC, p = l/(kT), k' is the Boltzmann constant, T is the 
temperature, d(A) = exp(AH)dexp(-h&), = ( a , P , y )  is the set of Euler- 
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ian angles giving the orientation of the molecule in the space, 

1 d i l  ... = I" d a  I," sin p d p  1; d y  ... 
0 

and Sp is the operation of a spur. If we constrain ourselves with the 
contribution to Eq. (1) originating from the vibronic states of the ground 
electronic term only (i.e,, if we neglect the population of the excited 
electronic states), then after the averaging over the orientations of the 
molecule the expression (1) can be reduced to the form 

(2) 

where (YO is the polarization of the olecule due to the displacement of the 
electrons in the electric field, 

a(T) = 3 I dh 

d = [ a ( T )  + (YO]% 

( 3 )  
0 Sp{exp(-Pfivibr)) 

is the temperature-dependent contribution to the dielectric constant, f i v i b r  

is the vibronic Hamiltonian of the ground electronic state, is the opera- 
tor of the dipole moment in the molecular system of coordinates (MSC), 
and the spur operation (Sp) in Eq. ( 3 )  is taken over the states that belong 
to the ground electronic term only. Let us investigate the temperature 
dependence a( T)  for several concrete cases. 

1 Sp{exp[-(P - h)fivibrl  a exP(-@vibr) a} 

1. Molecular Systems in Twofold Degenerate Electronic States of 
Dipolar Type 
The twofold degeneracy of dipolar type can be realized, for instance, 

in molecules with D3h symmetry. Consider first the a(T) dependence in 
the absence of vibronic interaction. In this case 

d 2  
3kT 

a(T) = -2- (4) 

where d, is the reduced matrix element of the operator of the dipole 
moment calculated by electronic functions. 

Taking into account the linear vibronic coupling in the Hamiltonian of 
the system (the linear E @) e problem), we have 

Here q and p are the vectors of dimensionless coordinates and impulses, 
respectively, @.is the frequency of the harmonic vibrations active in the 
Jahn-Teller effect; a is the vibronic constant related to the usual F (Ber- 
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suker, 1984) by the equation (rn is reduced mass) 

eZ and ex being the Pauli matrices. In the case under considerations, the 
vibrations in the direction q are of dipolar type, and therefore the operator 
of the dipole moment can be written as 

d = de6  + d,$ (6) 

where d,, is the effective dipole moment formed by the nuclear displace- 
ments q. It follows from Eq. (6) that 

Using this relation and the Kubo identity 

we obtain* 

as it can be shown is smaller than unity if a # 0, and therefore this term 
can be called the temperature reduction factor for the electronic contribu- 
tion to the polarizability a( T). When compared with the usual linear in P 
temperature dependence, this parameter introduces additional more-com- 
plicated terms. The calculation requires a knowledge of the temperature 
density matrix, its exact expression being unknown for the problem under 
consideration. Nevertheless, some approximate analytical expressions 
for the QE(E, p )  function can be obtained for some particular and limited 
cases. In the case of low enough temperatures when the population of the 

* Strictly speaking, an additional term %d;lfiw) that represents the so-called atomic 
polarization (the polarization of a two-dimensional harmonic vibration of dipolar type) has to 
be present in Eqs. (4) and (9). In the preceding consideration this term is omitted due to its 
smallness as compared with the other contributions to a(Z‘). 
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ground vibronic states is predominant, the vibronic reduction factor can 
be presented in the form 

where q E  is the electronic reduction factor for operators of the type E in 
the ground vibronic state (Ham, 1965, 1968, 1972; Bersuker and Polinger, 
1983) and En and In) are the vibronic energy levels and wave functions, 
with the indices 0 and e indicating the ground and excited states, respec- 
tively. Substituting Eq. (11) into Eq. (9), we obtain for the a ( T )  depen- 
dence in the region of low temperatures 

The second term in Eq. (12) has the form characteristic for atomic polar- 
ization, the summation in this term being performed over the vibronic 
states of the ground electronic term. The occurrence of this term is due to 
the Jahn-Teller effect, since in the absence of the effect the matrix ele- 
ments (no161ne) are identically equal to zero. Its contribution to the 
atomic polarization is determined by the magnitude of vibronic interac- 
tion and, generally speaking, it is not small. Visually, the vibronic contri- 
bution to the atomic polarization can be explained by the increase of the 
mobility and hence the polarizability of the vibrational system due to the 
Jahn-Teller effect. 

For the calculation of the QE(E, p )  value in a more general case, one 
can use the following approximation for the density matrix in the coordi- 
nate representation (Ogurtsov and Kazantseva, 1982): 

+ 2a2(x - th x)) exp{-a th x(q6)) exp{-a th x(q’6)) (13) 

where x = hwp/2.  It can be shown (Ogurtsov and Kazantseva, 1982) that 
the statistical sum and the mean-square amplitude (q2) calculated by 
means of Eq. (13) in the limit case of high temperatures coincide with the 
appropriate analytical expressions obtained in the approximation of inde- 
pendent ordering of electronic and nuclear coordinates (Ogurtsov et al., 
1977; Ogurtsov and Kazantseva, 1979). In the opposite limit case of low 
temperatures, the expression in Eq. (13) transforms into an operator of 
projection on the states of the ground vibronic term, this operator being 
built up by means of analytical expressions obtained in the framework of 
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the so-called inverse adiabatic approximation (Englman, 1972). Numeri- 
cal results obtained for a wide region of vibronic constant values and 
temperatures show that the approximation of independent ordering allows 
high accurate results for the temperature dependence (q2) to be obtained, 
while the inverse adiabatic approximations give good results for the mean 
values of different characteristics of the system in the ground vibronic 
state. Therefore one can hope that by means of Eq. (13) and based on the 
above two approximations adequate analytical expressions for the reduc- 
tion parameters for arbitrary temperatures and vibronic constant values 
can be obtained. 

At high temperatures when the number of populated vibronic states is 
large enough, one can neglect the nondiagonality of the density matrix 
(13) on nuclear coordinates. This results in 

where 

p ( y )  = [ I  + G y e y 2 @ ( y ) l - l  (15) 

@( Y) = ( 2 / G )  Ji exp(-t2) dt being the error function. In the case under 
consideration &(E, p) is a complicated function of the product a &, 
and its values lay within the limits of l(a = 0) and +(a & + 03). If 
a f i  Q 1 ,  appropriate to the case of either a small vibronic constant a or 
high enough temperature with arbitrary values of a, &(E, p) can be 
presented by the first two terms of the expansion: 

where EJT is the Jahn-Teller stabilization energy. Substituting Eq. (16) 
into Eq. (9), we obtain for the temperature dependence of a(T) 

2. Dipolarly Unstable Molecules 
We will consider now the temperature dependence a( T )  for high- 

symmetry molecules that have no proper dipole moment owing to symme- 
try properties, but owing to vibronic interactions possess an adiabatic 
potential with a finite number of minima of dipolar type at which the 
molecule has a dipole moment. Such molecules can be called dipolarly 
unstable molecules (DUM). The initial ground electronic term of these 
molecules can be both degenerate or nondegenerate. In the latter case in 
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the absence of vibronic interactions, the system has to be classified as a 
nonpolar one. This means that in the absence of vibronic interaction the 
molecule has no temperature-dependent mean dipole moment of the type 
(4). The dipolar-type minima in the case of the nondegenerate electronic 
term are formed by the vibronic mixing of the latter with the excited one 
of appropriate symmetry by vibrations of dipolar type (pseudo-Jahn- 
Teller effect) (see Bersuker and Polinger, 1983). 

Consider now several concrete cases (Bersuker et al., 1973). 
If the system has two minima of dipolar type equivalent in energy, as 

in the case of, e.g., the ammonia molecule, then instead of each vibra- 
tional state in the minimum, two stationary states divided by an energy 
interval 2A arise owing to tunneling (inversion splitting). We constrain 
ourselves to the consideration of a ( T )  for the lowest inversion states 
only. In this approximation 

f i v i b r  = A&Z, do = d&x, dkl = O (18) 

where d is the value of the dipole moment at the minimum configuration 
and d, is the spherical component of the operator of the dipole moment in 
the MSC. Substituting Eq. (18) into Eqs. ( 3 )  and (lo), we obtain 

In other cases there may be three equivalent minima of dipolar type on the 
adiabatic potential, e.g., in the cases of molecules with D3h symmetry. 
Such an adiabatic potential can be due to either the pseudo-Jahn-Teller 
effect or the Jahn-Teller effect in the case of twofold degenerate elec- 
tronic terms with quadratic terms of the vibronic interactions included 
(the quadratic E @ e problem). If the dipolar minima are deep enough and 
only the tunneling states are populated, then I j v i b r  and the operator of 
dipole moment can be expressed by matrices of the dimension 3 x 3:  
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Using these expressions and Eq. (3), we obtain the following formulas for 
a(T) and Q(P) in the case under consideration: 

In the more complicated case of a tetrahedral system with an adiabatic 
potential having four equivalent minima of dipolar type, f i v i b r  and the 
operators of Cartesian components of the dipole moment are given by the 
following matrices of dimension 4 X 4, provided that the overlap integrals 
of the vibronic functions in different minima are neglected: 

Here i and 6 are the unit and zero matrices of the second order, respec- 
tively. This situation is appropriate to the tunneling splitting of four states 
in the minima resulting in two levels, A, and T2. Substituting Eqs. (22) 
into Eqs. (3) and (lo), we have (Bersuker et af., 1973) 

The analysis of the preceding results leads to several important con- 
clusions about the electric properties of vibronic systems. First, in accor- 
dance with the results obtained in the preceding, nonpolar molecules may 
have both types of behavior of the mean dipole moment-that for rigid 
dipole molecules and that for nondipolar ones. Only in the cases of limit 
values of temperatures or vibronic coupling constants can they be related 
to either the former or the latter. This statement can be illustrated by the 
case of a molecule with two dipolar-type minima [Eq. (19)l. Consider the 
two limit cases: A < kT and A * kT. In the former case the function a( T) 
transforms into the classical linear dependence on 1 / k T inherent to rigid 
dipole molecules. In the limit case of low temperatures, a( T )  is reduced to 
a constant value equal to the static polarizability of molecules that have 
no proper dipole moment. 

Another conclusion is that the temperature dependence of the mean 
dipole moment for vibronic systems has a complicated form essentially 
dependent on several parameters of the system (the effective electronic d, 
and nuclear d,, dipole moments and the vibronic constant a or the values 
of the dipole moments in the adiabatic potential minima configurations d 
and the tunneling splitting magnitude, etc.). Therefore the measurement 
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of the temperature dependence of the mean dipole moment in a wide 
range of temperatures can serve as a source of information about the 
energy spectrum of the vibronic systems, the charge distribution, vibronic 
constant values, nuclear dynamics, and so on. Note that the neglect of 
quantization of rotations in the calculation of the a( T) dependence is not a 
strong restricting approximation (Bersuker et al., 1973). 

B. Pure Rotational Absorption Spectra 
The classical ideas about the presence or absence of a dipole moment 

of a molecule based on point symmetry considerations are also used in the 
solution of the problem of possible light absorption due to transitions 
between rotational states without changes of the energy of internal de- 
grees of freedom, i.e., to pure rotational transitions. This resulted in the 
conclusion about the absence of pure rotational absorption spectra for 
high-symmetry nonpolar molecules, e.g., for molecules of D,h symmetry 
and for spherical-top ones. The preceding results on the temperature 
dependence of the mean dipole moment of vibronic systems in constant 
electric fields indicate the necessity of also reconsidering their behavior in 
alternating fields. 

The possibility of pure rotational absorption spectra of high-symmetry 
vibronic systems was suggested by Child and Longuet-Higgins (1961). It 
was shown in this work that in molecules of Djh symmetry in a twofold 
degenerate electronic state the matrix elements of the spherical compo- 
nents of the internal angular momentum Po and of the operator of the 
dipole moment are nonzero. It follows from this statement that, first, 
the Coriolis interaction is effective in the first order of perturbation the- 
ory, and therefore the rotational structure of the vibronic levels is differ- 
ent from that expected for systems without electronic degeneracy. Within 
the accuracy up to terms independent of the rotational quantum numbers 
of the total angular momentum J and its projection K on the Z axis of the 
MSC, this rotational structure has the form* 

(24) 

where B and A are the rotational constants of symmetric-top molecules 
and 5 is the effective Coriolis constant dependent on the vibronic quantum 
number. 

BJ(J + 1) + (A - B)K2 - 2AiK 

* In several papers a more detailed consideration of the rotational structure of the 
energy levels for symmetric-top molecules with a ground E term is given. In particular, in 
the work of Child (1963) the I-type doubling resulting from JTE is revealed, while in the 
paper of Brown (1971) the spin-orbital interaction for the *E term (beside the JTE) is taken 
into account. However, since the pure rotational spectrum is not considered in these works, 
they are not discussed here. 
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Second, due to the nonzero matrix elements of the operator of the 
dipole moment, transitions between the rotational sublevels of the same 
vibronic level with the change of the projection K by unity ( A K  = 1) are 
possible. In the work of Child and Longuet-Higgins (1961) it is noted that 
the possible vibronic pure rotational absorption spectrum within the same 
vibronic level is somewhat similar to the pure rotational spectrum in the 
excited degenerate dipolar-type state of harmonic oscillators predicted by 
Mizushima and Venkatesvarlu (1953). 

1. Rotational Spectra of Dipolarly Unstable Systems 
The possibility of observing pure rotational spectra in tetrahedral mol- 

ecules was discussed in the paper of Bersuker et al. (1974). In order to 
elucidate the origin and main features of this spectrum, a vibronic system 
with four equivalent deep enough minima of dipolar type arising owing to 
either the pseudoJahn-Teller dipole instability or the Jahn-Teller effect 
is chosen as an example. In this case the tunneling splitting of each four- 
fold degenerate (over the number of minima) electron-vibrational state 
results in two levels, a nondegenerate one Al and a threefold degenerate 
Tz , with the energy gap between them equal to 2A. The tunneling states 
corresponding to this level may be described as follows: 

. d  

where ?\~ri is the electron-vibrational function in the ith minimum and the 
coefficients (aryl , aryz, ary3, arY4) form the sets (1, I ,  1, 1) and (1, 1, - 1, 
- l ) ,  (1, -1, 1, -I) ,  (1, -1, -1, 1) for the states Al and T2, respectively. 

The full wave functions for the system can be presented in the form of 
a product of the functions (25) and the rotational functions JMK of a 
spherical top (provided that the vibronic-rotational interaction is ne- 
glec ted) : 

ITyJMK) = 1Ty)lJMK) (r = Al, T2; K, M = 0, ? I ,  ..., + J )  (26) 

while the appropriate energy eigenvalues may be written in the form 

EA,J = BJ(J + 1) + A,  E T ~ J  = BJ(J + 1) - A (27) 

The representation of the full eigenfunction of the system in the form (26) 
is based on the assumption that the interatomic distances at the minima 
points of the adiabatic potential do not differ very much from that of the 
high-symmetry configuration, and the deviations of the rotational func- 
tions from the spherical-top ones may be neglected. If these small devia- 
tions are taken into account, a small splitting of the degenerate vibronic- 
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rotational levels and small corrections to the transition intensities 
obtained below have to be expected. 

The absolute intensity of stimulated dipole transition TJ + T’J’ per 
unit of radiation density is given by the expression 

where 

m 

Z = (21 + 1)2[3gh,~ exp(PA) + gkIJ exp(-PA)] exp[-BhcJ(J + l)] 
J-0 

is the statistical sum, N is the number of molecules per unit volume, ~ , Y , Y . z  

are the operators of projection of the vector of the dipole moment on the 
Cartesian axis of the LSC and gkJ is the statistical gravity of the states of 
Eq. (26) dependent on the spin of the nuclei I (see Wilson, 1935). For 
instance, for a tetrahedral molecule containing nuclei with the spin I = 4, 
gf.J is determined by the formula 

in which [r]  is the dimensionality of the irreducible representation r; ar ,  
b r ,  and cr are the coefficients in the expansion of the direct product 
?hJ @ r (where W is the representation of the full spherical group) with 
respect to the irreducible representations of the point group T d :  

(30) 

Passing in Eq. (28) from the components of the dipole moment in the LSC 
to the ones in the MSC presented in the case under consideration by the 
matrices (22) and performing integration over the rotational coordinates 
and summation over M, K, M‘, K’, we obtain 

?hJ @ r = arA + brE + crT, ar + 2br + 3cr = [r](21 + 1) 

( A J  = J’ - J = 0, k l )  (31) 

The R transitions with J’ = J + 1 are of three possible types: TzJ + 

Tz(J + 1) (R), A I J  + Tz(J + 1) (R’), TzJ + A I ( J  + 1) (R”), whereas 
the Q transitions (J’ = J) and P transitions (J’ = J - 1) are allowed only 
as TzJ AIJ (Q) and T2J + A,(J - 1)  (P). 
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Fig. 1. Tunneling-rotational energy levels and 
I 

allowed transitions for A < B .  The dashed lines di- R I R' I 4" 1 Q rJ 
vide the transitions of different branches. I 1  

Typical energy-level schemes for dipolarly unstable systems with indi- 
cations of the allowed rotational, tunneling, and tunneling-rotational 
transitions in two limit cases, when the rotational frequency is larger than 
the tunneling one and when the inverse inequality takes place, are pre- 
sented in Figs. 1 and 2. The expected pure rotational spectra for three 
concrete sets of parameter values are shown in Figs. 3 to 5 .  If A = 0 (or 

Fig. 2. The same as in Fig. 1 for A > 8. 
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k 

L 

Fig. 3. Numerical calculated position and intensities of the pure rotational spectrum of 
dipolarly unstable tetrahedral systems for the following parameter values (in inverse centi- 
meters): A = 0.5, B = 5.24, kT = 200. Marked with crosses and circles and unmarked are the 
R', R", and R branches, respectively, with the Q transition indicated by an arrow ( p  is the 
gas pressure in amagat units). 

more correctly if A 4 B), the transition frequencies of the three R-type 
bands (R', R, R )  coincide, and the resulting spectrum consists of equidis- 
tant lines with a 2B spacing, the branches P and Q being absent. When A 
increases each of the lines of the type R splits into three lines, R', R, and 
R", the frequencies of the R' and R" ones being, respectively, smaller and 
larger than the frequency of the R transition. In addition, the line appro- 
priate to the Q transition occurs at the frequency 2A. 

i 

iO0 

0 

0 

Q 

l o  

Fig. 4. The same as in Fig. 3 for A = 7.5, B = 5.24, kT = 200. The dashed arrow 
indicates the P transition. 
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Fig. 5. The same as in Fig. 3 for A = 7.5, E = 5.24, kT = 50 (note that the scale here is 
100 times smaller than in Figs. 3 and 4). 

In the case of A > B the picture of the spectrum changes drastically 
(Fig. 4). Besides the increase of the difference in the frequencies of the 
lines in the three branches R’, R, and R ,  their relative intensities also 
change, increasing in the R” branch and decreasing in the R’ one. Simulta- 
neously, the Q transition becomes stronger and the P-type lines occur. 
The number and intensity of the latter increase with the strength of the 
inequality A > B. Note that in the usual pure rotational spectra of mole- 
cules with proper dipole moments the R transitions only are observed, 
whereas all the branches R, P, and Q can be observed only in the rota- 
tional structure of the vibrational band. In the predicted vibronic spec- 
trum all these branches occur simultaneously in the region of pure rota- 
tional transitions with three R-type branches instead of one in the usual 
spectrum and the branches P and Q emerging for large A values only. 

Another feature of the pure rotational spectra under consideration is 
that the intensity of the Q transition increases as compared with the other 
lines by lowering the temperature, and hence beginning from some tem- 
peratures the Q line becomes distinguished from the background band 
(Fig. 5) .  This Q line, being appropriate to the transition without change of 
the rotational quantum number (AJ = 0), is by its manifestation (by shape 
and peculiarities of the temperature behavior) analogous to the zero- 
phonon line in optical spectra, and therefore it can be called the zero- 
rotation line. The absorption of microwaves appropriate to this transition 
(without taking into consideration the rotations) was considered by Ber- 
suker and Vekhter (1965) and presumably was observed by Gyorgy et al. 
(1966). 
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The question of the intensity of the predicted pure rotational spectrum 
needs special consideration. It follows from Eq. (31) that the intensities of 
the lines are proportional to d 2 .  Unfortunately, accurate calculations of 
the dipole moment d at the minima points of adiabatic potential are very 
difficult. However, it is known that the d value may vary within wide 
limits depending on the value of the constant of vibronic coupling. For 
instance, empirical estimation of d value for the PO:- ion under the as- 
sumption that its dipole instability is responsible for the triggering of 
the spontaneous polarization of the crystal KH2P04 results in the value 
d - 0.1 D. 

2. Pure Rotational Transitions Induced 
by the Jahn-Teller Effect and Spin-Orbital Interactions 
Let us consider another example in which the unusual pure rotational 

spectrum in spherical-top molecules with the Jahn-Teller effect occurs 
(Ogurtsov, 1982, 1984). Consider a molecular system that in the high- 
symmetry configuration of Td symmetry has a twofold degenerate elec- 
tronic ground term with one unpaired electron (the term 2E).  The vibronic 
energy levels in this case, if the interaction with e-type vibrations in the 
linear approximation (linear E @ e problem) is taken into account, are 
twofold degenerate (Longuet-Higgins et al., 1958; Bersuker and Polinger, 
1983). The total vibronic-rotational Hamiltonian of this system is 

A = I;rvibr + B(J - i - 1)2 + hi * 1 (32) 

where f i v i b r  is the Hamiltonian of the internal degrees of freedom without 
taking into account the spin-orbital interaction; I, i, and J are the opera- 
tors of the spin, orbital, and total momentum, respectively; and A is the 
constant of the spin-orbital interaction. Considering the operator 

V = (A + 2B)i * 1 - 2BJ * i (33) 

as a pertubation, its matrix elements in the basis of the vibronic function 
of E e problem being zero, and neglecting the rotational structure of the 
vibronic levels of the excited electronic terms, we obtain instead of the 
Hamiltonian (32) 

(34) 

where B' - AB/AE and AE is the energy gap between the ground elec- 
tronic term 2E and the lowest excited term *T. The eigenvalues and wave 
functions of the Hamiltonian (34) are determined by the relations 

= Avibr + B(j2 + 1*) - 2(B - B*)J * 1 

E n e j ~  = En, + BR(R + 1 )  + B*[-R(R + 1 )  + J(J + 1)  + $3 (35) 
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in which En, is the energy of the vibronic state Ine) [here the notations 
used by Child and Longuet-Higgins (1961) are retained]; J and M ,  K are 
the values of the total momentum and projections on the 2 axes of the 
LSC and MSC, respectively; I tm) are the spin functions; DhK is the 
Wigner function; C ~ ~ R 1 1 2 m  are the Clebsh-Gordan coefficients for the full 
spherical group; R and K R  are the magnitudes of the pure rotational mo- 
ment and its projection on the 2 axis of the MSC. 

The vibronic functions Ine) belong to the representation A1 , A2 , and E 
of the symmetry point group. Therefore in the group Td the matrix ele- 
ments of the operator of the dipole moment (belonging to the TZ represen- 
tation) calculated by the functions in (36) are identically equal zero. 
Hence the dipole transitions between the states (36) are forbidden as pure 
rotational or vibronic-rotational ones. 

Consider now the change of the selection rules due to the mixing of the 
nondipolar states (36) with excited states of dipolar type by the interaction 
in Eq. (33). The wave functions in the first-order perturbation are 

IneJRKRM) = 1neJRKRM)o 

X 1 m T ~ J " R K { M ) o  (37) 

where ImTtJ"R"K'AM") are the vibronic-rotational states arising from the 
vibronic state ImTt) of the ImT) electronic term of the type T ( T I  or T2). If 
the dependence of the energy denominators in Eq. (37) on the rotational 
quantum number is neglected, then in the first order with respect to the 
spin-orbital interaction constant we obtain for the matrix elements of the 
rth circular component (in LSC) of the operator of the dipole moment the 
expression 

(n'e'J'R'KkM'I~rlneJRKRM) 
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where 

d,  and fur are circular components of the dipole and orbital momentum in 
the MSC, f i iT  is the vibronic Hamiltonian for the excited electronic state 
ImT) that lies at  an energy interval  em^ above the ground on E, and the 
material within the braces is the 9j  symbol (Varshalovich, er al., 1975). 

The expression (39) can be simplified by employing the Franck-Con- 
don principle, which allows us to substitute by the operator of vi- 
bronic interaction V m ~  in the appropriate electronic term mT.* Using this 
approximation and taking into account that the energy differences IE,, - 
Envefl are small compared with the energy  em^, we come to the expression 

A$zl ,ne 1. (n'e'lff ,dq)lne) 

in which q denotes all the normal coordinates of the molecule and B is an 
averaged value over the En,,, and En, magnitudes. 

Now we expand the operator A,&) in power series with respect to q 
and constrain ourselves by the zero-order term only considering that the 
contributions of the higher-order terms to the   em^ - B) mean values are 
small. In this approximation A,.,(O) are pure electronic operators trans- 
forming as (d,lUr + /,d,), e.g., they belong to the reducible representation 
TI X Tz. Using the vibronic functions of the linear E @ e problem and 
taking into account that the I,, operators are pure imaginary ones, we can 
show that the matrix elements are nonzero only for those components 
A,,(O>, from which irreducible tensor operator belonging to the A2 repre- 

* Similar approximations are traditionally used for estimations of matrix elements of the 
operator of polarizability that differ from that of Eq. (39) only by the substitutio! of the 
operator Is$ by the appropriate component of the operator of the dipole moment d,  (Child 
and Longuet-Higgins, 1961). 
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sentation can be formed. For them we have 

(41) (- 1)" 

where S,,, is the Kroneker delta symbol, 

(n'e'lA,r,,(0)lne) = - S~,~,,,d'l,~,,.,l~,d~ff 

~ ~ l ~ d , , ~  = (n: ln+)  - Wb-) (42) 

is one of the so-called primitive vibronic parameters introduced in the 
work of Child and Longuet-Higgins (1961), and 

is the effective value of the electronic dipole moment in the ground elec- 
tronic state induced by the spin-orbital interaction, (EIldllrnT) and 
(mTllillE) being the reduced matrix elements of the operators of the dipole 
moment and orbital momentum calculated by the functions of the ground 
E and excited mT electronic terms. 

The absolute intensity of the transition neJR - 12°C J'R' is determined 
by the magnitude of the expression 

which by means of Eqs. (38) ,  (40), and (41) can be reduced to the form 

I 
- J' R 2 

I 
- J  R 2 

I 1  0 

(45) 

It follows from Eqs. (43) and (45) and the properties of the 9j  symbols 
that for nonzero A values vibronic-rotational transitions are allowed with 
selection rules AR = R'  - R = 0 and A J  = J' - J = 0, k l ,  which 
correspond to pure rotational transitions, if E,,,r = E,,, and vibronic 
transitions, when E,,,, # En,, provided that the coefficients d,,,,,,, are 
nonzero. In the case of E,,,el # En, this is possible only in the presence of 
the vibronic interaction. Therefore the predicted vibronic-rotational 
spectrum can be observed only in systems in which the spin-orbital inter- 
action is strong enough and there is the Jahn-Teller effect. 
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In some cases, not the line of pure rotational spectrum itself, but the 
spectrum envelop of the band shape is of primary interest (e.g., due to the 
low resolution of the measurement technique). In the conditions under 
consideration the line shape can be determined by the relation 

X R=O 2 exp[-BR(R + l)] [exp[b* ( R  - :)] 

x 6 [ R  - (& - ;)I 
where Z is the partition function of the system, o is the frequency of the 
incident light, b = p E ,  b* = pB*, and 6(x) is the Dirac delta function. The 
deduction of Eq. (46) was performed by using the explicit form of the 9 j  
symbol for the appropriate absorption pure rotational transitions ( J  = 

R - f, R)+(J' = R + 4, R).* Assuming that B =e kT and passing in Eq. (46) 
from summation over R to integration, we have 

x s h ( y ) [ ( & ) 2  - f] (47) 

By way of example consider the possibility of observation of the pre- 
dicted pure rotational spectrum in the case of the VC14 molecule, the 
ground state of which is twofold degenerate (Morino and Uehara, 1966; 
Truaux et al., 1974; and others). It can be shown by means of numerical 
calculation after Eq. (47) (assuming for the VCI4 molecule B - 0.04 cm-I) 
that at room temperatures the band appropriate to the pure rotational 
spectrum has a maximum at o - 0.3 cm-*. When the temperature is 
raised, the maximum of this band shifts to a region of higher frequencies. 

* Note that in the 2E term of a spherical-top molecule with the spin-orbital interaction 
taken into account, dipole transitions are allowed between the vibronic states Ine) and In'e'),  
which are nondipolar states since they originate from a nondipolar electronic term interact- 
ing with nonactive in the IR absorption E vibrations. The intensity of such transitions in 
accordance with Eq. (45) is proportional to dz&,.,,, (Ogurtsov, 1984). 
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In order to estimate the effective dipole moment of the pure rotational 
transitions under consideration we constrain ourselves in the calculation 
of the sum in Eq. (43) by the contribution of the lowest excited electronic 
term T2 only. Then, using the experimental data ET? = 9000 cm-I (Orgel, 
1955; Blankenship and Belford, 1962), A = 270 cm-I (Clarck and Machin, 
1963), (El1811T2) = 0.7 D [from the value of the oscillator strength of the 
E +- T2 transition (Blankenship and Belford, 1962)], we obtain for the 
effective dipole moment 

d , ~  - D (48) 

This value is smaller than that obtained from the estimation of the dipole 
moment value in the minima configurations of the dipolarly unstable sys- 
tems. Nevertheless, even in this case the expected pure rotational absorp- 
tion spectrum can be observed. Indeed, at the present time even very 
weak pure rotational lines induced by collisions and vibration-rotational 
centrifugal interactions, for which the effective dipole moment is esti- 
mated equal to D, are observed experimentally and investigated 
(Rosenberg et al., 1972; Ozier and Rosenberg, 1973). By comparison, one 
can see that the predicted vibronic pure rotational spectrum may be about 
lo8 times more intensive than that experimentally observed in the works 
of Ozier et al., provided that the dn,,n, coefficients are not very small. 
Using the numerical results of Child and Longuet-Higgins (1961), we can 
make sure that in the case of the VC4 molecule these coefficients lower 
the estimation of the intensity of the pure rotational spectrum by no more 
than one or two orders of magnitude (Ogurtsov, 1984). 

C. Dielectric Losses 
In this section the properties of dipolarly unstable molecules (DUMs) 

in a viscous nonpolar medium in the presence of a electromagnetic field 
are considered. We consider especially the microwave spectrum of ab- 
sorption. It is not related to the resonance transitions between rotational 
levels (nonresonance spectrum of Debye type). We assume that there is a 
weak solution of the DUM in a dense nonpolar medium in the presence of 
a variable electric field %(t) .  The Hamiltonian of such a system has the 
form 

where f i m o l ,  IIdiss ,  and fimo14iss are the Hamiltonians, respectively, for the 
solute molecules, dissipative subsystem (the medium), and the interaction 
between them. In order to investigate the absorption spectrum of such a 
system, we assume that the dissipative medium is transparent in the re- 
gion of field frequencies under consideration. Then, owing to the assumed 
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smallness of the concentration of the solution, the contribution to the 
spectrum from the molecules is additive and the Hamiltonian fimol is in 
fact the one of a separate molecule, 

fimol = fivibr - d Z x ( t )  (50) 

where it is assumed that the field %(t )  is directed along the Z axis of the 
LSC and & is the operator of projection of the dipole moment on the 
same axis. The dynamic variables of the internal degrees of freedom and 
the operator f i v i b r  are presented by the matrices in the basis of the most 
essential lowest vibronic states. 

In accordance with the fluctuation-dissipation theory (see, e.g., Hu- 
ber and Van Vleck, 1966; Zubarev, 1971) the imaginary part of the polar- 
izability ar r (w)  = Im a(o), which determines the absorption of the field 
energy, has the form 

a"(o) = 2Nth (F) I," p(t) cos(wt) dt 

where N is the concentration of DUMs, o is the field frequency, 

p(r) = i ( & d Z ( f )  + $(t)  &) (52) 

is the symmetrized quantum-mechanical correlation function, and dz( t)  is 
the operator of the dipole moment in the Heisenberg representation. 
Hereafter the system of units is used in which fi = 1. 

Suppose that the interaction of the molecule with the dissipative me- 
dium is realized through the rotational-only degrees of freedom of the 
molecule and does not affect the vibronic ones. Then, passing to the 
system of coordinates linked to the molecule by means of the Wigner 
functions DJ,, and using the classical description for the rotational diffu- 
sion, we have 

(53) 

where a,,, are the circular components of the operator of the dipole mo- 
ment in the MSC, the material within angle brackets means statistical 
averaging with the equilibrium density matrix of the vibronic degrees of 
freedom, and Klr,,n,(t) = (Djno[R( t)]D~n,a[R(0)]) is the orientational correla- 
tion function. If we assume that in the case under consideration the rota- 
tional motion is of the Brown origin, K,,,(t) can be presented in the form 

I 
p ( t )  = C ( d r n d r n * ( t )  + d i n ' ( f )  $n)vibrKrnm'(t) 

mm' 
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where K ( h m ,  t)  is a complicated function of several variables including 
time, main values of the viscosity tensor 5; ( i  = I ,  2 ,3 )  (or of the appropri- 
ate tensor of rotational diffusion Di = kT/ t i ) ,  the tensor of the moment of 
inertia Zi and temperature, h, = 2 0 1  + (D3 - Dl)m2.  The nature of the 
rotational relaxation is unknown in detail, and hence so are the functions 
K ( h ,  , t ) .  The latter have to be determined by comparison of the theoreti- 
cal and experimental data. The interpretation of these functions is usually 
performed on the basis of the following approximation (Steele, 1963): 

where Z is the mean moment of inertia determined by the relationship 
I - '  = f(Z;l + Z;' + Z;'). In the case of spherical-top molecules the 
orientational correlation function of free rotations in the limit of high 
temperatures ( B  G kT)  can be written in the form (Steele, 1963) 

With these ideas we consider now the spectra of the dielectric losses for 
systems with dipole instability. The DUM with two, three, and four min- 
ima of the adiabatic potentials are taken as examples. The matrices f iv ibr  

and dm needed for the calculation of microwave spectra are given by Eqs. 
(18), (20), and (22). 

1. Dipolarly Unstable Molecules with Two Minima 
Substituting Eq. (18) into Eq. (53) we obtain the following expressions 

for the correlation function p(t) and the imaginary part of polarizability 

(57) 
1 

p(t) = j d2K(ho,  t )  cos(2At) 

and 

(Y"(w) = t h ( F )  [ f ( ~  - 2A) + f ( ~  + 2A)] 3 

where 
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2. Dipolarly Unstable Molecules with Three Minima 
In the case of symmetric-top DUMs with three minima the functions 

cp(t) and ( ~ " ( w )  by means of relations (20) and (53) may be presented in the 
form 

where the function g(o) either coincides with f ( w )  if f < mZti < 2, 
or it can be obtained fromf(w) by substitution of D1 by (Dl + D3), if 
W Z t l , 3  > 2. 

3. Dipolarly Unstable Molecules with Four Minima 

type minima, the correlation function q(t) and d(o)  have the form 
In tetrahedral systems with an adiabatic potential having four dipolar 

x (2 exp(PA)f(o) + ch@A)[f(w - 2 4  + f(w + 241) (63) 

It is seen from Eq. (58) that the microwave absorption spectrum of DUMs 
with two minima can be described in the case of large viscousity by the 
Van Vleck-Weiskopf formula with the correlation time T = l/(2Dl). For 
intermediate values of the viscosity, the spectrum changes qualitatively, 
approaching to a Gaussian distribution. In the case of DUM with three or 
four minima of the adiabatic potential, the microwave spectra became 
essentially complicated. Their distinguished feature is the presence of two 
maxima on the absorption curve that are realized for a special relationship 
between the parameter values. One of these maxima is positioned near 
the frequency of the resonance transition o - 2A, the other being at the 
frequency o - 20. The occurrence of the additional maximum of nonres- 
onance (Debye-type) absorption can be explained by the considerations 
given earlier owing to which the threefold degenerate states in tetra- 
hedral systems and the twofold degenerate states in systems with D3h 
symmetry are of dipolar type. 

It is interesting to compare the results obtained in this section for the 
absorption spectrum in a viscous medium with the pure rotational spec- 
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trum of free-rotating molecules. In the case of DUMs with four minima in 
the absence of viscosity ( E  = 0) K ( t )  is determined the relation (56) and 

(64) 

Substituting the expression in Eq. (64) into Eq. (63) and comparing the 
expression obtained for a”(@) with the pure rotational spectrum, we can 
see that the term [f(w - 2A) + f (w + 2A)l describes the Q transition 
[contribution proportional to S(w - 2A)] and the envelope of the lines of 
the type R’, R ,  and P. Besides, in a” (w)  there is a contributionf(w) with 
the maximum at the frequency w = appropriate to pure rota- 
tional transitions with unchanged vibronic quantum numbers [of the type 
R: T2J+ T2(J + l)]. The expression of the type (63) with thef(w) func- 
tion described by Eq. (64) can be obtained directly from Eq. (31) if in the 
limit case of high temperatures ( B  4 kT)  one substitutes the summation 
over J by integration [similar to the procedure used in the deduction of 

The results of this section show also that in a viscous medium the 
DUMs preserve the peculiar electric properties and are manifest either as 
rigid dipole molecules (in the region of irradiation frequencies w - 20)  or 
as polarizable nondipolar ones (in the region of resonance w - 2A). It 
follows that the interpretation of DUM spectra is essentially dependent on 
the ratio between the constant of rotational diffusion D and the tunneling 
splitting magnitude A. In particular, in the case of two minima of the 
adiabatic potential in the limit of weak diffusion, the frequency depen- 
dence of the spectral curve has a resonance character with a maximum at 
the frequency w = 2A, while in the opposite limit case this frequency 
dependency coincides with the Debye curve. In a visual interpretation 
this result means that in the former case the frequency of reorienting 
collisions is much less than the frequency of tunneling transitions, and 
hence the absorption takes place at the tunneling energy levels. In the 
opposite limit case, there are many collision reorientations during the stay 
of the system in one of the minima configurations, and therefore the 
molecule is manifest as a rigid dipole one. 

In the case of three or four minima on the adiabatic potential, beside 
the transition between the A, E or Al , T2 energy levels broadened by the 
interaction with the medium, the transitions without change of the energy 
of internal degrees of freedom of the molecule also contribute to the 
spectrum. The broadening is due to the fact that there is a probability of 
transitions of the system from one of its minimum configurations to an- 
other equivalent one as the result of a diffusional reorientation, and not by 
tunneling. Consequently, in these systems there is always a Debye-type 

f ( w )  = 6 I T  a ( w )  + & (p1)3’202 exp(- T PI  w2) 

Eq. (431. 
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contribution to the absorption, although the general form of the spectrum 
depends on the relation between the tunneling splitting and diffusion rota- 
tional transition frequencies. 

In conclusion of this section we present some examples of molecular 
systems in which the Jahn-Teller or pseudo-Jahn-Teller effects result in 
configurations having dipole moments. The simplest ones seem to be CH: 
in the ground state (Gemmel et al., 1980a,b) and CH4 in the excited one, 
as well as any other systems of the type AX4, where A = C, Si, Sn, ..., 
and X = H, F, C1, Br, J, CH3, ..., in the ground ion or excited molecular 
states. Molecules of the type X3 (03, C3H3, C6H3X3, etc.) can also be 
DUMs. The condition for the possibility of investigation of the microwave 
absorption spectrum in the excited states is that the lifetime in the latter T' 
must be larger than the time of rotational relaxation T - (20)-'. This 
condition is usually fulfilled, since by the order of the magnitude T' - 
10-8-10-9 sec and T - 10-'o-lO-'l sec. Another possibility for studying 
dielectric losses in the excited states can be realized by means of laser 
excitation of the molecule to the degenerate state of dipolar type or to a 
state with dipole instability. 

111. Anisotropy of Polarizability 
and Hyperpolarizabilities in Degenerate States 

As mentioned in the preceding section, for degenerate states there 
may be nonzero matrix elements of anisotropic components of the tensor 
of polarizability that belong to the nontotally symmetric representation of 
the point group. It seems to be interesting to elucidate the possible mani- 
festations of this fact in experiments traditionally used for the investiga- 
tion of the anisotropic polarizabilities of molecular systems. The birefrin- 
gence in constant and alternating fields and light scattering belong to such 
experiments. 

A. Anomalous Birefringence in Gases of Spherical-Top Molecules: 
The Ken and Cotton-Mouton Effects 
The birefringence in external electric and magnetic fields (the Kerr and 

Cotton-Mouton effects) can be explained by the anisotropy of the proper- 
ties of the medium that is due to either the orientation of anisotropic 
molecules in the external field (the Langevin-Born mechanism) or the 
deformation of the electric or magnetic susceptibilities by this field, i.e., 
to hyperpolarizabilities (Voight mechanism). The former mechanism is 
effective for molecules that are anisotropic in the absence of the field and 
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results in temperature-dependent birefringence. The contribution due to 
the second mechanism is usually small and independent of temperature. 
The usual statement is that in gases of spherical-top molecules the bire- 
fringence can arise only due to the Voight mechanism. This statement is 
implicitly based on the initial assumption of the isotropy of dynamic and 
static polarizabilities or magnetic susceptibility of spherical-top and other 
high-symmetry molecules. However, this assumption is incorrect when 
the preceding systems are in degenerate states. The degeneracy intro- 
duces some special anisotropy leading to appropriate anisotropic proper- 
ties of the system as a whole. 

1. General Theory of Birefringence in External Fields 
Consider first the general theory of birefringence in gases of nonin- 

teracting molecules in an external constant and homogeneous electric or 
magnetic field 9 (Ogurtsov et al., 1982, 1983a,b). Neglecting the quantiza- 
tion of the rotation, we obtain for the difference in the indices of refrac- 
tion of the light polarized along and perpendicular to the direction of the 
field 9 (which is chosen as the Z axis of the LSC) the following relation: 

An = nz - nx = 27rN{W2 Re[azz(w, 9 , O )  - axx(w, 9, O)l)s=o (65) 

in which aIK(w,  9, a) is the component of the tensor of dynamic molecu- 
lar polarizability with respect to the LSC, the overbar denotes the proce- 
durz of averaging over the orientations of the molecule a, and w is the 
frequency of the light propagating along the Y axis of the LSC. The real 
part of the components of the polarizability Re QIK(W,  9, a) can conve- 
niently be presented by the correlation functions .I/&) = (&t, 9) &). 
Following Zubarev (1971), we have 

2 2  

where 

is the Fourier transformation of the correlation function JIK( t ) ,  

&(t, 9) = exp[itEi(~)l& e x p [ - i t E i ( ~ ~  (68) 

is the operator of the dipole moment in the Heisenberg representation, 
&(s) = fi - f i ~ 9  is the Hamiltonian of the molecule in the external field 
8, f i ~  is the projection of the operator of the dipole moment & , if 9 is the 
electric field (3 = %), and magnetic moment mz, if 9 is the magnetic field 
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(9 = X). The correlation function is defined by the expression 

J I A ~ )  = z-Ys) s p { e x p [ - - ~ f i ~ ~ ~ & ( t ,  ~ 4 )  (69) 

where Sp denotes the spur operation over the states of the internal de- 
grees of freedom and Z(9) = Sp{exp[-Pfi(9)1} is the statistical sum of 
the system. 

Assuming that the intensity of the external field 9 is small enough (the 
criterion of smallness will be given later), we expand the correlation func- 
tion (69) in a power series with respect to the field 9. This can be done in 
two steps. In the first step partial diagonalization of the Hamiltonian fi( 9) 
is performed by means of the unitary transformation 0. The latter ex- 
cludes that part of the interaction with the field that couples the vibronic 
states of the ground electronic term IOU) with the excited ones [Nu’)  (N # 
0). Since the splitting of the vibronic levels in the field 9 (the linear Stark 
or Zeeman effect) is small compared with the energy interval between the 
ground and excited electronic levels, their ratio is a small parameter. In 
the framework of the unitary transformation U ,  the equation for the corre- 
lation function (69) can be written in the form 

J r i r ( f )  = ~ p { e x p [ - ~ ~ ( ~ l a K ( t ,  ~ a , ~ p { e x p [ - p ~ % ) ~ }  

(A =, oA0-I) (70) 

Expanding the transformed operator H ( 9 )  = Ufi(  9) 0-I in a power se- 
ries with respect to the preceding small parameter and keeping the terms 
up to the second-order ones, one can obtain the following expression for 
the matrix elements of the operatorH7) in the basis of the vibronic states 
of the ground electronic term (Bir and Pikus, 1971): 

-- 
- 

( 0 U ” ~ ~ ) ~ O V ‘ )  = (ou”~A(9)~ou’) 

9 2  - - c, (0U”l$,JNU)[(ENu - Eou.)-’ 
N4O.u 

+ ( E N u  - EOu”)-’I(N~[fiZ(O~’) (71) 

Here EN” is the energy of the vibronic state [ N u )  of the Nth (IN)) excited 
electronic term. Assuming that the energy of the vibrational excitations in 
the ground and excited electronic states is small compared with the en- 
ergy gap between the electronic states, one can neglect in Eq. (71) the 
dependence of the energy denominators on vibrational quantum numbers 
u,  u ‘ ,  and u”. Then, basis of the functions of the ground electronic 
term, the operator given by the expression 
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in which rizZ = 2fizGfiZ is the 22 component of the molecular susceptibil- 
ity, 

is the electronic Green function, and EN is the energy of the excited 
electronic state IN) read from the ground electronic term. 

In the framework of the preceding approximation in the first order 
with respect to the introduced small parameter, we have 

If we restrict ourselves with the zero and first order terms only with 
respect to the field 9 in Eq. (74), we obtain the following expression: 

(75) 
w -  

a K ( t ,  %)a/ = a K < t > a ,  + 9> iZ , ,K ( t )  

& ( r )  = & r ,  = 0) 

in which 

iZ,,K(r) = fizG&(r)d, + &(r)d,Gfiz 

- i  1; dtl[fiz(tl), &(Old  (76) 

is the operator of hyperpolarizability in the time representation that de- 
scribes the deformation of the molecule in the alternating electric and 
constant (9) fields. In particular, when passing from time representation 
to the frequency one in the electric field (9 = %), the mean value of i in 
nondegenerate states coincides with the hyperpolarizability introduced by 
Buckingham and Longuet-Higgins (1968). 

Assuming that the excited electronic states are not populated and 
substituting Eqs. (70), (72), and (75) into Eqs. (66) and (67), we obtain 

where 

is ZKth component of the polarizability of the molecule in the ground 
electronic state in the absence of external field and 
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In the deduction of Eq. (77) all the hyperpolarizabilities of order higher 
than iz,IK were omitted. In particular, in Eq. (77) the term proportional to 
8* responsible for the contribution to a ( w ,  9, a) due to the Voight mech- 
anism is absent. Thus, by means of the preceding approximations the 
contributions to the polarizability that in principle may lead the 
Langevin-Born mechanism of birefringence are separated. 

Next we expand Eq. (77) in a power series with respect to field 8 by 
assuming that this field is small and cannot result in an orientational 
saturation. Then, after averaging over the orientations of the molecule, 
we obtain for the Langevin-Born contribution to the birefringence the 
expression 

Anor = 2 r N  2 Wik'mJ$$m(w, P )  
iklm 

where 

i, k ,  I ,  m are the indices of the projections of the appropriate magnitudes 
on the Cartesian coordinates of the MSC. The coefficients Wikltn are sym- 
metric with respect to the permutations of indices i * k and 1 * m. 
Therefore in all the final results the Cartesian components of the tensors 
of polarizability, susceptibility, and hyperpolarizability are present in 
symmetric combinations only: 

itlm = &(>ik./m + i k , , n / )  

Using the explicit expressions for Wik/jn, we can present the final expres- 
sion for the birefringence in the form of a sum of three terms: 

Anor = A n y  + Any + Any (84) 
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where 

Here the operators with the indicies r y  belong to the line 7 of repre- 
sentations r; T and T,, are representations of the tensor of polariza- 
bility and the moment ji, respectively; b-, and hVr are numerical 
coefficients dependent on the choice of the form of the irreducible 
tensor operators in the point group of each concrete molecule. The 
irreducible tensor operatprs (ji 0 ji)-,-, are determined by the Clebsh- 
Gordan coefficients UC,';:; of the point group of the molecule (Koster 
et al . ,  1963) as follows: 

- -  

The index v in Eq. (8%) occurs because of the fact that in any point group 
there are three components of the hyperpolarizability that belong to the 
same representation T,, as the components of the vector ji. In particular, 
for cubic groups these three sets are 

Xll . ,  = C i . r . x x  9 iY*Y.Y 9 RZ.2,) 

Xzrr = ( i . r . y y  + i x . z z  i y . x . r  + i Y i y . z z  i z . Y . v  + i z . , r . r )  

XT, = ( ~ y , x y  + ~ z s z r  x . r .xy  + x z . y z 9  x.r.rz + x ~ . y z )  
"(S) "(S) "(S) " ( S )  "(S) " (C)  

Without constraint of generality, all the operators in Eqs. (85a)-(85c) may 
be considered pure electronic ones neglecting, thus the nuclear contribu- 
tions to the moment, polarizability, magnetic susceptibility, and hyperpo- 
larizability due to their smallness compared with the appropriate elec- 
tronic contributions. In the framework of this consideration some general 
group-theoretical selection rules can be suggested that allow us to predict 
the possible nonzero contribution to the birefringence arising from the 
Langevin-Born mechanism. 

In order to formulate these selection rules, consider the behavior of 
the operators in Eqs. (85a)-(85c) with respect to the operation of time 
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reversal 6. Using the properties of the 6 operator (see, e.g., Abragam 
and Bleaney, 1970), one can show that 

In these relations the upper sign has to be taken in the case of the external 
electric field (when fi coincides with the operator of the dipole moment d, 
which is even with respect to the time reversal), and the lower one has to 
be taken if fi is the operator of magnetic moment m. 

Independent of the choice of the full set of electron-vibrational func- 
tions with which the average values in Eqs. (85a)-(85c) are calculated, 
owing to the preceding assumption the final results are always expressed 
by matrix elements of electronic operators fir , c$;, and iur calcu- 
lated within the basis functions of the initiar electronic term f Thus, 
following Eq. (87), the matrix elements of these operators are nonzero if 
in the case of the system with an even (odd) number of electrons the direct 
products [r2] @ r; and {r2} @ r,n or [r21 @ rl/ ({r2} @ T and [ P I  @ r,n or 
{r2} @ Td) contain the totally symmetric representation. The brackets and 
braces in these expressions denote, respectively, symmetric and antisym- 
metric products of the representation r by itself. 

It follows from these rules, in particular, that for gases of molecules 
with cubic symmetry that are in nondegenerate states A, Anor is identi- 
cally equal to zero. Indeed, [A2] @ T = r (r = E, T2) and {A2} @ (r,w = TI) 
= 0, [A2] @ (rd = T) = T do not contain the totally symmetric representa- 
tion. In this case the traditional statement that in the case of spherical-top 
molecules the temperature-dependent birefringence is impossible is con- 
firmed. However, this statement is not general, being correct only when 
there is no electron degeneracy of the electronic term. As one can easily 
see, in the case of E terms in cubic symmetry systems the product [E2] @ 
(T = E )  contains the totally symmetric representation, and therefore in 
any field (electric or magnetic) the contribution to the Any value deter- 
mined by the matrix elements of the anisotropic components of the tensor 
of polarizability is, generally speaking, nonzero. 

In a similar way one can make sure that in degenerate states of the 
type T and G3,2 one term or even all the three terms in Eq. (84) can be 
nonzero, depending on the point symmetry (Td or Oh) and the kind of 
applied constant field (electric or magnetic). 

The selection rules allow us to choose the systems in which the orien- 
tational mechanism of birefringence is effective. On the other hand, the 
explicit form of the temperature dependence Anor(/3) is of no less interest. 
Its general investigation for any external field and for arbitrary molecular 
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symmetries and state degeneracies is impossible for the following rea- 
sons. First, the selection rules in the electric and magnetic fields are 
different owing to the differences in the behavior of the operators of 
electric and magnetic dipole moments with respect to the operation of 
time reversal. Second, such investigations became even more difficult 
owing to the Jahn-Teller effect, which is always present when there is 
electronic degeneracy. In the next subsection, we consider some concrete 
cases of degeneracy manifestation in the Kerr and Cotton-Mouton effects 
separately. 

2. Anomalous Kerr Effect 
As a first example consider birefringence in an electric field by a gas of 

molecules with D3,, symmetry and a twofold degenerate ground electronic 
term belonging to representation E’. Using the explicit form of the matri- 
ces of the components of the operators of the dipole moment [Eq. (20)] 
and polarizability and by means of Eqs. (84) and (85a)-(85c), we obtain 
for the molecular constant in the Kerr effect in the E term case under 
consideration the expression 

where ay, ar(w) ,  dr ,  and xVr(w),  are the reduced matrix elements of the 
operators &?, dip,(w), dry, and ivp7(w) calculated with the basis function 
of the initial electronic term r. Hereafter the wave function representa- 
tion r is omitted and the denotion Fr instead of ( ~ ~ ~ & ~ I ‘ )  is used. 

In the case of the linear E @ e problem the nuclear dipole moment can 
be taken into account by means of the substitution of dEc by (d ,  - ad,) [the 
proof of this statement is analogous to that given above when Eq. (9) was 
deduced]. 

The temperature dependence of the Ken- constant, obtained earlier, is 
essentially different from the classical relationship 

(90) 

due to which the Ken- constant for nonpolar molecules is linear in P.  At 
low temperatures when the population of the ground vibronic level is 

7TN mK$ = 5 P b A ~ a A ~ a A ~ ( w )  
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predominant, Eq. (89) simplifies. Substituting QE,(E’ ,  P )  in the form of 
Eq. (11) into Eq. (89), we come to the following approximate relation: 

(91) 

It follows from this formula that at low temperatures (in the sense given 
earlier) light refraction by molecules of D3h symmetry in degenerate states 
E’ is similar to that of rigid dipole molecules, mKor being dependent on p 
quadratically. Note that in Eq. (91) the third and the last terms in braces 
are contributions due to the Jahn-Teller effect. The former term contrib- 
utes to the atomic polarization of the vibronic type (it was discussed 
earlier when the static polarizability was investigated), whereas the latter 
one is related to the atomic hyperpolarizability of the Jahn-Teller type, 
i.e., to the Voight mechanism within the vibronic states of the same 
electronic term. Thus Jahn-Teller molecules with a ground dipolar-type 
electronic term behave with respect to the light refraction in an electric 
field as rigid dipole molecules. In this case the vibronic coupling results in 
additional contributions to the birefringence that are due to the atomic 
polarizability and hyperpolarizability. 

3 .  The Kerr Effect in Molecules with Ground Electronic G3/2 Terms 
Consider now the Kerr effect in a more interesting case of spherical- 

top molecules in which the temperature-dependent birefringence is condi- 
tioned exclusively by the degeneracy and vibronic coupling. By way of 
example we choose a cubic symmetry system with a fourfold degenerate 
ground electronic term G3,2. This case is realized in a series of octahedral 
(Re&, IrF6) and tetrahedral (VC4, VBr4) molecules. In the latter case the 
electronic term G3/2 arises from the orbital E by taking into account the 
spin-orbital interaction. 

Assume now that in the cases of G3/2 terms under consideration there 
is no linear Stark effect. This assumption is absolutely true in the case of 
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octahedral systems, but in the case of tetrahedral ones it implies that the 
reduced matrix element of the operator of the dipole moment calculated in 
the basis of the electronic functions I G 3 / 2 ~ )  is negligibly small. Then, 
taking the matrices of the anisotropic components of the tensor of polariz- 
ability in the form 

4Fg  = arbrg, 4ry(w) = ar(w)brg (92) 

where = E,  T2, and 

(95) 

is analogous to the temperature-dependent vibronic reduction factor in- 
troduced in Eq. (10) of the electronic contribution to the birefringence, 
which is due to the anisotropic f; components of the polarizability, and 

1 0  
Qc3Q(f', P )  = p lo dA(Pr(A)Pr) 

b E  = { ~ E u  9 b E v ) ,  b T 2  = ( b T 2 5  7 bT29 3 bT25)  

Let us investigate the temperature dependence of the vibronic reduc- 
tion factors Q G ~ / ~ ( ~ ' ,  p)  with the vibronic coupling with E and T2 vibra- 
tions taken into account [G3/2 @ ( e  + t2 )  problem]. Within the basis set 
used for the construction of the operators the density matrix for the 
linear G3/2 0 ( e  + t 2 )  problem in the framework of the approximation, 
analogous to Eq. (13) ,  is determined by the following relation (Ogurtsov 
and Kazantseva, 1983): 

(qE, qTzI  exp(-Pfivibr)Iqh, q$ 

= po(qE, qh, p)po(qT2, q;i, P )  x exP[-aE th XE(bEqE) 

x exp[2a$(xE - th X E )  + 3a$(xT2 - th X T ~ ) ~  

-aT2 th X T ~ ( ~ ~ T ~ ~ T J I  exp[-aE th XE(bEqh) - a~~ th x~2((i~zqh)l 

(96) 

and substituting them into Eqs. (84) and (85b), we obtain for the Kerr 
constant 
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where 

q E  = (414 9 4") and q T 2  = {qt 7 47 9 45) 

are the vectors of the dimensionless coordinates of the E and T2 vibra- 
tions, respectively, po(qp ,  q i ,  p)  is the density matrix of harmonic vibra- 
tions of the type T, not disturbed by the Jahn-Teller interaction, U E  and 
u q  are dimensionless constants of vibronic coupling to the E and T2 
vibrations, their frequences being W E  and W T ~ ,  and 

XE = f i @ E p / 2 ,  X T 2  = f i W T 2 b / 2  

The calculation of QG3/2(F, p)  as a function of temperature and vi- 
bronic coupling constants U E  and a~~ in a general analytical form, even in 
the framework of the approximation of Eq. (96), seems to be impossible. 
Therefore we restrict ourselves to the consideration of the limit cases of 
low and high temperatures. 

In the case of low temperatures when only the ground vibronic state is 
populated, the sought for parameters QC3,,(E, 0) and Q G ~ / ~ ( T ~ ,  p )  are 
independent of temperature and equal to the squares of the appropriate 
vibronic reduction constants of electronic operators of E and T2 type in 
the ground vibronic state Q3/2 : 

(97) 

In the framework of approximation (96) the parameters K G ~ / ~ ( E )  and 
 KC^,^( T2) can be reduced to the following relations: 

bfi Q G ~ J F ,  P )  = ~ & ~ / ~ ( r )  

KG3/2(E) = + P ( U E ,  a T 2 ) [ 1  + s ( a E ,  a T 2 ) ] )  
(98) 

KG3/2(TZ) = P ( a E ,  a T 2 ) [ 1  - h s ( a E ,  a T 2 ) I  

in which 

4 x 9  Y )  = y 2  [(l + 2y")eY2 - 13 
Y 
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It follows from Eqs. (98), (99a), (99b), (14), and (15) that in the absence of 
vibronic coupling with T2 vibrations KG3,(E)I,,=o coincides with the ex- 
pression for the vibronic reduction constant of operators of E type in the 
E @ e problem. The values of the parameter KG3J 7'2)lOT2=0 as a function 
of the coupling constant U E  lie within 0 and 1, 0 < K G ~ / ~ ( T ~ ) ~ ~ ~ ~ = o  < 1. 

In the other particular case UE = 0, UT,  # 0 the parameter KcW2( 7'2)  as a 
function of aq varies within the values 1 and 4 ,  and hence Q G , ~ ~ ( T ~ ) ~ , ~ = ~  
lies within the values l(ar2 = 0) and B(uT, + 03). 

If U E  = aT2 = a,  the following relationship takes place: 

which can be obtained from Eqs. (98), (99a), and (99b) by means of the 
limit transition U E +  Q T ~ .  Note that in Eqs. (99a) and (99b) for laT2[ > laE/ 

It follows from the analyses given earlier of the vibronic reduction param- 
eters that in the case under consideration the vibronic reduction due to 
the Jahn-Teller effect cannot result in the complete disappearance of the 
effects predicted without considering the vibronic coupling, although 
some of the contributions in Eq. (94) may be equal to zero. Even for the 
most unfavorable parameter relationship, the full electronic contribution 
to the birefringence is reduced no more than by one order of magnitude. 

In the limit case of high temperatures the dependence of the Qc3/2(F, 
P )  parameters on the temperature-dependent coupling constants a: = 
UEGE and = a T 2 G 2  is determined by the equations 

Q c ~ J E ,  P )  = 1{1 + ~ ( a g ,  aF2)[f(ag, a;2) + g<a$, 

Q c ~ J T z ,  P )  = ~ ( a :  9 ai f2) [ f (ag  9 a;) - ig(a2 9 

where p(a$ , aF2) can be obtained from Eq. (99a) by the substitution of aE 
and aT2 by a; and respectively, 

G x2ex2 y2ey2 -~ 

(101) 
f ( x ,  Y )  = - 2 x 2 - y 2  x2 - y 2  

Y )  = y 2  [ 3 f ( x ,  y )  - (3 + 2y2)ey2] 

The expressions for the reduction parameters [Eq. (loo)] are compli- 
cated function of a; and a&,  and we shall consider now some limiting 
cases. In the absence of interaction with T2 vibrations g(ag, 0) = 0, and 

Y 
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reduction factors obey the following inequalities: 4 < QcY2(E, P)laT2=o 
, 0 < Q~3/2(T2, P)Ian=o I 1. If U E  = 0, then 0 < Qc3/2(E, P)IUE=o 5 1, 
Qc3n(T2, /3)luE=o I 1. If the vibronic constant values coincides (a: = 
= a*) ,  we have 

Note that ay* = pEJT(F), where EJT(T) is the Jahn-Teller stabilization 
energy for the coupling with ?-type vibrations. If u 2 ,  e 1, appropriate 
to the case of either weak vibronic coupling, or high temperatures and 
arbitrary values of uE and aT2,  then the reduction parameters can be 
expanded in a series with respect to the small a: and ail2 value, and with 
the accuracy up to the linear in EjT(F) terms they can be represented by 
the relations 

QC3/2(E, p )  
Q G ~ ~ ( T z ,  p )  

1 - gpEJT(E) - 2PEJT(T2) 

1 - ~PEJT(E) - SPEJT(T2) 
(102) 

It follows that in the case of ay* 4 1 under consideration the 

(103) 

in which, besides the linear in p contribution, there is the term propor- 
tional to p 2 .  In accordance with the traditional theory of the electro-optic 
Kerr effect the p 2  term is characteristic for molecules having a proper 
dipole moment. 

It follows from the preceding results that the electro-optical properties 
of molecules in degenerate electronic states should have unusual tempera- 
ture dependence, which is absent in the case of nondegenerate states. 
Even for nondipolar degenerate electronic states (e.g., for states in which 
the reduced matrix elements of the dipole moment are zero) for certain 
relationships between the vibronic constant and the temperature, there 
may be a quadratic dependence of the Kerr effect on p, similar to that 
observed in the case of molecules that are simultaneously anisotropic 
polarizable and possess a proper dipole moment. The nonlinear depen- 
dence on P under consideration is due exclusively to the vibronic interac- 
tion that redetermines the vibronic spectrum and leads to different polar- 
izability in different vibronic states. This dependence on p has to be 
distinguished from that which arises due to the nonzero value of the 
dipole moment in the initial ground electronic state (e.g., as in the case of 
the E’term in molecules with D3,, symmetry). The two sources of the 

Kerr constant in accordance with Eq. (94) can be written in the form 

,,,KO‘ = AP + Bp2 
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quadratic in p contribution to the birefringence, the vibronic coupling and 
the dipolarity of the states, can be distinguished, say, by means of the 
optical Kerr effect in which the contribution of the dipolar origin is 
absent. 

In conclusion, let us estimate the experimental possibility of observing 
the predicted temperature dependence of the Kerr effect in gases of con- 
crete spherical-top molecules. In the case of the VCl, molecule, if one 
neglects the spin-orbital interaction, aT2 = 0 and 0. In the calcula- 
tion of the reduced matrix element of the polarizability aE, one can take 
into account only the lowest [in the summation over N in Eq. (73)] excited 
electronic term T2 appropriate to the experimentally observed optical 
transition with wT2 - 9000 cm-I, and the dipole moment can be taken as 
d - 1 D (Blankenship and Belford, 1962; Clark and Machin, 1963). Using 
these data and the value of the Jahn-Teller stabilization energy EJT = 73 
cm-l (Englman, 1972), we obtain for the vibronic reduction constant 
QE(E, p)  = 1 - Q and the Kerr constant ,&Or - lo-'* CGSE for room 
temperatures (kT - 210 cm-I). This value of mKor coincides in order of 
magnitude with the Kerr constant for anisotropic polarizable molecules. 
The reduction constant value QE(E, p )  = 1 - % ~ E J T  is different from its 
limit value equal to one by 4 ;  thus the quadratic in p contribution to the 
Kerr constant [see Eqs. (102) and (103)] for VC4 molecules at room 
temperatures can be about 20% of the pure electronic value. 

Similar estimations can be carried out for octahedral molecules ReF6 
and IrF6. For them the data taken from the works of Meredith et al. 
(1977), Webb and Bernstein (1979), and Bernstein and Webb (1979) about 
the Jahn-Teller stabilization energies and appropriate values of the devia- 
tion of the reduction parameters from unity at room temperatures calcu- 
lated by Eq. (100) are given in Table I. It can be seen from these data that 
the predicted corrections are between 10 and 40%. Note that by changing 
the temperature by several tens of degrees the change of these corrections 
may be essential. 

E 60.3 0. I4 
ReF6 I Tz 103.5 0.70 

E 19 0.38 
IrF6 I T2 33 0.33 
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4. Cotton-Mouton Effect in Gases of Molecules 
in Electronic States Gj/z 
The classical ideas about the isotropy of electrical properties of spheri- 

cal-top molecules are usually extrapolated to the magnetic properties. 
This leads to the conclusion about the isotropy of the magnetic suscepti- 
bility in high-symmetry molecules and hence about the disappearance of 
the orientational contribution to the birefringence in magnetic fields (the 
Cotton-Mouton effect). In the case of degenerate electronic terms or in 
the pseudodegeneracy situation, these conclusions are incorrect and have 
to be reconsidered. 

Magnetic properties of degenerate electronic systems so far were in- 
vestigated mainly by the method of magnetic susceptibility and EPR 
(Abragam and Bleaney, 1970; Bersuker and Polinger, 1983). In this sec- 
tion we consider the features of birefringence by systems with the ground 
electronic term G3/2. In this case the matrices of the components of the 
tensor of magnetic susceptibility 2r7 have the same form as h7 and differ 
from them by substitution of c r  by the appropriate reduced matrix ele- 
ments of magnetic susceptibility K T .  Since in the point groups Td and Oh 
the symmetric quadrate [G$2] contains the representation TI of the mag- 
netic moment twice, the matrices of the operators can be determined 
by the formula 

= mIRl7 + rn2R27 (104) 

where ml and m2 are the reduce matrix elements of the operator of the 
magnetic moment. The matrices Rl, and R ,  are related to the matrices 
dl(T17) and dz(T27) used by Ham et al. (1976) by the relations 

RI, = #dI(Tl7) + 4d2(T27) 

R2, = -bdI(Tly) + i m - 2 3  
(105) 

and have the following explicit form 

6 L, R, ,  = 
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As will be shown subsequently, this choice allows us to reduce the 
number of different vibronic reduction parameters in the electronic con- 
tribution to the birefringence. The components of the operators of hyper- 
polarizability in the magnetic field > i y ~ 1 7 ( ~ )  are determined by relations of 
the type (104) in which ml and m2 are substituted by the appropriate 
reduced matrix elements of hyperpolarizability X ~ I T ~ ( W )  and X ~ ~ T ~ ( W ) .  

By means of Eqs. (85a)-(85c), (92), (93), (1041, and (106) for the three 
contributions to the molecular Cotton-Mouton constant arising from the 
orientational mechanism of birefringence in the magnetic field, we obtain 

It can easily be seen that in the absence of the vibronic coupling all the 
parameters QG~,~(F,  p), Qg3/,(TI, p), and Qg;i2(r, p) are equal to one, and 
the Cotton-Mouton constant in this approximation is a quadratic function 
of the inverse temperature, similar to that inherent to molecules with 
nonzero magnetic moments and with anisotropic polarizability and mag- 
netic susceptibility. The vibronic interaction modifies the temperature 
dependence by means of the temperature-dependent reduction factors, a 
part of which was discussed in the investigation of the Kerr effect. 

Consider now the parameters Q$,z(TI, p), and Qg&(?', p) at low and 
high temperatures. In the former case, 
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Q$~/~(TI 9 P)  - K!~3/z(Ti) 

Q&2(E, P )  KlG3/2(TI)K2G3n(Tl)KG3,(E) (1 11) 

QE:j2(Tz , P )  K!G~/~(TI)KG~/~(T~)  

where K ~ G ~ / ~ ( T I )  are the reduction parameters of the magnetic moment in 
the ground vibronic state G312. Note that by means of the choice of the 
matrices we obtained only two reduction parameters for the opera- 
tors of the type TI against four KO values in the work of Ham et al. (1976), 
for which K12 = 9 = Y (K22 - K I ~ ) .  In the framework of the approxi- 
mation (96) 

(112) 
K2cJTi) = M1 + P ( ~ E ,  a~2)[1 - WE,  ~ T J I )  

From these relations the intervals of the KiGjn(T1) values for certain vi- 
bronic constant values can be obtained. In particular, since s(aE, 0) = 0 
and p ( a ~ ,  0) lie between 0 and infinite, if 0 < U E  < 00, in the absence of 
vibronic coupling with TZ vibrations K I G ~ ~ ~ ( T I ) J ~ ~ ~ = o  = 1 and !j 5 

K z G ~ / ~ ( T I ) ~ ~ ~ ~ = o  5 1. In the other limit case when U E  = 0, aTZ # 0, the 
relation takes place 

KIGyz(T1) = 1 + iP(aE,  aT2)daEs aTz)  

P(0, aq" - s(0, aT2)1 = 1 

and if UT, changes between 0 and 00, then 

f < KlG3/2(TI)Ia,=O 5 1 and 3 < K2C3/z(Tl)luE=O 5 1 

At high temperatures by means of the approximation (96), the follow- 
ing formulas can be obtained: 

Q$$JE, P )  = QG~/~(E,  P)  
QE$JTz 9 P)  = Q~3/2(T2 9 P)  
Q8;nU'i , P )  = 1 + 3p(af, a?2)g(af, a&) 

QE&(TI , P)  = K1 + P(&, a&)[f(&, a&) - Ma.$, a?2)l) 

(1 13) 

from which follow the inequalities 

(1 14) 

If a;, a& < 1, within accuracy up to linear terms in PEJT(T), we obtain 

(1 15) 

4 < QE&'I 9 P)Ia,=o 5 1, 

4 < €!$&(TI 9 P)IaE=o 5 1 ,  

Q$;/Z(TI 9 P)Ia,=o = 1 

3 < QE&(TI I P)IaE=o < 1 

QE~JTI , P)  
Q$JTi , P )  

1 - 4PEdT2) 

1 - 3PEdE) - 3 W ~ d T 2 )  
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For Qg$ and Q$$L relations similar to (114) and (115) can be obtained 
form Eq. (1 13) by means of Eq. (102). 

The preceding results show that the presence of degeneracy essen- 
tially redetermines the temperature dependence of the birefringence in 
both electric and magnetic fields. Most unusual is the manifestation of the 
degeneracy in the case of spherical-top molecules in which an orienta- 
tional contribution to the birefringence occurs that is absent in nonde- 
generate states. The temperature dependence of this contribution is rela- 
tively simple for low temperatures when the population of the excited 
vibronic states can be neglected (quadratically or linear in /3 depending on 
whether the Zeeman (or Stark) effect in the initial electronic state takes 
place). 

For intermediate and high temperatures the dependence of birefrin- 
gence on p is complicated. In particular, it can change from linear to 
quadratic, even for diamagnetic and nonpolar molecules. In the tradi- 
tional theory of the Kerr or Cotton-Mouton effect the quadratic depen- 
dence on temperature is related to the presence of a dipole or magnetic 
moment, respectively. In the case of degeneracy this interpretation is not 
unambiguous, since the quadratic contributions to the birefringence can 
arise owing to either the presence of a nonzero appropriate moment or the 
Jahn-Teller effect. This ambiguosity can be removed, say, by means of 
the optical Kerr and Cotton-Mouton effects, in which the contribution 
due to the proper dipole or magnetic moments vanishes, whereas the 
quadratic contribution due to the Jahn-Teller effect is nonzero. 

B. Depolarization of Light in Rayleigh, Hyper-Rayleigh, and Pure 
Rotational Raman Scattering 
Another important method for investigation of the anisotropy of polar- 

izabilities of molecules complementary to the Kerr and Cotton-Mouton 
effects is light scattering. The paper of Child and Longuet-Higgins (1961) 
was the first one devoted to the study of the manifestation of the degener- 
acy in Rayleigh and Raman light scattering by molecules of D3h symmetry 
in electron degenerate states E’. In this work, by means of so-called 
primitive matrix elements describing the vibronic interaction, expressions 
were obtained for the coefficients of depolarization of the scattered light. 
The latter have unusual values due to the pseudovector-type scattering 
effective in the presence of degeneracy. Also the possibility of Raman 
transitions between different vibronic levels, which can be considered as 
the vibrational structure of the transition between different electronic 
states, and the type of possible scattering (scalar, quadrupole, or 
pseudovector), as well as the doubling of each Raman line due to the 
Jahn-Teller effect, were suggested. Further investigations of the effect of 
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degeneracy on the scattering were carried out in the works of Ogurtsov et 
al. (1978) and Ostrovski et al. (1983). In these works also the dependence 
of the scattering on the type of degeneracy of the ground electronic state 
was investigated. 

Consider the scattering of light with w frequency and I0 intensity lin- 
early polarized along the Z axis of the LSC and propagating along the X 
axis by a medium containing a large number (N) of molecules. The inten- 
sity of the light noncoherent scattered in the Y direction with a frequency 
n o  + Ao (n = I in the case of Rayleigh scattering, and n = 2, 3 in the 
cases of scattering in the second and third harmonics, respectively) and 
polarized along the i axis (i = X, Z )  is given by the expression (Hellwarth, 
1970; Alexievicz, 1975; Kielich, 1981) 

in which c is the velocity of light propagation in the medium, a1 = I ,  
a2 = Q, a3 = 288, &"hz is the tensor of the scattering into the nth harmonic 
equal to the operators of dynamic polarizability &,&I), if n = I ,  and 
hyperpolarizabilities pizz(w) and j+zzz(w), if n = 2 and 3, respectively, and 
A(t )  is the operator d in the Heisenberg representation. Hereafter the 
index n in c~$...z is omitted keeping in mind that the number of indices Z 
in the tensor of scattering cy'...z coincides with n. Besides the intensities 
""Z;(Aw), usually the depolarization coefficients are also considered, 
which are equal to the ratio 

Using the transformation 

e;z ... z = C b$Y.zekJ1 (118) 

we pass now from Cartesian components c;z...z to the components of the 
spherical tensors ekJ' of the rank J .  In Eq. ( I  18) by& are the coeffi- 
cients given, e.g., in the work of Jerphagnon et al. (1978), and the index v 
indicates the symmetry of the contributions in the expansion (1 18) with 
respect to the permutation of the index i with any of the indices Z [v = s, 
a,  m when the appropriate contribution is symmetrical, is antisymmetri- 
cal, or has no definite symmetry with respect to the permutation, respec- 
tively (Maker, 1970)l. The components of the spherical tensor ckJ1 in the 
LSC and CkJ1 in the MSC are related by the equation 

vJM 
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Neglecting the interaction of the internal degrees of freedom of the mole- 
cule with the rotations, we come to the following form of the correlation 
function of the tensor of scattering: 

u J M *  u'J'M' ( ~ i t z  ... z ( t ) ~ i  iz... z(o)) = c Pfbiz ... zbiz ... z exp[i(w,- - ~ , - , N I  
uv'lf 'JMKJ'M'K' 

x (fqe;'J'lf)*(y I&:,"' 'If)(D J* K M [ . n ( t ) l o J K ' , M , l n ( o ) l ) ~ ~ f  ( 120) 

where p,-and q a r e  the statistical Boltzmann factor and the energy of the 
state I f ) ,  respectively, (DJKM[n(t)]o~,M,[f l (0)])r",  is the rotational correla- 
tion function. 

1. Free-Rotating Systems 

tional correlation function is given by the expression 
Consider first the case of free-rotating molecules for which the rota- 

(D%f[fl(t)lo$' M' [n(o)l)ro, 

x (J2K2M2I~$,M,IJIKIMI) (121) 

Considering only symmetric-top or spherical-top molecules and present- 
ing the rotational functions IJiKiMJ as 

where {J1J2J}  is the 3j  symbol (Varshalovich et al., 1975). Substituting 
Eqs. (123) and (120) into Eq. (118), one can present the intensity of scat- 
tering by free-rotating systems in the form 
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S, = Nu, + C Aw)4Z! 

(i)JZKZ The coefficients ( b J ) z z  for J = 0, 1 ,  2 are appropriate to the b,,,, ones 
with i = 0, a ,  s introduced by Placzek (1935). 

In cubic systems the rotational energy is independent of the rotational 
quantum number K, and hence in Eq. (124) one can perform the summa- 
tion over K I  and K2. As a result, for the intensity of the scattering by 
spherical-top molecules, we have 

In this formula 

x (ryIE!p(nw)lry) ( 129) 
determine the cross sections appropriate to different types of scattering. 
For instance, if n = 1, [G;(w)]&Z describes the contribution of scalar 
(v = s, J = 0), symmetric (v = s, J = 21, and antisymmetric (v = Q, J = 
1) scattering corresponding to the transition of the system between the 
states TJ1 and I"J2. Hereafter, if v = v', only one index is used in the 
notations: G!j = GIYJI. 

a .  Selection rules for vibronic-rotational Raman transitions. It fol- 
lows from Eq. (128) that the nth harmonic consists of peaks correspond- 
ing to the transitions TJI + r'J2. In order to determinejhe selection rules 
one has to pass in Eq. (129) from spherical tensors ckJ1 to irreducible 
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tensor operators &: belonging to the representation contained in the 
expansion of the full spherical group representation DJ with respect to 
irreducible representations of the point symmetry group of the molecule 

Then, in accordance with Eqs. (129) and (l30), the transitions between the 
states r and r' are allowed if the direct product r @ r' contains at least 
one of the representations T. 

The selection rules with respect to the rotational quantum numbers are 
given by the 3j symbols { J I J 2 J } ,  which are nonzero and equal to one only 
if AJ = IJ, - J21 5 J. 

A special remark should be made concerning the transitions without 
changes of the energy of the internal degrees of freedom, i.e., about pure 
rotational Raman scattering. In the case of an even number of electrons, 
such transitions are possible if in the expansion of the even (odd) (with 
respect to time reversal) tensor operator CkJI there are representations 
contained in the symmetric [r2] (antisymmetric {r2}) quadrate of the rep- 
resentation r. In the case of an odd number of electrons, at least on% of 
the representations r in the expansion of the even (odd) operator CgJ1 
(with respect to time reversal) is contained in {I'2}([r2]). 

Let us use these selection rules for investigating the main features of 
the Rayleigh and pure rotational Raman scattering by spherical-top mole- 
cules in the lowest vibronic states (Ogurtsov et al., 1978). The polarizabil- 
ity tensors and & * l l  can be expanded into components of irreducible 
tensor operators that in cubic groups transform as E, TZ , and T I  , respec- 
tively. Here the behavior of the operators &g,J1 with respect to time rever- 
sal 0 has to be taken into consideration. To do this, we use the explicit 
form of the operator Gij(o) in Cartesian coordinates: 

&jj(O) = d; - dj + dj - d; 
H + W  H - o  

Under the operation 6 the operator g transforms as 

(1 32) 

where K is the operator of complex conjugation. Since d; and fi are real 
Hermitian operators, we have 

(jQ6-l = ggtg-1 

6&ij(o)6-l  = K&;.(w)K-I 

A 1 a A I A  
H + o  H - o  

d; + d; 7 d.  = & j j ( - ~ )  = &j;(o) (133) - - dj- 
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Using the explicit form of the relations between Cartesian hij(w) and 
spherical StqJ1 components of polarizability and Eq. (l33),  we obtain 

&lU.JI&l  K = (- 1 ) J  f f K  1 LUJI ( 134) 

Thus the operator 61;’ is even and the one is odd with respect to the 
operation of time reversal. 

b. Pure rotational Raman spectra. Let us use first the selection rules 
from the preceding subsection for elucidation of the possibility of pure 
rotational Raman spectra in the case of spherical-top molecules. In the 
case of a nondegenerate state A, all types of scattering except the scalar 
one (J = 0) are forbidden, since [A2] = A and {A2} = 0, and hence in this 
case pure rotational Raman spectra are impossible. This conclusion coin- 
cides with the results of classical consideration. 

In the case of degenerate E states we have [E2] = A, + E and {E2} = 

A2, and therefore here the pure rotational Raman spectra of quadrupole 
type are possible. In the case of T terms also, pseudovector scattering is 
allowed, since in this case {T2} contains T I .  Finally, analogously one can 
make sure that in the states EIn and E5/2 pure rotational scattering of 
pseudovector type only is possible, while in the states G312 both quadru- 
pole and pseudovector scattering should take place. 

Thus the selection rules show explicitly that in the case of electronic 
degeneracy pure rotational Raman spectra of light scattering by spherical- 
top molecules are possible. If the Jahn-Teller effect is taken into account, 
the degeneracy of the ground vibronic state coincides with that of the 
initial electronic one. Therefore in this case pure rotational Raman spec- 
tra are possible in spherical-top molecules already in the ground state. 
The type of scattering can be determined by using the selection rules in a 
manner quite similar to the earlier analysis. 

Note that transitions with r = r’ should also be related to a pure 
rotational one. However, in the case of strong vibronic coupling there 
may be another low-lying vibronic state with a symmetry different from 
that of the ground state. Therefore in these cases the pure rotational 
Raman spectrum can be superposed by the spectrum of vibronic-rota- 
tional scattering. 

For instance, in the case of the quadratic E @ e problem, the lowest 
vibronic states are E and A , ,  divided by a small energy interval 2A 
(tunneling splitting) (Bersuker, 1961, 1962). The intensity of the split 
vibronic-rotational Raman transition is determined by the matrix ele- 
ments (G[”J)FZ, which may be presented in the form (Ogurtsov et al., 
1978) 
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(AJ = 0, & I ,  +2) I (135) 

(G"*2')gitN = [2(Jl + A J )  + ll(E(I&(~)l(fZ)~ 
(GI".2I)~~ = (GIS.2l)Zl 'AJ 

= [2(J1 + AJ) + I](E)(&(O)()E)~ 

(GL".il)F$' = 0 (r, r' = A , ,  E )  

where (Tll&~(o)IIT') are the reduced matrix elements of the polarizability 
tensor that transform after the representation r and ]Ty) and IT'y') are the 
vibronic functions. 

It follows from these equations that in the case under consideration 
the pure rotational Raman spectrum consists of lines corresponding to 
three types of 0, P, Q, R, and S transitions: EJI + EJz(0,  P, Q, R, S), 
EJ1 + AIJ2(0', P', Q', R', S'), and AJI + E J z ( 0 ,  P', Q ,  R ,  S"). The 
lines denoted by one and two primes are displaced with respect to the 
nonprimed ones by 2A and -2A, respectively. Note that the scalar scat- 
tering gives lines of the type Q only with cross section, as follows: 

( 1 3 6 )  

Consider now the depolarization coefficients. From the explicit form of 
the expansion of the Cartesian components of the polarization tensor &$L, 
&$A, and &$h with respect to the spherical one 

(G's,"')F;; = (251 + l)(I'JJ&[s*01(W))(r)2 (r = A1 , E )  

&& = -(a-, 1 -Is.Zl - a\ 1 s.21 ) 
2 

it follows that BFZ = 5, BFz = 8, Bg2 = B$z = 4. By means of these 
coefficients and the relations ( 1 1 7 ) ,  (128), and (139,  we find that the 
depolarization coefficients for all the transitions (A:)F~{I+~ are equal to S ,  
except the Q transitions, for which 

In the case of systems with threefold degenerate terms interacting with 
T2 displacements (the linear TO t problem), the lowest vibronic states are 
T and A. For the cross-section magnitudes (G["JI)F~~ determined by Eq. 
(129), in the case of the T c problem, we obtain 
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+ 11(Tll&,lIA)2 I 
(Gl'*ll)gji+A' = [2(J1 + AJ) + l](ql4Tl(~)/17)* (AJ = 0, + I )  

(GI~~oI);~;  = ( 2 4  + i)(rpAI(w)llr)2 (r = A ,  T )  

It follows from these relations that in the case of the T @ t problem under 
consideration the number of branches of the vibronic-rotational Raman 
spectrum is the same as in the case of the E 0 e problem: TJ1- TJ2(0, P, 
Q, R, S ) ,  TJI --* AJ2(0', P', Q', R', S'), and AJI --f T J z ( 0 ,  P", Q ,  R', S"). 

However, in this case, as already mentioned, pseudovector scattering 
is also possible. This results in unusual depolarization coefficients not 
only for the Q transition, for which 

(A;);; 2 0 (140) 

but also for P and R transitions, 

Thus high-symmetry molecular systems in degenerate vibronic states, in 
principle, should have a pure rotational Raman spectrum of light scatter- 
ing. This spectrum consists of three types of the five branches 0, P, Q, R, 
and S if the vibronic coupling is strong enough and the energy gap be- 
tween the vibronic levels is comparable with the rotational quantum and 
only one type of the above branches in the opposite limit case. 

The intensities of the spectral lines and the depolarization coefficients 
are functions of the reduced matrix elements of the polarizability tensor 
calculated by vibronic functions. In order to estimate the possibility of 
observation of the pure rotational Raman spectra under consideration, 
one has to consider in more detail the polarizability operator. Its compo- 
nents belonging to the line p of representation l= can be presented in the 
form of a power series with respect to the displacement qr2,,* active in the 
Jahn-Teller effect (the other components can be neglected as not active in 
the pure rotational Raman spectrum under consideration): 
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Thus in the linear in qr2y2 approximation any reduced matrix element 
consists of two terms corresponding to the matrix element of the elec- 
tronic and nuclear polarizabilities, respectively. The reduced matrix ele- 
ments of the electronic polarizability are equal to the matrix elements 
calculated by the electronic functions of the initial electronic term multi- 
plied by the vibronic reduction factors. Since the latter decrease with 
increasing vibronic coupling, the contribution to the reduced matrix ele- 
ments of the electronic polarizability is the smaller, the stronger the vi- 
bronic interaction. The contributions from the nuclear polarizability have 
an opposite trend-they are the larger, the stronger the vibronic coupling. 
Thus we state that the intensity of the pure rotational Raman spectrum is 
determined mainly by the electronic polarizability in the case of weak 
vibronic coupling and the nuclear polarizability together with the reduced 
electronic one in the case of strong vibronic coupling. 

2. Scattering in a Viscous Medium 
Consider now the main features of light scattering by vibronic systems 

in a viscous medium. As in the preceding subsection, we exclude the 
Raman and hyper-Raman transitions between vibronic levels of different 
energy. Assume that of = wy and that only the ground vibronic degener- 
ate state is populated, its wave functions belonging to the irreducible 
representation r. 

Within the model of continuous rotational diffusion, the rotational 
correlation function for spherical-top molecules is given by the expression 
(Valiev and Ivanov, 1973) 

where 
= J ( J  + 1)Di + K2(& - 01) ( 144) 

Substituting Eq. (144) into Eq. (120) and using Eq. (116), we obtain 

where 

GI;Y'(no, ho) = G$(nw)gJK(Aw) ( 146) 
K 
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Beginning from Eqs. (145) and (146) the index r in the magnitudes 
[G;"'(no, Aw)] ;  and [G$(nw)]F is omitted. 

In accordance with relation (144) and (147) 

gOo(A0) = W w )  (148) 

i.e., formally the half-width gm(Aw) equals zero. However, if one con- 
siders the fluctuations of entropy and density, one can show that the half- 
width of the spectrum of scalar-type scattering is in fact of the order of 
1 cm-' (Utarova, 1980). Therefore when the wing of Rayleigh or hyper- 
Rayleigh scattering (Aw - 100 cm-') is considered, this contribution to 
the scattering can be neglected as compared with contributions of the 
fluctuation of anisotropy. 

a. Rayleigh scattering. In the case of scattering into the first harmonic 
(n = l),  J = 0, 1 ,  2, the depolarization coefficient A:(Ao)  is 

3G$(w, Aw)  + 5GY(w, A o )  
10Gi(o, A o )  + 4G$(o, A o )  

A:(Ao) = (149) 

The determination of the types of scattering (scalar, quadrupole, or 
pseudovector) effective in scattering under consideration in a viscous 
medium can be carried out in accordance with the rules formulated earlier 
(Section III,A, 1 ,a). The quadrupole and pseudovector scattering takes 
place if the representation rf) and I ' f )  in the expansions 0% = xc I?:) and 
0: = & I-'!) obey the relations 

rf) E [I?] and rf) E {r2} ( 150) 

r:) E {r2} and r;) E [r2] (151) 

or 

depending on whether the number of electrons in the molecule is even or 
odd, respectively. 

Concerning the rules (150) and (15 l),  the following remark seems to be 
worthwhile. Resulting from group-theoretical considerations, these rules 
allow us to predict the possibility, only in principle, of the appropriate 
type of scattering. However, in fact, some of the cross sections may be 
negligible in magnitude. By way of example consider the VCl4 molecule in 
the ground 2E state. In the double-valued group the term 2E corresponds 
to the representation Gv2. However, the antisymmetric scattering in the 
state G3/2 allowed by the rules (151), in fact, becomes possible only if one 
takes into account the spin-orbital mixing of the ground state with the 
excited G3/2 one originating from the electronic term 2T2, resulting thus in 
an intensity proportional to the square of the small ratio of the spin-orbital 
constant to the energy gap between the 2E and 2Tz terms. 
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Using the rules (150) and (151), one can make sure that in the case of 
symmetric-top molecules both the symmetric and antisymmetric scatter- 
ing are possible for all twofold degenerate states. Taking into account the 
notion about the half-width goo(Aw), we come to the conclusion that in the 
region of the wing of the Rayleigh scattering the depolarization coeffi- 
cient is 

3 5 GXw, Aw) 
4 4 G $ ( w ,  Aw) 

A;(Aw) = - + - 

It is seen that the depolarization coefficient is larger than 2 and depends 
on Aw owing to the differences in the spectral functions Gq(o, Aw) and 
G$(w,  A o ) .  

For spherical-top molecules in the states T I ,  T2, and G3/2 of cubic 
groups, both types of scattering are allowed, whereas in the state E the 
symmetric one only is allowed, while in the states and ESc! the anti- 
symmetric one is allowed. Hence spherical-top molecules in the states T I ,  
T2, and G3/2 in accordance with Eq. (149) scatter linear polarized light 
with a depolarization coefficient larger than 3 and determined by the Eq. 
(152). In the orbital state E, G$(w, Am) # 0 and GT(w, Aw) = 0 and the 
depolarization coefficient in the region of the Rayleigh wing equals 3 and 
is independent of Aw. In the states Ellz and E5/2, on the contrary, G$(w, 
A o )  = 0 and GQ(w,  Aw) # 0 and therefore everywhere except the region of 
A o  - 1 cm-I, where Gi(w ,  Aw) # 0, the depolarization coefficient equals 
infinity; i.e., the scattered light is completely depolarized, and hence the 
component polarized as the incident light is absent. 

Concerning the latter conclusion, note that in a series of works (see, 
e.g., Hamaguchi et al., 1975; Hamaguchi and Shimanouchi, 1976) the 
Raman scattering by octahedral molecules in the states Ell2 was experi- 
mentally investigated and the effect of the full depolarization of the lines 
appropriate to the excitation of totally symmetric vibration was observed. 
Owing to symmetry considerations the depolarization coefficients for the 
Rayleigh scattering have to be the same as they are for these lines. 

b. Depolarization of scattering into the second harmonic. The tensor 
of hyperpolarizability of the first order determining the scattering into the 
second harmonic has the form 
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where pjk is the operator acting as follows: 
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pjjjkajk = a j k  + a k j  (154) 

For group-theoretical selection of nonzero matrix elements of the hyper- 
polarizability components, one has to know the symmetry properties of 
the operator fi i jk(w). Owing to the definition (153), b;jk(O) is symmetric 
with respect to the permutation of the indicesj and k, but it has no definite 
symmetry with respect to the permutation of all the indices and has no 
definite parity with respect to the operation of time reversal: 

&f i ; jk&- *  = b i j k ( - W )  (155) 

Nevertheless the group-theoretical considerations can be useful if one 
employs some approximation for the frequency dependence of f i ; j k  (a). 

Following Christie and Lockwood (1971), the tensor B;jk(O) can be 
presented in the form of the sum of two terms 

8.. Y k (w) = &$(a) + &)(w) 

f i$ ' (w)  = &[2fii jk(w) - Bkji (w)  - B j k i ( @ ) ]  

(1 56) 

in which f i t i ( w )  is symmetric with respect to any permutation of the 
indices and 

(157) 

is the nonsymmetric part. 
Next we employ the widespread assumption of the possibility of ne- 

glecting the nonsymmetric part P$'(w).  This assumption is based on the 
fact that in the region far from the absorption band, and if the dispersion is 
neglected, fiz' disappears [@'(w = 0) = 01. In the framework of this 
approximation the operators P i j k ( W )  become even with respect to the time 
reversal operation, and the components BZZZ and fixzz, using the coeffi- 
cients bttl tabulated by Maker (1970), can be written as 

By means of these relations the depolarization coefficient of the light 
scattered into the second harmonic can be presented in the form 

&Gi(2w,  Aw) + ;fGS(2w, Am) 
Gi(2w, Aw) + $G?(2w, Aw) 

A$'(Aw) = 

Owing to the evenness of the operators fibJ1 with respect to the time- 
reversal operation, the cross sections G;(2o, Aw) are nonzero if in the 
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expansion DJ_ = xc bJcry), r$) obeys the condition 

rp) E [r2] or r$) E (r2) (160) 

for molecules with even and odd numbers of electrons, respectively. 
In accordance with the rules (160) G; and GS disappear in the case of 

molecules having an inversion center. In the absence of the latter, G; is 
nonzero independent of the state and the point group of the molecule, 
since the decomposition of D 3 into representations of the appropriate 
point group (having no inversion center) always contains the totally sym- 
metric one. The selection rules for the operator 4;~'~ determining the 
cross section Gf(20, Aw) coincide with that of the operator of the dipole 
moment. Therefore in all the states of nondipolar type (i.e., in the states 
for which the linear Stark effect is impossible), since G;(2w, Aw) = 0, the 
depolarization coefficient A? is independent of Am and equals 3. In the 
states of dipolar type (e.g., the degenerate states T I ,  Ts, and G3/2 in 
tetrahedral molecules and E' in molecules with D3h symmetry), the depo- 
larization coefficient is less than f and, generally speaking, depends 
on Aw. In the limit case when G; S G;, the depolarization coefficient 
equals 4. 

c .  Depolarization of the scattering into the third harmonic. The gen- 
eration of the third harmonic is due to the hyperpolarizability of the 
second order with the following operator: 

in which the operator P j k /  realizes the summation over all permutations of 
the indicesj, k ,  and 1. Similar to the hyperpolarizability tensor of the first 
order, the operator q i j k / ( W )  has no permutation symmetry with respect to 
all the indices i ,  j, k, I ,  but it can be presented in the form of a sum as 

qijk/(w) = q$i/<w> + r$;(w> (162) 

of the symmetric q t i , ( w )  and nonsymmetric 

pL$(m) = $[3Pijk/(w) - q/ijk(w) - ?k/ij(w) - f jk/ i (w)]  (163) 
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contributions. As in the case of linear Rayleigh scattering and scattering 
into the second harmonic, in the absence of absorption and dispersion, 
only the symmetric part of the hyperpolarizability of the second order is 
nonzero [q$‘$(w = 0) = 01. This, again, if dispersion is neglected, allows 
us to consider the y j j k l  operator as an even one with respect to time 
reversal. In this approximation the expansion of the Cartesian compo- 
nents ~ Z Z Z  and 9xzZz with respect to the spherical ones has the form 

Note that the tensor P j j k l  transforms as a direct product a; @ &sk)l, and 
therefore the spherical components of the operator 9 with the value J = 2 
originate from both the product (2 @ fl[sJl and (2 @ fi[s,31. If the first one is 
denoted by 9(2J and the second by 9(2,3), then by means of genealogical 
coefficients (Kaplan, 1969) the components 9[s-21 can be presented in form 

Using Eqs. (164), (1 17), and (145) for the depolarization coefficient of 
the scattering into the third harmonic at the wing of the line, we have 

&G$(3w, Am) + QG;E(3u, Au) 
A?’(Aw) = j G i ( 3 0 ,  Aw) + ;fSG;E(3w, Am) 

provided that the scalar contribution is neglected. 
Since the decomposition of 0; into the representations of the point- 

symmetry group contains the totally symmetric one, the cross section 
G;(3w, Aw) is nonzero for any molecule. The selection rules for G$(30,  
Aw) coincide with the ones for the symmetric contribution to the Rayleigh 
scattering discussed earlier. In particular, for symmetrical-top molecules, 
independent of the multiplicity of their states, the contribution G$(3w, AOJ) 
is nonzero. Therefore the degeneracy in such molecules does not result in 
any peculiarities in the depolarization of the scattering in the third har- 
monic. 

In the case of molecules with cubic symmetry in a ground nonde- 
generate state of A type, G$(3w, Aw) = 0 and A?’ = 8.  In degenerate states 
TI, TZ , and G3,z, the depolarization coefficients are less than 8 and depend 
on frequency, since G$(3w, Aw) and G;E(3w, A o )  have different spectral 
width. Therefore the spherical-top molecules seem to be most convenient 
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for observation of the effects of degeneracy in the generation of the third 
harmonic. 

Summarizing this section, we note that the degeneracy of the states 
essentially influences the characteristics of the light scattered into differ- 
ent harmonics. In some cases the degeneracy results in depolarization 
coefficients that usually are not inherent to high-symmetry molecules 
(e.g., in the case of the depolarization of Rayleigh scattering by spherical- 
top molecules in E states). In other cases the depolarization coefficient 
becomes dependent on the frequency of the scattered light. 

However, numerical estimates of the effect of frequency dependence 
of the coefficients of depolarization based on the calculation of molecular 
cross sections G;(nw,  Am) are rather difficult. But it can be shown that in 
the cases when different G; magnitudes are nonzero by symmetry selec- 
tion rules (neglecting the spin-orbital interaction), they are of the same 
order of magnitude, since they are determined by the same energy denom- 
inators and reduced matrix elements of the operator of the dipole mo- 
ment. 

For experimental investigation some sample systems can be sug- 
gested, among them VCl,; ReF6; IrF6 (ground state Gwz); C,H,, n = 3,5, 
7 (ground state E); and many other high-symmetry coordination com- 
pounds in different oxidation states (e.g., IrCIz-, IrBri-, FeBr;, and so 
on). The investigation of these systems is of special interest since differ- 
ent compounds with different ground state degeneracy may reveal differ- 
ent features of the effects under consideration. 

C. Temperature-Dependent Optical Activity 
of Symmetric Molecules in Magnetic Fields 
Interesting information about magnetic properties and anisotropy of 

polarizabilities and hyperpolarizabilities of molecules can also be ob- 
tained by investigation of light scattering in external fields. In particular, 
interest in the study of magnetic field-induced optical activity in linear 
light scattering has increased (Barron and Meehan, 1979; Barron et al. ,  
1982). The theoretical works devoted to this phenomenon (Barron and 
Buckingham, 1972; Barron, 1976) consider mainly the scattering by mole- 
cules with Kramer’s degeneracy. A more general theory of magnetic ac- 
tivity in Rayleigh and hyper-Rayleigh scattering of molecules in arbitrary 
degenerate states was developed by Ostrovski et al. (1984). 

1. Light Scattering in External Fields 
Consider a medium in which the light of o frequency and electric field 

vector E is propagating along the 2 axis of the LSC. The intensity of 
the light incoherently scattered in the direction of the Y axis with the fre- 



60 1. B. Bersuker and I. Ya. Ogurtsov 

quency n o  + Am and polarized along the q axis ( q  = X, 2) is given by the 
expression 

Nan nw + Aw 
2T 

""1, (Am) = - ( ) EgE; ... E,*E,,Ep, ... Es, 

x 1;- dt e-iAWf (e;:;.,.&t) C;:~pL840)) (167) 

where, as in Eq. (116), ei:p,,,8 are the tensors of scattering into the nth 
harmonic and the summation has to be performed over the repeating 
indices. If the light is polarized circularly, the electric vector can have two 
values: 

(168) 

which pertain to the right (index R and upper sign) or left (index L and 
lower sign) polarizations, respectively, i and j being the unit vectors di- 
rected along the X and Y axes. 

Substituting Eq. (168) into Eq. (167), we obtain for the intensity differ- 
ence of the right and left polarized light the expression 

nuZt(Aw) - ""Z,(Aw) = Im J'&(Aw) 

ER'L = ( E ~ / v ' ~ )  (i T j) 

(169) 
2s 
T 

in which 

is the spectral density of the correlation function (Zubarev, 1971) of the 
operators and ""Bq related to the scattering tensors as follows: 

"A, = C$y, 

2.a = t 2 w  

3"A = e3" 

"Bq = e;y 

2"Bq = 2e2w 4 qxx - e%Y, q x y  

3 4  = e3ld 
Q qYYY - t 2 X Y 9  

(171) 

4 qxxx - t 2 Y Y  

In the absence of external fields, the medium is isotropic noZ,R(Aw) = 
W,L(Ao), and hence the difference in the left side of Eq. (169) is zero. In 
order to answer the question of in which cases this difference is nonzero 
(Lea, the optical activity is possible), one has to consider the behavior of 
the spectral density J v w , ~ ( A w )  in the external field 9 with respect to the 
time reversal operation 6. 

and W have a definite parity with respect to the 
operations of time reversal and Hermitian conjugation: 

Let the operators 
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A . .  b)V@-l= E y V ,  6I44-1 = EWW 

Pit = A v V ,  WT = A &  

( E V , W  = +1, Av,w = - + I )  (172) 

Then the spectral densities of the correlation function of the operators V 
and W in external electric % or magnetic X fields obey the relations 

Jvw,us(A~) = A vh W E  VE wJ;w,.s(A~) (173a) 

J v w , x ( A ~ )  = A vA WE V E  wJ?w-x(Aw) (173b) 

As mentioned earlier, the scattering tensors, generally speaking, have no 
definite parity with respect to time reversal and Hermitian conjugation. 
Therefore the relations (173) cannot be used directly for the analysis of 
the properties of the functions J'&$(Aw). However, in some approxima- 
tion (e.g., in the case of hyperpolarizabilities of the first and second order 
by neglecting dispersion) ""aq and ""Bq can be expressed by operators 
with definite parity with respect to the preceding operations. Since Carte- 
sian coordinates of the scattering tensor &GEp.. .8 are real, A = E and AE = l. 
Therefore it follows from Eq. (173a) that the functions J&(Aw) are real 
and hence the electric field, distinguished from the magnetic one, cannot 
induce the optical activity in the geometry of scattering under consider- 
ation. Since for other polarization of the incident and scattered light, the 
optical activity of the molecule in electric fields is nevertheless possible 
(Buckingham and Raab, 1975; Graham, 1980), we consider subsequently 
the correlation function in arbitrary fields. 

Where the group-theoretical analysis performed in this section is con- 
cerned, one has to note that by means of the formulas of the type (173), 
one can obtain the necessary conditions only of optical activity induced 
by the external field. The sufficient conditions are determined by the 
states of internal degrees of freedom. In order to formulate these condi- 
tions, consider a concrete form of the correlation function that determines 
the magnitude of optical activity. 

If one neglects the translational motion of the molecules and the quan- 
tization of rotation, then 

@'a:; .. .s(OQE*p,.. .6@))9 

where Cl and are the sets of Euler angles determining the orientation of 
the molecule in the LSC at the moments of time t and t = 0, respectively; 
@s(SZ, QO 1 t )  is the density matrix of the system calculated by taking into 
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account the influence of the field 8; and Sp denotes the spur operations 
over the internal states of the molecule. The index 8 at the angle brackets 
indicates that the time dependence of the scattering tensor is obtained by 
means of the eigenfunctions and eigenvalues of the molecule in the exter- 
nal field. 

It follows from Eq. (174) that the change of the intensity of the scatter- 
ing under the influence of the field is determined by the field dependence 
of two factors under the sign of the spur. The density matrix's us) depen- 
dence on 8 arises owing to the orientation of the molecules in the field B, 
while the scattering tensor's dependence on B is due to the field deforma- 
tion of the molecule. If the light frequency falls into the region of the 
transparency of the medium, the deformation of the molecule can be 
neglected (Kielich, 1981), and then for the orientational contribution to 
the correlation function (174), we have the expression 

(C :$. . . s ::,/3,. . .6' (0)E 

where H is the Hamiltonian of the internal degrees of freedom of the 
molecule undistorted by the external field. 

Using the transformation 

similar to the Eqs. (1 18) and (1 19) (explicit expressions for the coefficients 
b::;...s are given by Jerphagnon et al., 1978) and restricting, as usual, the 
spur operation by vibronic states of the ground electronic term only, we 
obtain for the orientational contribution to the difference (169) the expres- 
sion 

[""I,R(Ao) - ""I,L(Aw)]"' 



The Jahn-Teller Effect 63 

In Eq. (177) in the presence of nonzero external fields, the spur opera- 
tion over the internal degrees of freedom and the integration over the 
angles cannot be performed separately, since 6% depends on the angles R 
and and is simultaneously the matrix in the basis of the vibronic states. 
The analysis of the density matrix 6% is given in the next section. 

2. The Rotational Diffusion of Molecules 
with Quantized Internal Degrees of Freedom 
in Anisotropic External Fields 
Owing to the neglect of the quantization of rotations, the density ma- 

trix 6% can be obtained in the framework of a semiclassical approximation 
in which the rotational degrees of freedom are considered classically, 
whereas the internal ones are investigated by considering the quantiza- 
tion. Let us assume that the medium is such a dense liquid that the 
rotation of each molecule can be described by means of the model of 
continuous rotational diffusion. The density matrix in this model obeys 
the Debye equation. Its generalization to the case in which the system 
with internal quantum degrees of freedom is in external fields can be 
realized by the following equation: 

where J is the operator of the total angular momentum, D is the tensor of 
rotational diffusion of the molecule, Neff is the operator of effective torque 
due to the action of the external force 9, and the material within brackets 
denotes the anticommutator, Neff being determined by the relation 

J exp[-p(ri + U)I + - iP [Neff ,  exp[-p(ri + ir)]], = o (180) 

which emerges from the requirement that the density matrix appropriate 
to the equilibrium distribution of the molecules in the field with potential 
energy U(n) obey Eq. (179). Since and U are noncommutative, the 
effective torque Neff does not coincide with the classical value, N = 
-i(Jl?), and it is given by the integral expression 

2 

2i P 
Neff = - I dr exp{-.r exp[-p(& + o)]} 

P o  
x {J exp[-p(fi + ir)~) exp{-.r exp[-p(A + i r ) ~ )  (181) 

Note that Eq. (179) is not the most general one (for the case under 
consideration), since its deduction is based on the assumption of the same 
diffusion tensor for all the internal states of the molecule. However, this 
approximation is not very restrictive, since one can expect that the D 
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values for different states will not be very much different. On the other 
hand, Eq. (179), if necessary, can be generalized considering the depen- 
dence of D on the quantum numbers of internal degrees of freedom of the 
molecule. 

Equation (179) has to be solved under the conditions that at t = 0, a = 
a,, and that in the absence of the external field the diffusional tensor is 
isotropic (0.6 = D6,& while the density matrix has the form 

( 182) @(O)(a, I t )  = Z-I exp(-pH)G(n, .no 1 t) 

where 

7 J 1  = J(J + 1)D, and Z is the statistical sum of the internal degrees of 
freedom. Presenting the solution of Eq. (179) in the form of a power series 
with respect to the external field, one can obtain for the contributions 
linear in the field to the matrix elements of the operator in the basis of 
the eigenfunctions Im) of the Hamiltonian H the expression 

P K L m n o  I t )  = c - *” + amm(JMK, J ‘ M ’ K ’ )  
J M K J ‘ M ‘ K ’  8.rr2 

where 

amm,(JMK, J’M’K‘ I t )  = Z-lU,,,,,,~(J, M - M ‘ ,  K - K ’ )  

X 

X 
exp(-thJv) - exp(-t/q) 
J(J + 1) - J’ (J ’  + 1) + C$%P~K-K*  exp(-t/TJ)) 

( J ’  f J )  (185a) 

- - -  
O ( J ,  M ,  K) are the coefficients in the expansion 

o(a) = O(J, a, K)D$H(R) 
iZZ 
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and 
R { K , J ’ K ‘  = 2 Q ~ , J ‘ K ’ C f ‘ K , - p j K - K ’ + p  JK 

p=O,* l  

J(J + I )  + K’(K  - K ’ )  ( P  = 0) (1 87) 

( p  = +1) 
1[(J’  2 K ’ ) ( J ’  & K ’  + 1)(J -e K 2 K ’ ) ( J  * K & K ’  + 1)]”2 

Q L K ,  = [ 
Now we use these results for the calculation of the circular difference 

of the intensities (177) in the case of a magnetic external field: U = &X. 
Substituting Eqs. (184) and (185) into Eq. (177), we obtain 

where 

l o  ( J  = 0) 

It can be seen from Eq. (188) that the circular intensity difference is a 
complicated function of Aw that differs from a simple superposition of 
Lorentz functions. The temperature dependence is also rather compli- 
cated since in vibronic systems the matrix elements ( m l f i K - K , l m ’ )  be- 
tween the states Im) and Im’) of differing energy (0, # urn,) are nonzero. 

In the next subsection we restrict the consideration by Rayleigh and 
hyper-Rayleigh scattering in the limit of low temperatures when the 
ground vibronic term only is populated. In this case, the summation in 
Eq. (188) has to be performed over m, m‘, and m“ appropriate to the states 
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of the ground level. The temperature dependence then will be described 
by a linear in /3 function. 

3 .  Selection Rules for Optical Active States 
in Rayleigh and Hyper-Rayleigh Scattering 
The ranks of the spherical tensors of the scattering that give nonzero 

contribution to Eq. (188) are determined by Clebsh-Gordan coefficients 
C;%,O under the restriction given by inequalities IJ - 11 I J ’  I J + 1 .  In 
particular, in the case of linearly scattered light (n = 1) with the polariza- 
tion q = X the following pairs of values of the ranks of the scattering 
tensors, (JJ ’ )  = (Ol ) ,  (lo), (12), (21), (22) give nonzero contributions. The 
tensors with J = 0, 1 ,  and 2 are responsible for the scalar, symmetric, and 
antisymmetric scattering, respectively, and they have different depen- 
dence on the frequency of incident light w .  For instance, for small w 
values the antisymmetric part of the polarizability is negligibly small 
(Berestetskii et al . ,  1971), whereas the scalar and symmetric parts remain 
finite. It follows that in this region of frequency the pair (JJ’) = (22) only 
contributes to the circular difference of intensities (188). Similarly, it can 
be shown that in the approximation under consideration in the case of 
generation of the second (n = 2) and third (n = 3) harmonics, the contribu- 
tion with ( J J ’ )  = (33) and ( J J ’ )  = (22), (44), respectively, are effective. 

The restrictions listed until now are of the type of necessary condi- 
tions. In order to obtain sufficient conditions for the observation of the 
effect of magnetic optical activity of molecules in r states, it is necessary 
to pass under the sign of the spur in the expression SP{~~~-~,CIK“*”]~IK“:.”’~) 
for allowed values of the pairs ( J J ’ )  to appropriate products of irreducible 
tensor operators for the point group of the molecule. Using the decompo- 
sition of the representation DJ of the full spherical group into irreducible 
representations of the molecular point group, one can present the result in 
the form of a sum of following terms: 

where r is the representation to which the components of the operator of 
the magnetic moment belong. Expressions of the type (192) are nonzero if 
the following conditions are fulfilled: 

( I )  r E {Y2} or T E [r2] for systems with even and odd number of 
electrons, respectively; 

(3) the matrix elements of the operators Cp,. and CPy. in the basis of 
states r are nonzero (see the discussion of Rayleigh and hyper-Rayleigh 
scattering, Section III,B,2). 

(2) r E rr x r,; 
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The first of these conditions is equivalent to the requirement that the 
linear Zeeman effect be nonzero in the state r. This condition is fulfilled 
for the states r = TI ,  Tz, EIO,  and G3/2 in cubic molecular systems and 
r = E‘, E” for molecules of D3h symmetry. The second condition in cubic 
groups (r = TI) is obeyed, if 

(p, r‘) = (AI,  TI), 6 4 2 ,  T2), (E, Tz), (Ti, TI), (TI,  Tz), (T2, Tz) (193) 

(with any order of the r’ and r” representation in parentheses). For the 
D3h group the pairs (r’, r”) are (E’, E’) and (E”, E”), since the products 
E’ x E’ and E” x E” contain the representation A; to which the 2 compo- 
nent of the magnetic moment belongs. 

Let us apply the formulated selection rules to the investigation of 
magnetic optical activity in degenerate states. Taking into account that in 
cubic groups D! = Al , D: = T I ,  and D: = E + T, while in the group D3h 
D? = A;, 0: = A; + E”, and D: = A; + E’ + E’(Koster ef af., 1963), one 
can easily see that molecules in nondegenerate states have no tempera- 
ture-dependent optical activity in Rayleigh scattering. However, this ac- 
tivity takes place in the case of spherical-top molecules if the states be- 
long to one of the representations T I ,  T2, Ell2, E5/2, and G3/2. The activity 
in the states El12 and E5/2 is due to the antisymmetric part of the polariz- 
ability (Barron and Buckingham, 1972) effective only for relatively large 
frequencies w. In the states TI , T2, and G3/2 the optical activity induced by 
the orientational influence of the magnetic field owing to the nonzero E 
and T2 components of polarizability ([T:] = [Tzl = {G:,2} = AI + E + Tz) 
is possible also in the absence of antisymmetric scattering [a similar con- 
clusion about the magnetic Raman optical activity is implicitly present in 
the works of Barron (1976) and Barron et al. (1982)l. Analogous optical 
activity nonrelated to the antisymmetric scattering should take place in E’ 
and E” states of molecules with D3h symmetry. 

As in the case of the linear scattering, the temperature-dependent 
magnetic optical activity in the nonlinear scattering is possible for degen- 
erate states only. Indeed, as shown earlier, the generation of the second 
harmonic is determined by the components of the tensor of polarizability 
of the rank J = 3. In the symmetry group Td, 03 = A1 + TI + T2 (the 
generation of the second harmonic in the group oh is forbidden because of 
the presence of an inversion center), and hence the conditions (193) are 
fulfilled for the states TI ,  T2, and G3/2 in which the matrix elements of T2 
components of the tensor of hyperopolarizability are nonzero. In the 
symmetry group D3h, D? = A; + A; + A: + E’ + E”, and therefore the 
optical activity of orientational type in the generation of the second har- 
monic can take place in the states E’ and E”. 

It can be seen easily that in all the cases of degenerate states men- 
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tioned, the conditions (193) are fulfilled also in the case of generation of 
the third harmonic. 

In the conclusion of this section we focus our attention again on the 
fact that all the effects discussed so far result from a special anisotropy of 
the tensors of polarizability and hyperpolarizability in degenerate states. 
A prominent role is played by the degeneracy of orbital wave functions 
from which the spin-orbital ones are formed. The importance of this cir- 
cumstance can be easily understood if one takes into account that the 
polarizability and hyperpolarizability are orbital operators and hence their 
reduced matrix elements in the basis of spin-orbital functions of the 
ground electronic term are expressed, at last, through matrix elements 
calculated by means of orbital functions only. This allows us by using the 
genealogy of the spin-orbital function to make some relative quantitative 
estimations of the effects that are due to anisotropy of degenerate states. 

In order to illustrate this statement, consider the difference in cross- 
section values of antisymmetric scattering in the molecules ReF6 and 
VCl,. Both these systems are in the ground electronic state G312, but in 
ReFs this term originates from the orbital T2 state, whereas in VC4 it 
originates from the E term. Owing to this difference, one can expect that 
in the magnetic field the optical activity of the molecule ReFs should be 
stronger than that of the VCl, molecule. Indeed, if the spin-orbital 
interaction is neglected, the spin and space degrees of freedom of the 
electron in the tetrahedral molecule in the 2E state are not coupled and 
hence the orientation of the spin magnetic moment in the magnetic field 
does not result in any anisotropy of the optical properties of the medium. 
[Note that the ellipsoid of the optical (hyper-) polarizabilities of the mole- 
cules has no initial orientation in space.] The spin-orbital interaction ad- 
mixes the T functions of the excited states to the ground orbital term E. 
On the one hand, this results into a coupling of the magnetic moment to 
the (hyper-) polarizabilities. On the other hand, owing to this admixture, 
the T components of (hyper-) polarizability become nonzero. As a result, 
the optical anisotropy of the orientational type in VC14 is proportional to 
the quadrate of the ratio of the spin-orbital coupling constant to the en- 
ergy gap between the E and T terms. 

IV. Quadrupole Moments of Symmetric Systems and Their 
Manifestations in Intermolecular Interactions 

As mentioned in the introduction to this chapter, the minimal multi- 
pole moment of a molecule with a given point symmetry in degenerate 
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states can be lower than in nondegenerate ones. For instance, for spheri- 
cal-top molecules in the basis of states belonging to the E, T I ,  T2, and G3/2 
representations, the matrix elements of the quadrupole moment operator 
are nonzero. Hence, if the ground state of such a molecule with cubic 
symmetry belongs to one of the degenerate representations, its minimal 
moment will be the quadrupole one, and not the octupole or hexadecapole 
moment, as it is usually accepted. In molecules with lower symmetry, 
besides the matrix elements of totally symmetric components of the quad- 
rupole moment, the degeneracy results in nonzero values of the matrix 
element of its anisotropic components. 

These features of molecules in degenerate states should be manifest in 
the experiments that depend critically on the first nonzero moment of the 
charge distribution. 

A. Birefringence in Inhomogeneous Electric Fields 
Direct measurement of the quadrupole moment of molecules is possi- 

ble by means of experiments on birefringence in gases in inhomogeneous 
external electric fields (Buckingham, 1959; Buckingham and Disch, 1968). 
Most convenient is the dependence of the electric field % on the space 
coordinates when only two components of the electric field gradient from 
the nine are nonzero and obey the relation 

-aExtax = azy/ay = g ( 194) 

The constant gradient of the field g is created near the 2 axis of the LSC 
along which the light wave with the frequency o is propagating. The 
anisotropy of the medium induced by this electric field results in a differ- 
ence between the refringence indices of light polarized along the X and Y 
axes, respectively. Their difference is 

An = p Re[crxx(o, %, - ~ Y Y ( W ,  E, a)] (195) 

where p is the density of the medium under consideration and the polariz- 
abilities (YIK are as determined by Eqs. (66)-(68) in which the Hamiltonian 
of the molecule, considering Eq. (194), is 

a(%) = A - d% - g(8 ,  - 8 y y )  ( 196) 

Here 61~ are the components of the operator of the quadcupole moment 
of the molecule in the LSC. Usually in the measurement of the difference 
of the refraction indices (195) the contribution to the K e n  effect can be 
separated (Buckingham and Disch, 1968). Therefore in Eq. (196) one can 
neglect the contribution of the interaction of the dipole moment with the 
electric field and use the following Hamiltonian instead of A(%): 
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A ( g )  = ri - g(& - a y y )  (197) 

Assuming for small electric field gradients that the energy of interac- 
tion of the molecule with the inhomogeneous electric field is small com- 
pared with the thermal energy and with the difference between the ener- 
gies of the ground and excited electronic terms, one can expand the 
difference of the refraction indices into a power series with respect to g 
(Ogurtsov and Ostrowski, 1985). This can be done by a procedure similar 
to that used in the investigation of the Kerr and Cotton-Mouton effects 
(Ogurtsov et al., 1982, 1983a,b). As a result of the expansion with respect 
to g and after the averaging over the orientation of the molecules, the 
difference in the refraction indices can be presented in the form 

An = + A n ( O r )  (198) 

where 

and 

are the contributions to the birefringence due to the deformation and 
orientation of the molecules in the inhomogeneous electric field, respec- 
tively; i ,  j, k ,  1 are indices used for denotion of the coordinates in the 
MSC; and Rijk/(o) are the components of the operator of hyperpolarizabil- 
ity of the molecule in the inhomogeneous constant and variable electric 
fields [their mean values in the case of a nondegenerate electronic term 
coincide with the values Bij,k, used by Buckingham and Longuet-Higgins 
(1968)l. In Eqs. (199) and (200), as earlier, I? is the vibronic Hamiltonian 
of the ground electronic term. 

1. Deformation Contribution 
Since Eq. (198) is obtained by excluding that part of the interaction of 

the molecule with the field that mixes the orthogonal states of the ground 
and excited terms, Riik/ is a pure electronic operator. As a consequence of 
this circumstance An(def)  is independent of temperature. Indeed, in the 
most general case the wave functions of any vibronic rl states Gflrly1(r, q) 
originating from the electronic term r are 
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where r and q are the generalized coordinates of electrons and nuclei, 
respectively; $r7(r) is the wave function of the ground electronic term; 
q n ~ p (  q )  is the wave function of nuclear coordinate belonging to the repre- 
sentation M; n is the index that numerates different states with the same 
M; and V ( : : : )  is the 3 r  symbol (analogous to the 3jm symbol) (Griffith, 
1962). The operators ijjk,(o) can be presented in the form of a sum of 
irreducible tensor operators of the point group of the molecule, 

in which cr enumerates different contributions transforming after the same 
representation i?. 

Substituting Eqs. (201) and (202) into Eq. (199) and using the Wigner- 
Eckart theorem and the rules of summation of the V coefficients (Griffith, 
1962), we obtain the equation 

An(W = pg C wijw(grII>i~~(w>IIgr) (203) 

in which A is the totally symmetric representation of the point group of 
symmetry of the molecule under consideration. It follows from group- 
theoretical consideration that the reduced matrix elements ($rlli%(o>ll$r> 
are always nonzero because the totally symmetric representation A is 
present in both the antisymmetric product {r2} (for the case of odd num- 
bers of electrons) and in the symmetric [r2] one (in the case of even 
numbers of electrons). Therefore in accordance with Eq. (203) the contri- 
bution to the birefringence originating from the quadrupole polarizability 
in the inhomogeneous electric field is nonzero and independent of temper- 
ature for any symmetry group of the molecule and any type of degeneracy 
of the electronic term. 

uijkl 

2. Orientational Contribution 

to An in the following form: 
For the sake of convenience we rewrite the orientational contribution 

where 6)rs and &$o) are the components of the irreducible tensor opera- 
tors of the quadrupole moment and the symmetrical part of the dynamic 
polarizability, respectively, and is the point-group representation in the 
expansion of D: . 
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If the vibronic interaction is neglected, then for the I' state of the 
molecule, we have 

Here 6(r, r, F) is nonzero and equals to one if and only if is present in 
the [ P I  or {r2} products, respectively, for the cases of even or odd num- 
bers of electrons. In the case of nondegenerate states these conditions are 
fulfilled for anisotropic molecules only. For spherical-top molecules F = 
E, T2, and therefore in nondegenerate states S(T, r, r) = 0. From this it 
follows that the temperature-dependent (-p) contribution to the birefrin- 
gence is absent. In degenerate states r = E, T I ,  T2, and GJn of cubic 
systems, 6(r, I', r) =_ 1 ,  since [E2], [Ti], [T:] and {Gh} contain one or 
both representations r = E, T2, and hence the birefringence here is tem- 
perature dependent. 

In order to take into account the vibronic interaction, we present the 
operator of quadrupole moment in the form of a sum: 

& = opeT + (206) 

in which of' and C, are, respectively, the reduced matrix elements and 
the matrices of the electronic operator of the quadrupole moment calcu- 
lated by the basis of the functions of electronic term r, the number of 
projections of the vector A-, coincides with the dimension of representa- 
tion r, and @!) is the effective quadrupole moment created by the nuclear 
displacements along the normal coordinates qp . Substituting Eq. (206) 
into Eq. (204), we obtain 

x (+rlla;)(w)ll+r)6(r, r, TI (207) 

where 

QF'(T, p )  = loP dA ( C ~ ( A ) C F )  (208) 

are the vibronic reduction parameters of electronic operators considered 
earlier [see Eqs. (10) and (SS)], 

Concerning the parameters Qie)(r, p) and Qi!"(T, p), the following re- 
mark should be made. If the operator of vibronic interaction is linear with 
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respect to the nuclear displacements, i.e., if the Hamiltonian has the form 

then Q.@(T, p)  and QP’(T, p )  are not mutually independent. Indeed, in 
accordance with Eq. (210) 

and by means of the relation (8) one can show that 

Hence in the case of linear vibronic coupling the orientational contribu- 
tion to the birefringence in the inhomogeneous electric field can be de- 
scribed by the expression 

It follows that by increasing the constant of vibronic coupling the relative 
contribution of Jahn-Teller nuclear vibrations to the effective quadrupole 
moment determining the birefringence is increasing. Therefore Qln))(T, p)  
[to be distinguished from the reduction parameters Qif)(F, p)] can be 
called the parameter of vibronic amplification of the vibrational contribu- 
tions to the quadrupole moment. 

Some features of the birefringence in inhomogeneous electric fields 
caused by the electronic degeneracy are considered in the following sub- 
sect ion. 

a .  Molecules with D3h symmetry in ground electronic states E‘. In this 
case 6(E’, E’, T) = 1 if r = A’, E’. Therefore in accordance with Eq. 
(212), the following relationship takes place: 

in which (rll&(o)llr) are the reduced matrix elements of the dynamic 
polarizability. The second term here arises because of the electronic de- 
generacy allowing nonzero matrix elements of the anisotropic compo- 
nents of the tensors of the quadrupole moment and dynamic polarizability 
that transforms after nontotally symmetric representation E’ of the group 
D3h. Due to this term the temperature dependence of the orientational 
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contribution to the birefringence may be subject to essential changes (the 
main features of the temperature dependence of Q(Ee!(E', p)  were dis- 
cussed as part of the investigation of the polarizability of molecules with 
D3,, symmetry in degenerate E' states; see Section II,A,l) .  

b. Spherical-top molecules with electronic degeneracy. Molecules 
with cubic symmetry are of special interest since for them Ador)  i s  identi- 
cally equal to zero in the absence of degeneracy. For degenerate states 
the orientational contribution to the birefringence in inhomogeneous elec- 
tric fields is nonzero and can be described by the expression 

+ ((rII@)F$') - a~zo',:')(rIIa~~(w)IIr)Qr(~z PI1 
(r = E,  T ~ ,  T ~ ,  G3/d (214) 

Here the first term only in brackets is nonzero if r = E, since 

It follows that in the case of spherical-top molecules the orientational 
mechanism of birefringence in inhomogeneous electric fields becomes 
effective due to the degeneracy of the ground electronic term. In other 
words, molecules that traditionally have been considered to be isotropic 
polarizable systems having as the first nonzero moments the octupole or 
hexadecapole ones behave as anisotropic molecules having quadrupole 
moments, provided that their ground electronic state is degenerate. Be- 
sides, the temperature dependence of the birefringence in inhomogeneous 
fields is similar to the temperature dependence of the Kerr constant for 
these systems. For instance, in the case of r = G3/2, Eq. (214) transforms 
into Eq. (94) if one substitutes the expression (pg/15)((G3/~11@)~)IIG3/~) - 
a&"') by 

The temperature dependencies were considered earlier for some con- 
crete cases, and we present here some estimates of the effective quadru- 
pole moment value for the molecule VCI4. The ground electronic term of 
this molecule, if the spin-orbital interaction is neglected, is an orbital 
doublet (r = E). If one neglects also the covalency, i.e., if one considers 
the electronic functions J E y )  as a pure 3d function of the vanadium atom, 
then the electronic contribution to the quadrupole moment OF) is approxi- 
mately equal to the product of the electronic charge (-e) and the mean 
square of the distance of 3d electron from the nucleus in the free V atom 
( ( r2) ) .  The magnitude of the quadrupole moment created by the nuclear 
displacements of E type @'# can be estimated by the equation @g) = 
-eRo d/n/21rvm,~,  where Ro is the V-Cl distance, m a  is the mass of the 
atom C1, and v is the frequency of E vibrations. Using the values Ro - 

(EllfiT211E) = 0. 
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4.04 (% is the atomic unit of length), v - 3.5 - lo4 Mhc, aE - 1.05 
(Morino and Uehara, 1966), ( r2)  - 2.4 ui (Desclaux, 1973), and &(E, 

- 5 (Ogurtsov et al., 1983), we obtain for the effective quadru- 
pole moment of the VC4 molecule ( (El l6~) l lE)  - uEOg))QE(E, p )  = - 1.3 
eai . This value is comparable with the magnitude of quadrupole moments 
of diatomics (Stogryn and Stogryn, 1966). 

B. Spectroscopic Manifestations of the Anisotropy 
of Intermolecular Interactions Induced by Degeneracy 
In all the preceding cases of investigation of the internal anisotropy of 

molecules induced by degeneracy, the specificy of the interaction with 
external fields based on their point symmetry is employed, whereas the 
interaction among the molecules is neglected. In many cases this approxi- 
mation is unacceptable. Moreover, intermolecular interactions in some 
cases result in new effects, their investigation giving additional informa- 
tion about the anisotropy of the molecules. 

In this section some results of the theoretical investigation of possible 
manifestations of the degeneracy in intermolecular interactions are given. 
In particular, some special features of the light absorption induced by 
collisions in gases of spherical-top molecules with degenerate electronic 
terms and the influence of such a degeneracy on the line shapes in vibra- 
tional absorption and Raman spectra are considered (Ogurtsov, 1985). 

1. Collision-Znduced Light Absorption 
The Coulomb interaction even among high-symmetry molecules 

results in formation of dipole moments due to which light absorption is 
possible. The theory of such a microwave absorption induced by colli- 
sions was developed in the work of Poll and Van Kranendonk (1961) and 
Gray (1971). The main characteristics of the absorption under consider- 
ation are the moment of the spectrum 

and the integral intensity 

a = I,” A(@)  d o  (2 16) 

where A ( o )  is the coefficient of absorption of light of frequency o per unit 
of length. In the case of nonpolar molecules, y and a can be presented in 
the form of an expansion with respect to the gas density n, 

( 2  17) y = y,n2 + y2n3 + a = q n 2  + a2n3 + ... 
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where 71 and a1 are determined by the relations (Gray, 1971) 

in which R is the vector connecting molecules 1 and 2, Vo(R)  is the 
isotropic part of the intermolecular interaction, ni is the set of Euler 
angles describing the orientation of the ith molecule, fi( 1, 2) is the opera- 
tor of the dipole moment of the pair of molecules, and K is the operator of 
kinetic energy of translational motion (changing the intermolecular dis- 
tances) and rotational motion of molecules 1 and 2. Distinguished from 
the work of Gray (1971), in Eq. (218) the averaging over the internal 
vibronic states of colliding molecules is introduced. The necessity of such 
an averaging is due to the fact that in the case of Jahn-Teller systems the 
energy spacing of the vibronic levels may be comparable with the thermal 
energy, and hence the population of the excited vibronic levels cannot be 
neglected. Since we restrict our consideration by the region of only micro- 
wave absorption corresponding to pure rotational transitions, in the cal- 
culation of averaged values of the product of the operators related to the 
same molecule, the matrix elements of these operators for the states 
related to different eigenvalues should be excluded from Eq. (218). 

If we restrict ourselves to only the multipolar mechanism of formation 
of the dipole moment, then using the gradient formula we obtain for the 
vth spherical component (v = 0, & 1) of the operator of the dipole moment 
induced by the multipole moment Qlm of molecule 1 in polarizable mole- 
cule 2 the following expression: 

where hjm2 are spherical components of the tensor of the polarizability of 
molecule 2 of rank j in the LSC, Yl+lii are the spherical harmonics, and 
is the set of angles that characterize the orientation of the vector R in the 
LSC. For spherical-top molecules substituting Eq. (219) into Eq. (218) 
and passing to the MSC, after averaging over orientations of molecules 1 
and 2 under the assumption that Vo(R)  is the Lennard-Jones potential, we 
have 
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where m is the reduced mass of the pair of molecules, I is their moment of 
inertia, u is the Lennard-Jones diameter, 

I = u-n+3 I d R  R - n  exp[-PVo(R)] (22 1 )  

a 2 ( T )  = 

G 2 ( T )  = 

Q : ( T )  = 

Qlnl and &jn2 are spherical components of the multipole moment and polar- 
izability in the MSC, respectively, and (. . .)int denotes the averaging (of 
the type mentioned earlier) over the states of the ith molecule. Thus the 
values 71 and a1 sought for are determined by the values of the effective 
temperature-dependent polarizabilities a( T )  and &( T )  and multipole mo- 
ment Q / ( T )  of the colliding molecules. Note that the magnitudes of a(T)  
and &( T )  in general are expressed by the values (averaged over the inter- 
nal states) of both the scalar 0' = 0) and anisotropic (J' = 2) components of 
polarizability . 

Consider now the selection rules for the minimal value 1 for which yI 
and a1 are nonzero. In order to do this, it is convenient to pass from the 
spherical components of the tensors Qlnl  and 6jn2 to the components of 
irreducible tensor operators OrlYI and airjyj that transform after the irreduc- 
ible representation contained in the decomposition of D' and Dj,  respec- 
tively. If ( n r y )  are the different vibronic states transforming after the 
representation I' and corresponding to the vibronic level with the energy 
cnr,  then for the collision-induced spectrum using the Wigner-Eckart 
theorem, we have 
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Using the properties of the function S(T, r, F) and the relation for 
cubic groups D1 = TI  or T2, D2 = E + T2, one can easily find by means of 
Eq. (223) that in nondegenerate states 1 = 3 for tetrahedral molecules and 
1 = 4 for octahedral ones. For degenerate states E,  T I  , T2, and G3/2,1= 2 in 
octahedral systems; and for tetrahedral systems with T I ,  T2, and G312 
states, 1 = 1. It follows that in the case of spherical-top molecules in all the 
preceding degenerate states the values yI and aI are determined by multi- 
pole moments with 1 = 2 or I = 1, whereas in the nondegenerate states I = 
3 or 1 = 4. It follows that in the case of the usually implicitly assumed 
nondegeneracy of the ground vibronic state the first nonzero multipole 
moment is the octupole one ( I  = 3) in molecules with T d  symmetry and the 
hexadecapole one ( I  = 4) for Oh symmetry molecules. In the case of 
electronic degenerate terms the ground vibronic term has the same sym- 
metry as the electronic term (Bersuker and Polinger, 1983). Therefore in 
accordance with what has been said, in the case of spherical-top mole- 
cules, even if only the ground vibronic term is populated, the first nonzero 
multipole moment that is manifest in the collision-induced absorption is 
the quadrupole moment in octahedral molecules and the dipole moment in 
tetrahedral systems (in the states T I ,  T2, and G312). 

Besides, as it follows from Eq. (223), in all the nondegenerate states 
a ( T )  is expressed by the isotropic part ( j  = 0) only of the polarizability 
and &(T)  = 0. In degenerate states there is also a contribution of the 
anisotropic components of the polarizability ( j  = 2) in the a*( T) and k2( T )  
magnitudes. 

2. Intermolecular Torque in Gases of Cubic Systems 
with Electronic Degeneracy 
In this section some manifestations of the degeneracy and the Jahn- 

Teller effect in the spectral line shapes of transitions between the states of 
the vibrational degrees of freedom not active in the Jahn-Teller effect are 
considered (Ogurtsov, 1985). 

As is known from the theory of vibrational spectra of absorption and 
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Raman scattering, there are some simple relations between the second 
and fourth moments of the vibrational-rotational band and the mean- 
square value ( ( T ~ ) )  of the torque that the absorbing or scattering molecule 
suffers due to the anisotropy of the interaction with the remaining mole- 
cules in the gas (Gordon, 1963, 1964a,b; Armstrong ef al., 1968). It can be 
shown that in the classical consideration of the rotations of the molecules 
the mean-squared torque, acting on molecule I ,  is determined by the 
equation (Armstrong et al., 1968) 

(T2> = ((valV)2) (224) 

where Val is the angular gradient operator in the space of the Euler angles 
of molecule 1, 0 is the operator of the interaction between molecules 1 
and 2, and the material in angle brackets denotes the usual thermody- 
namic averaging over the internal, rotational, and translational degrees of 
freedom of both molecules. 

In the usual consideration neglecting the possible degeneracy of the 
interacting molecules, the simplifications of the calculation of ( T ~ )  can be 
achieved by employing the hypervirial relation (Hirschfelder, 1960) 

P((Vn1V)2)  = (An$) (225) 

in which Anl is the angular Laplacian. In the case of high temperatures, 
Eq. (225) is fulfilled also for systems that are in degenerate states. By 
means of Eq. (225), assuming that the anisotropic part of the intermolecu- 
lar interaction Va(R) = V(R) - Vo(R) is small compared with kT, and in 
the first order with respect to the gas density n, we have 

( T ~ )  = nkT / d R  exp[-PVo(R)] I 
x (exp[A(fil + fi2)1Va(R) 

where f i i  is the Hamiltonian of the 
molecule. 

Later, a more concrete case of calculation of ( T ~ )  of the torque T 

induced by perturbing molecule 2 with a multipole moment Q12 on mole- 
cule 1 with the multipole moment Ql, is considered. Substituting in Eq. 
(226) an appropriate operator of intermolecular Coulomb interaction 
(Gray, 1968; Armstrong et al., 1968) and averaging over the orientations 
of the molecules, we find the following expression of the contribution in 
( r 2 )  due to the direct Coulomb interaction: 
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where 

is the magnitude determining the effective value of the multipole moment 
Ql, , (. . denotes the thermodynamic averaging over the vibronic states 
of perturbed molecule 1, and TIl are the representations contained in the 
decomposition of the full spherical group representation D‘ into the irre- 
ducible ones of the point group of symmetry of molecule 1. Hereafter for 
the sake of shortness the index 1 at 11 will be omitted. 

In order to elucidate the selection rules for the minimal value 1 result- 
ing in a nonzero torque, we present the operators Q r / y / ,  as earlier, in the 
form of a sum of the electronic and nuclear contributions, and we assume 
again that the operator of vibronic interaction is linear in the nuclear 
displacements. In this approximation, Eq. (228) can be transformed to the 
following form: 

From this it can be seen that the selection rules for the minimal multi- 
pole moment causing the torque of the molecule are the same as in the 
case of collision-induced absorption. Note, however, that the tempera- 
ture dependence of the minimal effective moments (for instance, the 
quadrupole moment in the case of spherical-top molecules in degenerate 
states) are essentially different in different experiments [see Eqs. (223c) 
and (229)l. 

In a manner similar to the calculation of the contribution to ( T ~ )  due to 
the multipole Coulomb interaction, one can show that the contribution 
due to the induction interaction in cubic systems in the degenerate states 
under consideration is also determined by the quadrupole moment. 

So far only the minimal multipole moments and their contribution to 
the yI , aI , and ( T ~ )  values have been considered. However, they are not 
the only manifestations of the degeneracy in the characteristics of the 
absorption and Raman spectra under consideration. For instance, an im- 
portant additional contribution to the torque can arise because of the 
anisotropy of the dispersion interaction between the molecules owing to 
the nonzero matrix elements of the anisotropic components of the polariz- 
ability tensor, i.e., the anisotropy of the cubic symmetry molecules in 
degenerate states. 

It follows from these results that the interpretation of the line shapes 
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of the collision-induced absorption and Raman spectra appropriate to 
transitions between the states of Jahn-Teller nonactive vibrational de- 
grees of freedom is essentially dependent on whether there is electronic 
degeneracy. The differences are due first of all to the different minimal 
multipole moments effective in the interactions and to the effectiveness of 
the anisotropic dispersion interaction in the case of degenerate states. 
However, the manifestations of the latter in the spectral characteristics 
7 1 ,  (YI  , and ( T ~ )  have not yet been investigated in any detail. 

V. Conclusions 
In the theory of electric properties of molecular systems in degenerate 

electronic states some unsolved problems remain. First, the problem of 
intermolecular interactions considering the degeneracy of the electronic 
states of the interacting molecules has not been solved completely. In this 
case, besides the lowering of the multipolarity of the interaction described 
in this paper, one can expect an essential contribution of anisotropic 
induction and dispersion interactions to different virial correction to the 
equations of state, refraction, and other electric characteristics of matter. 

Second, the development of methods and concrete numerical calcula- 
tions of the constants (reduced matrix elements of the dipole and quadru- 
pole moments, polarizability, and hyperpolarizabilities, vibronic con- 
stant, etc.) determining the effects of electronic degeneracy on electric 
properties of molecules predicted in this paper seems to be one of the 
most up-to-date problem in the topics under consideration. Such calcula- 
tions are quite possible, in principle, provided that the wave functions of 
the degenerate electronic term (for the calculation of the dipole moment), 
as well as the excited ones (for the calculation of the polarizabilities), are 
known. Considering the advances in quantum chemistry, the solution of 
the problem is quite possible from the practical point of view, especially if 
one takes into account that in the cases under consideration one can 
determine numerically the wave function of the system in the presence of 
an electric field instead of a calculation of excited states. 

Third, in most cases in this paper, only the linear vibronic terms are 
considered. Meanwhile, it is known (Bersuker and Polinger, 1982, 1983) 
that the quadratic terms of vibronic interactions may be of primary impor- 
tance in vibronic problems. Therefore the evaluation of the electric prop- 
erties of molecules considering also the quadratic vibronic terms (in the 
cases where it has not been done yet) may result in new effects and 
regularities in this area. 

Finally, the most important problem seems to be the further experi- 
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mental verification of the predicted effects. Considering the theoretical 
results, such experiments allow us to obtain additional information about 
the molecular structure, to determine the values of the vibronic constants 
and other parameters of the system, and to achieve a deeper understand- 
ing of the observed phenomena. Experiments on the depolarization of 
scattered light, the temperature dependence of the mean dipole moment, 
birefringence in external fields, dielectric losses, observation of pure rota- 
tional spectra of absorption and Raman scattering, among other areas, 
seem to be quite realizable. 

We hope that this paper will stimulate further investigations into the 
electric properties of molecular systems in degenerate states. 
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of chemical binding and structure-activity relationships in organic and 
physical chemistry (Katritzky and Lagowski, 1963; Katritzky and Am- 
bler, 1963; Albert, 1968; Elguero et al., 1975), but also in other fields such 
as molecular biology (e.g., in relation to spontaneous mutations as a 
consequence of mispairing by rare tautomeric forms of purines and 
pyrimidines (Lowdin, 1965; Cooper, 1978; Danilov and Kventsel, 1971 ; 
Rein et al., 1983) or in relation to enzyme-substrate interactions 
(Metzler, 1979). During recent years a large amount of experimental and 
theoretical work has been carried out in order to elucidate the qualitative 
and quantitative aspects of prototropic tautomerism of heteroaromatic 
compounds that involves the movement of a proton between a cyclic 
nitrogen atom and a substituent atom directly adjacent to the ring. The 
information about the internal energy of the tautomers obtained by the 
computational methods of quantum chemistry is treated rather skeptically 
as compared with the data provided by experimental work (Beak, 1977). 
The purpose of this paper is to point out the scope and limitations of 
quantum-mechanical methods and to interpret several aspects of the 
tautomeric equilibria of heterocyclic compounds. 

Quantum-mechanical studies on the tautomerism of heterocyclic com- 
pounds involve, in general, two aspects. The first deals with the predic- 
tion of physicochemical properties of defined tautomeric forms (e.g., ul- 
traviolet spectra, dipole moments, ionization potentials, etc.). This seems 
to be easy to handle. Using any semiempirical or nonempirical quantum- 
mechanical computational method, depending on approximations in- 
volved in the method, we are able to calculate properties that, more or 
less, agree with experimental values. Calculations of this type do not 
contribute to a direct estimation of the relative stability of the tautomers, 
however; they are particularly important for cases in which a tautomeric 
form of a compound is so rare that it is not possible to measure it directly. 

The second covers the prediction of the relative stability of tautomers 
in vapor phase and the estimation of the tautomeric constant in this phase, 
prediction of the influence of substituents (e.g., methyl group, halogen 
atom) on the shift of tautomeric equilibrium (the relative change of tauto- 
meric constant caused by substituents), and even the estimation of the 
stability of defined tautomers in solution. Obtaining these properties is 
much more complicated. The difficulties connected with an attempt to 
apply quantum chemistry in this case will be discussed in the next section. 

11. Tautomeric Equilibrium: General Remarks 
Let us consider a molecule existing €or simplicity in two tautomeric 

forms either A or B. The tautomeric equilibrium A * B is characterized 
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I 
H H 

( A )  X:O,NH,S, ... (El  
Scheme 1 

by a tautomeric constant KA,B = [A]/[B], a ratio of molar concentration of 
the tautomer A to that of the tautomer B. According to laws of statistical 
thermodynamics this constant is connected with the difference between 
the standard free energies of both forms A G ~ , B  through the formula: 

KA,B = exp(-AGi,B/RT) (1) 

where R and T stand, respectively, for the gas constant and absolute 
temperature (Kelvin scale) and AGO = A H "  - T AS", where AHo and ASo 
represent the changes in standard enthalpy and entropy, respectively. 

It is easy to show that for a tautomeric equilibrium the standard free 
energy change can be written as 

(2) 

where AEf!B is the sum of 6E,&, the difference between the lowest ener- 
gies of the tautomers E.$ and E$ calculated as the minima of the potential 
energy surfaces of the respective tautomers, and the zero-point 
vibrational energy difference between the two tautomers. The zero-point 
vibrational term and the vibronic entropy contribution for each tautomer 
can be calculated by using standard statistical thermodynamics (Herz- 
berg, 1945): 

A G ~ J  = AEk"!B - T AS:# 

and 

Rh diui exp(-uih/kT) 
+ kT 7 1 - exp(-uih/kT) (4) 

where ui is the vibrational frequency of the ith normal vibrational mode, N 
is Avogadro's number, di is the degeneracy of the ith mode, h is Planck's 
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constant, k is Boltzmann’s constant, R is the gas constant, and T is tem- 
perature in Kelvin, so that 

and 

(6) 

From the second derivative of the potential energy surface for the tauto- 
mers, the frequencies necessary for Eqs. (3) and (4) can be obtained and 
the vibrational contribution to the free energy evaluated to allow calcula- 
tion of the tautomeric equilibrium constant from theory. 

When discussing the tautomeric equilibrium of a molecule, we should 
clearly specify the conditions of the equilibrium, i.e., the electronic state 
of the molecule (ground or excited state and its multiplicity) and the 
medium (vapor phase or solution) in which the equilibrium is considered. 
We shall restrict our attention to the four cases presented in Scheme 2, 

= S z i b  - S F b  

Scheme 2 

with the tautomeric equilibrium A B in a vapor phase (v) either in the 
electronic ground state, point 1 or in an excited state, point 3, and the 
tautomeric equilibrium A e B in the corresponding states in solution(s), 
points 2 and 4. For simplicity we did not specify the multiplicity of the 
electronic state of the molecule. 

In each case, the tautomeric equilibrium is characterized by the corre- 
sponding tautomeric constant KA,B or equivalently by the corresponding 
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difference between the lowest energies of the tautomers AEf!B at absolute 
zero [in Scheme 2 we omitted the superscript (0) for simplicity of nota- 
tion]. 

First of all, we shall discuss the estimation of the energy difference of 
vapor phase tautomers in the electronic ground state, AEAVB (point 1). As 
we shall see later, the energy differences at points 2, 3, and 4 can be 
formally expressed by the energy difference at point 1 and some addi- 
tional terms characterizing the change of this energy difference on excita- 
tion and/or on the change of environment. 

111. Tautomeric Equilibrium 
in an Electronic Ground State 

of a Molecule Existing in Vapor Phase 
The relative stability of the two tautomers A and B depends on the 

difference between their lowest energies AEflB (Fig. l), which in the 
Born-Oppenheimer approximation is equal to the sum 6E,f:iq) + 6Evib(’) A,B 3 

where the first term indicates the difference between the total electronic 
(el) energies of both tautomers at their corresponding geometric equilib- 
rium (eq) positions and the second term stands for the difference between 
zero-point vibrational energies of the tautomers. 

In many cases the estimation of the relative stability of tautomers is 
done only by consideration of 6Ef!iq’ values, assuming that the contribu- 
tion of the zero-point vibrational energies for both tautomers is the same, 
i.e., that 6Ejso )  = 0, and also assuming that ASZg is zero. In some cases, 
however, the values of 6Ejs”  are calculated. In the case of uracil (la), 
and its 4-hydroxyuracil tautomer (1 b), the normal vibrational frequencies 
calculated by the MIND0/3 method gave SEY::!!) = -0.8 kJ mole-’ (Shi- 
bata er al., 1980). At 298 K this almost cancels the - T  ASZE term, which 
is equal to +1.3 kJ mole-’. In the case of the lactim-lactam tautomeric 
pairs of oxopyridines (2, 3) and oxopyrimidines (4, 5 )  MIND0/3 calcula- 
tions gave (Krebs er al., 1980) 6 E ~ ~ ~ ~ , ~ , , , , ,  = - (2.5 - 3.1) kJ mole-’. 
[Note, however, that calculation by means of the MNDO method gives 
for the same systems G E ~ ~ ~ ~ , l a c t a m  = -(0.1-1.5) kJ mole-’ (C. Krebs- 
Bartzsch, Leipzig, unpublished results).] The MIND0/3 energies are dis- 
tinctly larger than the value of 0.4 kJ mole-’ estimated experimentally for 
2-oxopyridine (Beak, 1977) and smaller than the value of 5 kJ mole-’ 
estimated for 2-0x0-6-methylpyrimidine (Nowak, 1979; Nowak et al., 
1980). Calculations of the vibrational frequencies of formamide (6a) and 
formimidic acid (6b) in the Hartree-Fock approximation using the 3-2 1G 
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A B 

CONFIGURATION COORDINATE Q 
Fig. 1. Schematic representation of the potential energy surface for the electronic (el) 

ground state of a molecule existing in two tautomeric forms, A and B. Superscripts exp, HF, 
CNDOIZ, MINDOI3 indicate that energy differences 6Et.B calculated for potential energy 
surfaces determined either experimentally (exp) or calculated by means of ab inirio method 
in the Hartree-Fock (HF) approximation or by semiempirical methods (CNDOI2, 
MIND0/3). The symbol eq stands for thegeometrical equilibrium of both tautomers, while 
Q,, and QB indicate nonequilibrium geometries of tautomers A and B, respectively. Note 
that the theoretical potential surface calculated by sophisticated quantum-mechanical 
methods (“exact” solution of electronic Schrodinger equation includes electron corre- 
lation with geometry optimization) should be the same (or very similar) as that deter- 
mined experimentally [in this case (thcor)Eel(eq) -- ‘exp)Eel(cq) for both the tautomers, and then 
(thcn)6/pP) A.B = ( C X P ) ~ ~ ~ $ P ) ] .  

basis set (HF/3-21G) also gave (Schlegel et al., 1982) a small value, GE@) 
= - 1.2 kJ mole-’. Unfortunately, as far as we are aware, the appropriate 
6Ezgo) and ASXE values are not available for model systems exhibiting 
either amino-imino or thione-thiol tautomerism. In any case, due to the 
neglect of the 6E2F?o) and AS:! contribution to AE& , the estimate of the 
relative free energies of the tautomers may be in error by approximately 5 
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kJ mole-'. This number may be smaller if as in the case of uracil the 
6Ej;'P$O) and the ASZE terms cancel each other to some extent. 

Since ijE:!;q) = AEf!B - GE~~$O)  and the vibrational contributions 
GEj;'Sob$O) may be evaluated theoretically and sometimes experimentally, a 
comparison between theoretically and experimentally determined stabili- 
ties of two tautomers may be made by comparing the (exp)ijEi!kqq) and 
(theor)GE:$q) values (Fig. 1). 

Estimation of 6Ei!kq) for tautomers by means of the computational 
methods of quantum chemistry is not easy. An exact calculation of the 
potential energy surface for each tautomer is required followed by a com- 
parison of the energies at the minimum points of both surfaces (these 
positions correspond to the optimized geometries of the tautomers). 

Exact calculations of the potential energy surfaces for complex molec- 
ular systems are impossible to carry out from a practical point of view. 
Such calculations involve the solution of the electronic Schrodinger equa- 
tion for the system including electron correlation effects and full geometry 
optimization. However, an estimate of the 6Ei!kq9' value can be obtained in 
a different way. One can carry out an ab initio calculation in the Hartree- 
Fock (HF) approximation by using a simple basis set, e.g., (7s, 3p/3s), 
contracted to a minimal basis set, STO-3G, or 3-21G, etc., with full geom- 
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etry optimization. In general, these calculations predict geometries of 
molecular systems that do not differ very much from experimental geome- 
tries. Using the calculated equilibrium geometries of the tautomers, one 
can then calculate the electronic energies cHF)Ef and (HF)Et by means of an 
ab initio method in the HF  approximation with a better basis set (e.g., 6- 
3 1G*) and calculate the electron correlation energy for the tautomers. 

should not differ from values E i ( e q )  and respectively, calculated 
exactly or determined experimentally. In other words, (theor)6Ei,B = 
(theor)6Eel(eq) (exp)6Ee’(eq). 

As far as we are aware, this type of calculation has been performed for 
lactim and lactam tautomers of both 2- and 4-oxopyridines [(2), (3)] and 
for formamide (6a) and formimidic acid (6b) only (Schlegel ef af., 1982; 
Scanlan et af., 1983). Since the calculations mentioned are expensive, one 
estimates the 6Ei!iq) value by comparison of the electronic energies calcu- 
lated in the H F  approximation only [(HF)6Ef!iq)], and even this has often 
been done by means of semiempirical methods [(CNDo’2)6EA,B, 

One can justify this procedure with two assumptions: first, that the 
electron correlation contributions for both tautomers are the same or very 
similar to each other; second, that the errors existing in the calculation of 
the electron energies of the tautomers in the H F  approximation (e.g., the 
errors connected with the fact that different basis sets are used or the 
errors caused by approximations involved in a semiempirical formulation 
of the HF  approximation) are similar for both tautomers. 

The first assumption is more or less justified. For example, calcula- 
tions (Schlegel et af., 1982) of the electron correlation energy by means of 
the MZller-Plesset second-order perturbation method (Mgller and Ples- 
set, 1934) gave the values of 2.5 to 3.4 kJ mole-’ for relative electron 
correlation energies for the tautomers of 2- and 4-oxopyridines. For for- 
mamide (6a) and formimidic acid (6b) this relative energy is even smaller 
(0.4-0.8 kJ mole-’). However, another type of calculation (configuration 
interaction including all singly and doubly excited configurations correct 
to the fourth order) for the tautomers of formamide gave a higher relative 
electron correlation energy (Schlegel et al., 1982.) (-7.1 kJ mole-’). 

The errors in prediction of the 6Ef$iq) values when the contribution of 
the electron correlation is neglected are in fact smaller than the errors 
obtained in calculations within the HF  approximation, particularly when 
semiempirical methods are used. Different computational methods give 
different potential energy surfaces (Fig. 1) and different theoretical values 
for 6E:Y).  

Final values (theor)Ef = (HnEf + (corr)Ef  and (theor)E$ = (HOEel B + (c0rr)Et  

A,B A,B 

(M1ND0’3)6EA,B, (MNDo)6EA,B , etc.). 
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A good illustration of this type of discrepancy is presented in Tables I 
and 11. In the case of 2-oxopyridine, semiempirical CND0/2 and MNDO 
methods and ab initio HF/STO-3G calculations predict the lactim tauto- 
mer of the molecule to be more stable than the lactam one, while the 
MIND0/3 and HF/3-21G calculations give a reverse result. In view of the 
large uncertainty in the experimental value - 1.3 2 10.5 kJ mole-' (proba- 
bly overestimated), it is not possible to draw any other conclusion than 
that the experimental values and the theoretical values are spanning the 

TABLE I 

THERMODYNAMIC QUANTITIES AND RELATIVE 
ELECTRONIC ENERGIES 8 E f P )  FOR THE LACTIM (A) 

THE VAPOR PHASE (THE LACTAM TAUTOMER 
CONSIDERED AS THE REFERENCE SYSTEM)" 

AND LACTAM (B) TAUTOMERS OF 2-OXOPYRIDINE IN 

Experimental Data (Beak et al., 1976; Aue et al., 1979)b 
Free Energy AGO -3.4 
Enthalpy A Ha -1.3 2 1.3 

AEf$ -1.3 * 10.5 
8 ~ e l ( e q l  

- 145.0 
Theoretical datac A.B 

CNDO/2 (Krebs et a / . ,  1980) 
MIND0/3 (Krebs et al., 1980; 

MNDO (Krebs et al., 1980; 
Czerminski et al., 1979)d + 15.7 

Mirek and SyguIa, 1981) -40.8 
-64.4 
+7.1 
+7.4 
-4.2 

HF/STO-3G (Schlegel et a / . ,  1982) 
HF/3-21G (Schlegel et al., 1982) 
HF/3-21G (Scanlan et al., 1983)' 
HF/6-31G** (Scanlan et a / . ,  1983) 

The minus sign indicates that the lactim form (A) is 
more stable. All values in kilojoules per mole. 

The AGO value from x-ray photoelectron spectros- 
copy is -(2.4 2 0.3) kJ mole-' (Brown e f  al., 1980). Note 
that according to Beak (1977) expAEi%qq) = 8EiP'  for 
2-oxopyridine. AHo is also reported as -3 f 0.4 kJ mole-' 
and AGO calculated as -3.7 kJ mole-' (Guimon er al., 
1979). 

The calculations are with full-geometry optimiza- 
tion. 

"There is a typographical error for the MIND0/3 
results (Krebs er a / . ,  1980). where a minus sign is given 
instead of a plus. 

These authors used a slightly softer gradient condi- 
tion for optimization. 
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TABLE I1 

THERMODYNAMIC QUANTITIES AND RELATIVE ELECTRONIC ENERGIES 8Eeff!cg4' FOR THE LACTIM (A) 
AND LACTAM (B) TAUTOMERS OF OXOPYRIDINES AND OXOPYRIMIDINES IN THE VAPOR  PHASE^ 

Experimental Theoretical results 
resultsb (with full-geometry optimization) 

U ' O '  A,B CND012' MIND013'J MNDOZ 3-21G 6-31G** Molecule A.GOA,B 

2-Oxopyridine -3.4 -1.3 k 10 -145.0 + 15.7 -40.8 +7.1d -4.2' 
4-Oxopyridine - 10 -29 It 8 - 195.1 -16.1 -62.2 -3.1" -14.9' 

-2.9d 
2-Oxopyrimidine - 10 -134.3 +29.5 -44.0 - - 
4-Oxopyrimidine 2.4 * 5 3 f I* - 106.1 +19.6 -34.2 - - 

1 5 I* 

The minus sign indicates that the lactim (A) is more stable. All quantities in kilojoules per mole. 
From Beak et al. (1976). 
From Scanlan et al. (1983). These authors use a softer gradient condition for optimization. 
From Schlegel et al. (1982). 
From Krebs et al. (1980). There are typographical errors for the MIND013 results in this 

reference. The minus sign is given instead of the plus for 2-oxopyridine, 2-oxopyrimidine, and 4- 
oxopyrimidine. 

f From Czerminski et al. (1979b). 
f From Mirek and Sygda (1981) and Kwiatkowski and Lesyng (1983). 

From Nowak et al. (1980). At 230°C. 

same range. If zero-point energy and vibrational entropy contributions 
partially cancel in this case as for uracil/4-hydroxyuracil, then it seems 
reasonable to compare the calculated 6E:sq) directly to AH". When this is 
done only the 6-31G** calculation is seen to give the best relative energies 
for the tautomer pair. Table I1 compares the available data for oxopyri- 
dines and oxopyrimidines. These data show further that conclusions con- 
cerning the relative stability of the tautomers cannot be drawn based on 
STO-3G or semiempirical calculations; CND0/2 calculations give espe- 
cially unrealistic SEip' values. The lowest level of acceptable calcula- 
tions seems to be the one employing the 3-21G basis, but even here there 
is an error of several kilojoules per mole. 

In Table I11 lists the steps in the quantum-mechanical computation for 
2-oxopyridine. The HF/STO-3G calculation with the full-geometry opti- 
mization gives an electronic energy for the lactim tautomer lower than 
that of the lactam by 64.4 kJ mole-' (step lo). Calculations carried out 
with a better basis set (3-21G) and with full-geometry optimization give 
the lower energy for the lactam by 7.1 kJ mole-' (step 3"). This can be 
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TABLE 111 

ELECTRONIC ENERGIES Eg AND E" AND RELATIVE ELECTRONIC ENERGIES 6E:.B FOR 

(SCHLEGEL et al., 1983)l" 
THE LACTIM (A) AND LACTAM (B) TAUTOMERS OF 2-OXOPYRIDINE [ab initio HF LEVEL 

Step of Method of E: E" 8 E h l  
calculation calculation (a.u.) (a.u.) (kJ mole-') 

1" HF/STO-3G 
geometry optimized 

geometry from step I" 

geometry optimized 

geometry from step 3" 

geometry from step 3" 

geometry from step 3" 

HF/3-21G 

3" HF/3-21G 
20) 

HF/6-3 IG 

HF/6-3 1G* !f 
6" MP2/6-31Gb 

7" Estimated value' 

-317.49119 -317.46662 -64.4 

- 3 19.76296 - 3 19.766 18 +8.4 

- 3 19.768 I4 -3 19.77080 +7. I 

-321.43043 -321.43371 +8.6 

-321.56564 -321.56653 +2.3 

-322.08181 -322.08640 +12.1 

+5 2 1.7 
(+1.7 * 2.3) 

a See Table I .  
* MR-electron correlation energy calculated according to M#ller and Plesset (1934). 

For details see original text. The best theoretical estimate of AEflB after including the 
zero-point vibrational Contributions is given in parentheses. 

compared to the calculation at step 2" performed using the same 3-21G 
basis set but with optimized structures from step 1". In this case, the 
electronic energies of both the A and B tautomers differ from those of step 
3" by 13.6 and 12.1 kJ mole-', respectively, and 6E& equal to 8.4 kJ 
mole-'. This is due to the fact that both STO-3G and 3-21G basis sets give 
similar optimal geometric structures for the tautomers. The 3-21G struc- 
tures are in general better than the STO-3G structures and should be used 
whenever they are available. In the steps 4" and 5" better basis sets were 
used. The electronic energies decrease, but the lowering of the energies 
for both the tautomers is not the same, giving different 6 E 2 , ~  values (8.6 
kJ mole-' with the 6-31G basis and 2.3 kJ mole-' with the 6-31G* basis 
set). Calculations at step 6" predict similar electron correlation energy 
contributions for both the tautomers (in fact, the contribution for the 
lactam tautomer is slightly larger by 3.4 kJ mole-'). 

The calculation at step 5" gives the lowest electronic energies EZ and 
E$ in the HF approximation and a 6E,& value of 2.3 kJ mole-', while the 
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more-advanced calculation of step 6 (including electron correlation) gives 
12.1 kJ mole-' for 6E.f,B. As we see the results of step 5 are in better 
agreement with the experimental data for which AH" = - I .3  * 1.3 kJ 
mole-' (see Table I) than the results calculated by means of the better 
method at step 6". This, however, is a misleading discrepancy because as 
a matter of fact the electronic energies E f  and E$ calculated in step 6" are 
better than those of step 5". It seems that the errors obtained in the 
calculation of Eel for the tautomers are better canceled in step 5" than in 
step 6" when the relative energies 6Ef,B are being calculated. This could 
be due to the absence of polarization functions in step 6". 

The last entry in Table I11 is what is called the best theoretical esti- 
mate, Schlegel et al. (1982) did not carry out additional more-advanced 
calculations. By studying their own results they were able to make suit- 
able corrections to their best-calculated value. Their arguments are as 
follows. Because the optimization of geometry both in the STO-3G and 3- 
21G basis yields similar geometries for the tautomers (the values 6E.f,B 
calculated for different geometries in the same basis set are 8.4 and 7.1 kJ 
mole-', respectively; see steps 2" and 3", Table 111), it is conceivable that 
the change in 6 E . f , ~  in optimizing the geometry in the 6-31G* basis would 
be no larger than 0.8 2 0.8 kJ mole-' in favor of the lactim form. Simi- 
larly, the authors estimate the probable changes of the 6Ef ,B  value that 
would be caused by including correlation effects and polarization func- 
tions in the basis set. The estimated (not calculated) value of I S E . ~ , ~  at this 
stage (Schlegel et al., 1982) for 2-oxopyridine is 5 ? 1.7 kJ mole-'. Inclu- 
sion of the vibrational contribution GEj3') (Krebs et al . ,  1980) calculated 
using the MIND0/3 method reduces 6E.f,B to give 1.7 ? 2.3 kJ mole-' for 
AEf'!B. If the MNDO vibronic contribution is used (C. Krebs-Bartzsch, 
Lepzig, unpublished results) AEf'!B is closer to 4 ? 2 kJ mole-'. Although 
the sign is incorrect, these results fall within the experimental error (Table 
I), which has a large deviation. Included in the set of reasonable theoreti- 
cal results is the one obtained with the 6-31G** basis set at the 3-21G 
geometry, the last entry in Table I (Scanlan et al., 1983). Using the Schle- 
gel theorAEf$ range of +4.0 to -0.6 kJ mole-' and neglecting AS??, one 
obtains a range of 0.2 to 1.3 for Keq[OH]/[NHI, which is from 20 to 4 times 
smaller than the experimental equilibrium constants reported as 4.0 at 
50°C (Guimon et al., 1979). A similar calculation using the Scanlan 6- 
31G** 6 E . f ~  and neglecting both the ~ E , Q  and ASA,B contributions yields 
a K e q  of 4.4 in agreement with the experimental value. 

Similar calculations have been performed for 4-oxopyridine (Schlegel 
et al., 1982). In this case the best theoretical estimate for AEhlB is - 10 & 3 
kJ mole-', which can be compared to the best experimental estimate of 
-29 f 8 kJ mole-'. Considering the success of the method for the 2- 
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hydroxypyridine/2-pyridone system, the agreement between theory and 
experiment is well outside the estimated errors of both the theoretical and 
experimental values. Schlegel et al. (1982) argue convincingly that since 
differences in tautomerization energies formally constitute isodesmic re- 
actions, they can be obtained more accurately and with less effort than 
the AE!& themselves. The best theoretical estimate of the relative tauto- 
merization energy A(AEf!B) for 2-pyridone/4-pyridone is 12 ? 3 kJ 
mole-'. This does not compare favorably with the experimental estimate 
of 28 ? 8 kJ mole-'. 

The experimental value is determined by subtracting the vapor phase 
enthalpy difference for 2-hydroxypyridine/2-pyridone (1 ? 1 kJ mole-') 
and the enthalpy difference for the corresponding methylated derivatives 
(32 ? 10 kJ mole-') to obtain a value of 31 kJ mole-' due to the difference 
in local bond energies (NH, OH versus NCH3, OCH3). This value is then 
subtracted from the gas phase enthalpy difference of 59.0 * 8.2 kJ mole-' 
for the methyl derivatives of the 4-hydroxypyridine/4-pyridone to yield a 
gas phase enthalpy difference of 28 kJ mole-' for the 4-hydroxypyridine/ 
4-pyridone system (keto form more stable) (Beak et al., 1976). This too is 
an estimated quantity dependent on the transferability of the enthalpy due 
to the local bond energies mentioned earlier, i.e., that methylation affects 
both tautomers systems in the same manner. 

Such a direct transfer must be examined more closely. Experiment 
and theory both show that there is significant interaction between the 
-OH bond and the adjacent nitrogen in 2-pyridone (Del Bene, 1979; Aue 
er al . ,  1979). This interaction energy is about 36 kJ mole-'. The interac- 
tion is lowered by 2 kJ mole-' when the hydrogen is replaced by a methyl 
group and lowered again by 6 kJ mole-' when the methyl group is rotated 
away from the carbonyl as calculated for methylformimidate and N- 
methylformamide (HF/3-21G, fully optimized geometries) (Schlegel et 
al., 1982). When these effects are included in the correction for local bond 
energies, the experimental estimate becomes 21 ? 8 kJ mole-', closer to 
the calculated tautomerization energy. Only direct measurement of the 4- 
pyridone tautomerization will show whether these arguments are valid. 

The same method has been applied to evaluate the tautomer energy 
differences among 2,4-pyridinediol, 4-hydroxy-2-pyridinone, and 2-hy- 
droxy-4-pyridinone (7a-7c). These calculations were carried out at the 
HF/3-21G level with full-geometry-optimization (Schlegel, 1983). The ef- 
fects of polarization functions, electron correlation, and zero-point en- 
ergy were included by using corrections from the 2- and 4-pyridine study. 
The results are summarized in Table IV. The most stable structure is 4- 
hydroxy-Zpyridinone in agreement with experiment (Beak et al., 1972) 
after corrections for methyl group and condensed phase effects (Beak, 
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1977). Inspection of Table IV shows that the methodology is correctly 
predicting the order of stability of a series of tautomers but that the 
magnitudes of the values obtained by theory and experiment do not yet 
match closely. The reason for this is probably a complex mixture of 
inadequacy in theory and experimental difficulties indicated by the range 
of error associated with the experimental values. 

The literature for uracil is about as extensive as that for 2-pyridone. A 
detailed analysis of the adequacy of different theoretical approaches ap- 
plied to uracil/4-hydroxyuracil [U/U*; (la)/( Ib)] tautomerism up to and 
including the STO-3G with optimized geometries has been published 
(Mondragon and Ortega-Blake, 1982). These authors compare optimized 
geometries for U/U* obtained by a variety of methods to available experi- 
mental data and present the tautomerization energy for U/U* as a func- 
tion of optimized geometry and method of calculation. These authors 
concluded that while semiempirical methods are adequate for predicting 

TABLE IV 

RELATIVE ELECTRONIC ENERGIES OF 2,4-PYRIDINEDIOL 
TAUTOMERS (ALL QUANTITIES IN KILOJOULES PER MOLE) 

Best Best 
theoretical experimental 

Compound" 3-21G estimateb,c estimated 

2-4-Pyridinediol 0.0 0.0 
4-Hydroxy-2-pyridinone - 13.8 -7.9 -1.3 f 7.9 
2-Hydroxy-4-pyridinone +21.2 +29.3 +40.1 f 7.9 

Only the most stable of the possible hydroxyrotomers is in- 

* Including estimates of polarization functions, electron correla- 
cluded in the table. 

tion, and zero-point energy. 
From Schlegel (1983). 
From Beak ef al. (1972) and correcting for methyl group and 

condensed phase effects (Beak, 1977). 
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the structures of tautomer pairs, they are inadequate for determining 
relative energies. The most consistent data obtained in this study involved 
the use of ab initio model potentials (Barthelat et al., 1977; Durand and 
Barthelat, 1975; Teichteil et al., 1977) with Gaussian-type functions opti- 
mized from the model potential (Les and Ortega-Blake, 1979, 1981). Their 
25 basis consisted of four Gaussians contracted to (3, 1). Using this basis 
they obtained an average tautomerization energy for U/U* of 93.7 f 10.0 
kJ mole-' with PCILO, MNDO, MIND0/3, and STO-3G geometries. 

The full set of uracil tautomers (la-lf) has been examined by several 
methods. These results are summarized in Table V. The MIND013 
method gives the diketo form of uracil (la) as the most stable, followed by 
the 4-hydroxy form (Ib) (Czerminski et al., 1979a). The STO-3G and 
MNDO methods favor the dihydroxy (lc) as most stable (Goddard et al., 
1975; Buda and SyguYa, 1983). Apparently the stability of the fully conju- 
gated ring is overemphasized by these methods. In the next to last column 
the 3-21G data are summarized. Here, the most stable isomer is the diketo 
form (la), followed by the 2-hydroxy tautomer (Id). The tautomerization 
energy for (la)/(lb) is given as 81.8 kJ mole-' (Scanlan and Hillier, 1983). 
In the same basis set another estimate of the relative energies of (la) and 
(lb) is 82.3 kJ mole-' (Zielinski, 1983). The differences in these last two 
energies are due to the different gradient convergence criteria used. 

TABLE V 

RELATIVE ELECTRONIC ENERGIES OF THE URACIL TAUTOMERS (ALL QUANTITIES IN 

KILOJOULES PER MOLE) 

Experimental 
Structure MIND0/3" STO-3Gb MNDO 3-21Gd estimate8 

la 0.0 62.89 35.9 0.0 0.0 
Ib 21.3 80.79 38.8 81.8 79 f 25 
Ic 55.6' 0.0 0.0 101.1' 92 +- 40 
Id 41 .O 77.45' 30.4 72.1 - 
le 58.2 118.9 77.4 109.3 - 
I f  33.lf 127.1 66.7 119.6J - 

From Czerminski et al. (1979a). All structures optimized uracils. 
From Goddard et a / .  (1975). All structures were thymines designed by analogy to 

From Buda and SyguIa (1983). All structures were optimized uracils. 
From Scanlan and Hillier (1983). All structures were optimized uracils. 
2-Hydroxy group rotated by 180". 

f 4-Hydroxy group rotated by 180". 
8 From Beak and White (1982). 

similar known structures. 
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Experimental estimates for the stability of 2,4-dihydroxyuracil and 4- 
hydroxyuracil relative to uracil have appeared in the literature (Beak and 
White, 1982). These are reported in the last column of Table V. As for the 
2-hydroxy pyridine/pyridone case, the experimental estimate hinges on 
heats of isomerization and vaporization of representative methylated sys- 
tems, namely, the N-methyllo-methyl amidehmidate pairs. For un- 
strained systems the amide is favored by 63 * 12 kJ mole-', while for 
heteroaromatic ring systems it is favored by only 33 ? 12 kJ mole-'. 
Studies on 1,3-dimethyl-2,4-pyrimidinedione, 2,4-dimethoxypyrimidine, 
4-methoxy-l-methyl-2-pyrimidinone, and 2-methoxy-3-methy-4-pyrimi- 
dine show that the amidehmidate energy difference is quite different in 
these heteroaromatic systems. It was found that the energy of conversion 
of the methyl imidate/amide for N3 and C4 of uracil is 113 kJ mole-'. It is 
proposed that in this conversion, which involves the N3 of the uracils, the 
N3 is in a urea environment and that the urea/isourea energy difference is 
not adequately modeled by previously used imidate/amide systems. The 
additive errors of the method are large but probably overestimated. The 3- 
21G predicted relative energies of uracil tautomers agree quite well with 
these experimental estimates. The 6-3 1G relative energy for (la/ 1 b) at the 
3-21G geometry is 84.0 kJ mole-'. If the methodology of Schlegel is used, 
then A(AEI.\O?e) for uracil/2-pyridone is 75.3 kJ mole-' at the 3-21G level. 
This energy should be within a few kilojoules of the best value of the 
relative tautomerization energy for these two systems as would be ob- 
tained with more extensive calculations including polarization functions 
and CI. When this relative value is combined with the experimental value 
for 2-pyridone (1.3 kJ mole-'), 74.0 kJ mole is obtained for U 5 U*. This 
is the best theoretical estimate for the (la/lb) relative energies in close 
agreement with experiment. 

The only other reported ab initio calculations at the HF level with full- 
geometry optimization are for the tautomers of cytosine (8a/8b) and N(4)- 
hydroxycytosine (9a/9b) (Kwiatkowski et al., 1982; Palmer et al., 1983). 
This study employed a (7s, 3p/3s) basis set of Gaussian functions con- 
tracted to a minimal basis set. There are also ab initio calculations on the 
HF  level with partial-geometry optimization for 2-, 3-, and 4-oxopyridines 
(La Manna, 1981). All the other calculations for complicated systems 
such as purines and derivatives df pyridine and pyrimidines have been 
performed so far within the HF approximation, usually at the semiempiri- 
cal level. For example, there also are MNDO calculations with geometry 
optimization for all tautomers of cytosine, adenine, and guanine (Buda 
and Sygda, 1983) and minimal basis set calculations with assumed geom- 
etries for cytosine, thymine, adenine, and guanine (Mezey and Ladik, 
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9,a 9b  - 
1979). These results should be treated with caution because of the limita- 
tions in both semiempirical and minimal basis set approaches. 

In spite of the various difficulties and limitations, quantum-mechanical 
calculations may provide valuable information concerning the tautomeric 
equilibria of many molecules with similar structure, e.g., influence of 
substituents on tautomeric equilibria. It can be assumed that the errors in 
estimating the relative stabilities for a series of molecules with similar 
structures are of the same order. The results obtained for the amino and 
imino tautomers of cytosine (8a/8b) and N(4)-hydroxy cytosine (9a/9b) 
fall in this category. 

In aqueous solutions KXdxb is about lo4 to lo5 while Kgdgb is about lo-' 
to lo-* (Kwiatkowski and Pullman, 1975). This gives a value of lo5 to lo7 

kJ mole-'. This can be compared (Kwiatkowski et al., 1982; Palmer et al., 
1983) to the A(6Efa) = 6E$,, - 6E& values of -48, -103, and -56 kJ 
mole-' obtained by MIND0/3, MNDO, and ab initio HF/(7s, 3~13s) 
methods with full-geometry optimization. The calculated changes in the 
relative total energies of the tautomers are qualitatively in good agree- 
ment with the large changes in the tautomeric equilibrium constant Ka,i 
caused by -OH substitution at the amino group of cytosine. In this 
respect it is interesting to note that an earlier CNDO/2 study 
(Kwiatkowski and Pullman, 1974) on cytosine and N(4)-hydroxycytosine 
tautomers, but without geometry optimization, yielded the result A(6E) = 

-58 kJ mole-'. It seems that in this instance the use of standardized 
geometric parameters rather than fully optimized geometries was ade- 
quate. 

The ab initio structures for the two 4-amino-2-0x0 tautomers (8a) and 

for the ratio Kga/8b/Kga/9b, which corresponds to a AG of about -29 to -40 
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(9a) are very slightly but significantly nonplanar. The external N4 and 0 2  
atoms lie very close to the best ring plane. The N4 is slightly pyramidal 
with both hydrogens lying on the same side of the ring plane. The -OH 
group of (9a) is even further displaced from the best ring plane, 0.74 A. 
Comparison of structure (8a) to (9a) and (8b) to (9b) shows that substitu- 
tion of H by OH at the NH2 or =NH group does not seriously change the 
bond lengths and angles of the parent rings except at the C4-N4 bond 
(Palmer et al., 1983). This is as expected from the consideration of va- 
lence bond structures; a similar result was reported for the fluorobenzene 
radical and 2- and 4-monosubstituted pyridines (Hinde et al., 1978; Del 
Bene, 1979). 

In some cases, however, the results of theoretical studies seem to be 
less satisfactory. Zielinski (1982) reported HF/STO-3G calculations for 
both uracil (la) and its 4-hydroxytautomeric form (lb) substituted by 
CH3, F, and OCH3 at the C5 position. The calculations were performed 
using the previously optimized HF/STO-3G geometries (Zielinski et al., 
1981) of the parent tautomeric forms (la) and (lb) and standard geome- 
tries for the substituents. Calculated total energy indicated the diketo 
tautomeric forms [like (la)] to be significantly more stable than the hy- 
droxy forms [like (lb)] in each case. This result is consistent with experi- 
mental observations that do not detect the presence of hydroxy forms for 
1-methyluracil and 1-methyl-5-fluorouracil in the vapor phase (Nowak et 
al., 1978; Shugar and Szczepaniak, 1981). Numerous experimental stud- 
ies in solution also show that uracil, 5-methyluracil (thymine), and 5- 
fluorouracil exist predominantly in the diketo form (Kwiatkowski and 
Pullman, 1975). On the other hand, the calculated relative changes in 
energy difference GEPL.1, between the 4-hydroxy form (lb) and diketo (la) 
caused by 5-CH3, 5-F, and 5-OCHj substitution seem to be in contradic- 
tion to expectation based on experimental evidence. The calculated value 
of SEPLJ, = 27.7 kJ mole-' increases by 0.6,4.2, and 4.7 kJ mole-' upon 5- 
CH3, 5-F, and 5-OCH3 substitution, respectively. In other words, the 
calculations predict an increasing stability of the diketo form (la) relative 
to the hydroxy form (lb) due to the substituents. This is contrary to 
experimental expectation for the effects of the substituents in question, 
which are postulated to increase the amount of the hydroxy forms 
(Kwiatkowski and Pullman, 1975). 

The preceding discussion deserves some comment. First, the widely 
postulated mutagenesis induced by base analogs such as 5-halogeno-ura- 
cils has been questiotled recently; some organisms readily tolerate, and 
replicate normally, when thymidine in DNA is replaced by 5-bromo- 
deoxyuridine (Shugar and Szczepaniak, 198 1, and references therein). 
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Second, most of the experimental measurements have been done in solu- 
tion, and as a matter of fact, for much more complicated systems (nucleo- 
sides, nucleotides) than those considered theoretically. Thus, there is a 
lack of appropriate experimental data on the relative stabilities of the 
tautomeric forms of the molecules in question. Finally, with respect to 
theoretical calculations, a definitive conclusion about the relative changes 
in the energy difference 6E;b,,, caused by C5 substituents cannot be made 
owing to the lack of the full-geometry optimization for substituted uracils, 
neglect of the electron correlation, as well as neglect of the zero-point 
vibrational contributions. It seems that in order to be able to predict to 
what extent 5-substituted uracils exist in the hydroxy form relative to 
uracil itself, much more rigorous calculations similar to those performed 
by Schlegel (1983) for 2,6dioxopyridine would be needed. This is also the 
conclusion of Zielinski (1982). 

At the end of this section, it seems necessary to point out some mis- 
leading statements concerning the theoretical estimation of the relative 
energies of tautomers made in the past. Most of these calculations have 
been done without geometry optimization, i.e., using fixed geometries for 
the tautomers, and, of course, most using semiempirical methods. Under 
such conditions, the relative energy of two tautomers of a molecule not 
only differs from that calculated for optimal geometries, but can be of 
reversed sign [see Fig. 1:  (CND0'2)8Eel A,B(QA, QB), (CND0'2)6Ee1(eq)]. It is not 
unexpected then that the comparison of experimental and theoretical find- 
ings was found to be rather poor (Beak, 1977). 

The most recent calculations seem to indicate some improvements in 
the theoretical evaluation of relative tautomer energies. At the 3-21G level 
the structures are accurate enough for higher-level calculations, which in 
turn clearly give better relative energies. Here the 6-31G** basis set 
shows the most promise. Another fact to consider is the almost uniform 
neglect to calculate AS;'," and 8E:P$O' even though the vibrational frequen- 
cies can be obtained with semiempirical methods. This makes the com- 
parison of the calculated and experimental equilibrium constants even 
more difficult. 

At this stage it is very difficult to systematically assess the agreement 
between predicted and experimentally obtained tautomeric equilibrium 
constants. In the cases of uracil and 2-pyridone the agreement between 
experiment and theory seems to narrow down to within one order of 
magnitude. Clearly, many more systems will have to be examined in order 
to make a more general statement. It should also be emphasized that more 
reliable comparisons are hampered to no lesser extent by experimental 
deficiency in the field than by deficiency in theory. 
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IV. Tautomeric Equilibrium in an Electronic Ground State 
of a Molecule Existing in Solution 

It is well known that the information concerning experimental tauto- 
meric equilibria for N-heterocyclic molecules is in most cases derived 
from measurements performed in solution and not in vapor (gas) phase. It 
was in the early 1970s when more systematic investigations on tautomeric 
equilibria in nonpolar solvents and particularly in the vapor phase were 
started together with some studies on the change of tautomeric equilibria 
caused by a change of environment (Beak et al., 1980, and references 
therein). The latter studies are particularly important because of the pos- 
sibility of verifying theoretical models describing the influence of environ- 
ment on the shifts of the tautomeric equilibria. 

An estimation of the absolute value of the tautomeric constant K ~ ! B  in 
solution [i.e., an estimation of h E t ! B ]  by means of quantum-mechanical 
calculations is impossible due to practical considerations: a quantum- 
mechanical estimation of the AEt!B value would require calculations of 
the potential surfaces for the tautomers interacting with all solvent mole- 
cules in the first two solvation shells at least. 

An estimate of the relative change of the stabilities of tautomers 
caused by solvent prevents a less complicated problem. In practice it is 
necessary to calculate the interaction energies between tautomers and 
solvent and to compare the values of these energies. In calculations of this 
type it is usually assumed that the environment does not change the 
geometries of the tautomers and that the energy of the tautomer interact- 
ing with the solvent is estimated either classically or quantum mechani- 
cally. 

If we denote the change of the ground state energies of the tautomers 
A and B when going from the vapor phase to solution (see Fig. 3) as atA = 
EA(SO, s) - EA(SO, v) and 8 s ~  = EB(SO,  s) - EB(SO,  v), respectively, then 
the relative change of the energy caused by the environment will be AtA,B 
= a& - & . A negative value of A ~ A , B  represents a stronger stabilization 
of form B by the solvent. Thus, the relation between the AEtlB value for 
the ground state of tautomers in solution and the analogous quantity 
AE!& in the vapor phase (see point 2 on Scheme 2) can be formally 
presented as 

AE$!B = AEk'!B - A(A,B 

If the information on the relative stability of the tautomers in a vapor 
phase is known (i.e., if the AEkv!B value is known from experimental 
measurement or from theoretical calculation), then a prediction of the 
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relative environmental effect on the stability of the tautomers is enough to 
estimate A E ~ ~ B ,  

An estimate of the influence of the environment on the relative stabili- 
ties of the tautomers and thus on the shifts of the tautomeric equilibria 
involves theoretical models describing the solvation phenomena for mole- 
cules. In spite of the progress made during the past few years in this field, 
the theoretical description of solvation of molecular systems is still handi- 
capped by two main difficulties: the size of the molecules (particularly 
biomolecules) imposing the need for approximate methods and the lack of 
an unambiguous general theory describing the liquid state in general or 
liquid water in particular. Thus all “theoretical” results so far available 
must be treated with caution since the approximations of theoretical ap- 
proaches are superimposed on the approximate models for the liquid 
state. 

Traditional continuum, discrete, and mixed discrete-continuum 
models developed during the past few years have been reviewed in a 
number of papers (Bonaccorsi er al., 1982; Claverie, 1982; Tapia, 1982). 
In spite of their obvious shortcomings, there is still hope that the models 
proposed so far may be suitable for describing, at least partially, some of 
the features of the solvation phenomena. We shall present an application 
of theoretical models of solvation to the estimation of the influence of the 
environment on the shift of the tautomeric equilibrium A e B. First, 
some comments on the models are given. 

In continuum models, the solvent is considered as a homogeneous 
medium (structureless dielectric continuum), which is polarized by the 
solute molecule immersed in a solvent cavity. In this model, A(A,B can be 
written as a sum of least three terms (Zielinski et al., 1978; Sinanoglu, 
1968) : 

(7) 

where A&$ is the energy difference for both tautomers creating cavities 
within the solvent, A&$’) is the difference in the van der Waals interac- 
tion energies between the tautomers embedded in the cavities and the 
surrounding solvent molecules, while A@!b is the difference in electro- 
static interaction energies between the charge distributions of the tauto- 
mers and the solvent. 

The several continuum models used to evaluate the terms given are, in 
fact, different versions of the classical reaction field theory introduced by 
Kirkwood (Kirkwood, 1934; Westheimer and Kirkwood, 1938) and Onsa- 
ger (1936). The contributions of the first two terms A&‘;) and A&,dgw) to 
the A[A,B value are small and partially compensate each other. Calcula- 

A(A,B = A&$’ + AStP,w’ + A t l ’  ( ,b 
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tions carried out for the lactim and lactam hydroxyazine tautomers 
(Krebs et al., 1982) have shown that the first term for (2a), (2b) and (5a), 
(5b) tautomers was -(1.6-1.7) kJ mole-’, while the second one for the 
same tautomers was of the order of 0.1-0.2 kJ mole-’. Therefore, these 
terms can be neglected. This is not unexpected, because these terms 
depend mainly on the cavity surfaces of the tautomers, which are only 
slightly different from each other in the case of two tautomers A and B of 
the same molecule. Thus, usually only the electrostatic contribution A&$ 
to the value is considered and compared with the experimentally 
determined value of A[A,B. 

The continuum model has been applied to an experimental study of the 
solvent effect on the 6-chloro-2-hydroxypyridine/6-chloro-2-pyridone 
equilibrium in a variety of essentially non-hydrogen-bonding solvents 
(Beak et al., 1980). In this study, a plot of log K ~ ( N H / o H )  versus ( E  - 1)/ 
( 2 ~  + l), the solvent dielectric term, yielded a linear least-squares fit with 
a slope of 2.5 f 0.2, an intercept of - 1.71, and a correlation coefficient of 
0.9944. This result was used to estimate the gas phase free-energy differ- 
ence of 9.2 kJ mole-’, which compares favorably with the observed value 
of 8.8 kJ mole-’ for this system. The authors also reported that alcohol 
solvents are correlated fairly well in this study but that other solvents 
seem to be divided into two classes, those that are electron-pair donors 
and those that are electron-pair acceptors in a hydrogen bond. The hy- 
drogen bonding effect is assumed to be independent from the reaction 
field effect and is included in the continuum model by means of the 
Kamlet and Taft (1976) empirical parameters. The interested reader is 
referred to the original paper for a detailed discussion of the method and 
its application. 

An alternative to the continuum model is the discrete model. To esti- 
mate the influence of the aqueous environment on the tautomeric equilib- 
rium A $ B within the discrete model, it is necessary first to find the 
structure of the hydration shell for each of the two tautomers and then to 
calculate and compare their hydration energies. While it is not easy to find 
the structures of the hydration shells with the methods of quantum chem- 
istry, it can be done in two steps (Kwiatkowski and Szczodrowska, 1978). 

Find a monohydration sphere or a monohydration sur- 
face (limited only to the planes of the tautomers in the case of planar 
r-electron systems) for both the tautomers with a particular calculation 
method. This requires calculations (e.g., within the so-called “supermole- 
cule” approach or with the use of electrostatic potentials) for the com- 
plex: tautomer plus water in different conformations. In other words, one 
must move the water molecule either in the space around the tautomer 

Step 1. 
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(when considering the monohydration sphere) or in the plane of the tauto- 
mer (when considering the monohydration surface) and calculate the total 
energy (or interaction energy) at each point. A water molecule lying in the 
plane of the tautomer refers to the geometry of the complex for which the 
oxygen atom of the water molecule lies in the plane of the considered 
tautomer while the hydrogen atom may be out of the plane. If we choose 
the center of mass of the tautomer as a reference point, the monohydra- 
tion sphere surrounding the tautomer is described as one for which a 
given point is determined by the position of the oxygen atom of water, the 
space configuration of water with respect to the tautomer, and the maxi- 
mum value of interaction energy between the tautomer and the water 
molecule. The plane of the tautomer crossing the monohydration sphere 
determines the monohydration surface. 

Step 2. The monohydration surface (in general a sphere) determined 
in step 1 is used for the construction of an approximate hydration or 
solvation shell (either in the plane of the tautomers or in space). The first 
water molecule is placed at the point of the global minimum of the mono- 
hydration surface (or sphere). This point corresponds to the maximum 
monohydration energy, i.e., to the most probable hydration site. The next 
water molecules are placed at points corresponding to additional local 
energy minima in the monohydration surface but in positions so as not to 
repel one another. 

The hydration (polyhydration) energy may be presented in this case as 

where ghvi is the monohydration energy of the tautomer by the water 
molecule placed at point i and ["w',., is the interaction energy between the 
kth and Ith water molecules of the shell [we do not consider here the 
method of estimating the water-water (w-w) interaction energy]. The 
difference 

ASA,B = @B - 8 6 A  (9) 

for the tautomers A and B determines the relative polyhydration effect 
(i.e., the influence of an aqueous solvent on the shift of the tautomeric 
equilibrium A * B when going from a vapor phase to the solution). 

The most-favored positions and orientations of water molecules 
around a solute can be determined by the use of electrostatic potentials. 
The electrostatic potential, evaluated from some molecular orbital wave 
function, is used to estimate the electrostatic interaction energy 6'"') be- 
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tween the solute and a dipole simulating a water molecule (Hofmann et 
al., 1981; Berndt and Kwiatkowski, 1978). Positions on a surface around 
the solute molecule that correspond to minimum values of f ( e l )  are consid- 
ered as the best monohydration sites. When applying the electrostatic 
approach to estimating the interaction energy of a tautomer with water, 
we cannot determine the components of the tautomer-water complex. It 
is necessary to construct an approximate shell by assuming a distance 
between the oxygen atom of the water molecules and the nitrogen (or 
oxygen) atoms of the tautomers to be equal to 2.8 to 2.9 A [this distance is 
predicted by the ab initio SCF-MO calculations for the hydrogen bond in 
the N-heterocyclic molecule plus water molecule complex (Schuster, 
1969 and 1976)l. Water molecules are placed on this predetermined con- 
tour and allowed to move along it, changing their orientation with respect 
to the tautomers at each point to obtain the lowest energy for that point. 
The electrostatic contribution to the interaction energy is calculated for 
each position and configuration, yielding the global minimum and local 
minima of the monohydration shell. The water molecules are then placed 
at the calculated minima at reasonable relative distances and the influence 
of aqueous solvent on the change of the tautomeric equilibrium is esti- 
mated from Eqs. (8) and (9). 

Evaluation of A&fL by this method has been applied to the 2-pyridone 
and 4-pyridone tautomers systems using CND0/2 wave functions. Three 
hydration sites were found for both 2-hydroxypyridine and 2-pyridone, 
yielding a net difference of 20 kJ mole-' in favor of 2-pyridone. Three 
hydration sites were found for both 4-hydroxypyridine and 4-pyridone, 
resulting in A&!$ = 17.2 kJ mole-'. The preferred hydration sites deter- 
mined by this method are in complete agreement with those obtained by 
the supermolecule and OMTP methods (see Table VI). 

The overlap multipole procedure (OMTP), another approach to calcu- 
lating the electrostatic interactions among molecules, utilizes a multipole 
expansion of ab initio wave functions for each of the interacting compo- 
nents. In this method, to determine the optimum positions for water 
around the solute (Kwiatkowski et al., 1978; Pullman and Perahia, 1978; 
Goldblum et al., 1978) one water molecule is moved around the solute 
along a predetermined grid that fixes the water oxygen relative to the 
solute. At each point the H20 is rotated about its three local axes to find 
the best orientation. Positions with minimum eel are the desired sites of 
hydration. Water molecules are then placed at each of these sites of 
hydration and the position of each one is cyclically optimized in the 
presence of all other water molecules until the computed total interaction 
energy does not change significantly. This method also has been applied 
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TABLE VI 

DISCRETE MODEL RELATIVE POLYHYDRATION ENERGIES A 8 A . B  ( IN KILOJOULES PER 

MOLE) FOR 2- AND 4-OXOPYRIDINES" 

2-Oxopyridine 4-Oxopyridine 

Supermolecule Model 
CNDO/2 

Kwiatkowski and Szczodrowska (1978) 29 33 
lSb 

Electrostatic Model 
OMTP, ab inirio SCF MO 

Kwiatkowski er a / .  (1978) 11-41' 5.4-9.6' 
Kwiatkowski (1980) 1 I d  17 

Berndt and Kwiatkowski (1978) 13 13 

Hofmann er a/ .  (1981)f 48.5 (19.7) 17.2 
Tempczyk (1983) 20.5 20.5 

Tempczyk (1983) 27.6 17.6 

Point dipole, CNDO/2 

n PD-MEP, CNDO/Z' 

n PD-MEP, CNDO/S CI 

Monte Carlo Simulation 
Danilov et a/ .  (1981) 20-30 
Corongiu et al. (1979) 6.3 
La Manna and Venuti (1982) 

Beak er a/ .  (1976) 19.6 229.7 

27 
Experimental 

In this table positive A[A,B indicates a stronger stabilization of the lactam (B) by the 
solvent. 

* Calculation of carried out with a radius of hydration r = 2.85 A. 
The value for the polyhydration energy depends on the number of waters of hydration 

Only two water molecules were used. 
n-Point dipoles-molecular electrostatic potential method. 

included. 

f In this reference the value of A 6 A . B  is incorrectly estimated. The authors consider three 
water molecules around the lactam tautomer and only two waters for the lactam. The water- 
water interactions were also omitted from consideration. The correct value of A 8 A . B  is given 
by us in parentheses. 

to the determination of the hydration scheme of 2- and 4-hydroxypyridine 
tautomers (Kwiatkowski et al., 1978). A 3.0-A minimum approach of the 
water oxygen to the pyridine-type nitrogens and a 2.85-A minimum ap- 
proach of the oxygen to other heavy atoms of the pyridines was main- 
tained in order to avoid false zones of apparent stability due to the neglect 
of the exchange repulsion (Goldblum et al., 1978). 
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When estimating the polyhydration energy of the tautomer, one can 

(10) 

where the first term of the difference indicates the total energy value of 
the complex (supermolecule) consisting of the tautomer (t) and n water 
molecules, while E(t) and E(H20) are the total energies of the isolated 
tautomer and water molecules, respectively. The exact positions of the 
water molecules in the hydration shell are determined by minimizing the 
total energy of the complex with respect to the relative water positions. 
Then the polyhydration energy of the exact shell for each tautomer is 
calculated according to the formula 

S t  = Emi,(t + n H20) - (E(t) + nE(H20)) (1 1) 

and the relative influence of the aqueous medium on the shift of the 
tautomeric equilibrium is estimated from relation (9). 

There are many practical considerations surrounding the method de- 
scribed. Of these approaches to evaluating the hydration shell the super- 
molecule calculations are the most time-consuming. Hydration shells de- 
termined from electrostatic potentials or by use of the OMTP procedure 
yield the same most-favored hydration sites (Hofmann et al., 1981; 
Kwiatkowski et al., 1978; Berndt and Kwiatkowski, 1978) with consider- 
able savings in computation. Polyhydration sites determined by these two 
electrostatic potential approaches probably offer the most economical 
preparation for supermolecule calculations of the polyhydration energy. 
Also, in the case of planar r-electron systems, one usually considers only 
the water molecules placed in the hydration surface because the interac- 
tion energy between the tautomer and the water molecule is much larger 
when the water lies in the plane of the tautomers than when it is located 
out of the plane (Kwiatkowski et al., 1978; Kwiatkowski, 1980). Finally, 
since the tautomeric rearrangement induces structural changes only in 
part of the molecule, it is necessary to determine the hydration shell in 
only that part of the molecule immediately involved in the tautomeric 
rearrangement as in Scheme 3. 

The Monte Carlo method can also be used to study the effect of 
solvent on the position of tautomeric equilibrium (Metropolis et al., 1953). 
This method models a dilute solution as N solvent molecules ( N  = lo2) and 
I solute molecule. The fundamental requirement for a Monte Carlo simu- 
lation of tautomer solvation is a set of pair potentials for the solvent- 
solvent and solvent-solute interactions because approximately lo6 config- 

also perform supermolecule calculations. In this model 

86 = E(t + 12 H20) - (E(t) + nE(H20)) 
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Scbeme 3 

urations of water molecules are randomly chosen and weighted by using 
the Boltzmann factor. A suitable potential for water-solute interactions 
has been developed by Clementi and co-workers (Clementi et al., 1977; 
Scordamaglia et al., 1977; Bolis and Clementi, 1977): 

AEb B?b Ctb 
E = c c (- 7 + + + -) + E (solute) + E (water) 

I j+ i  1~ rij rij 

for i solute atoms a n d j  water atoms. The various electronic environments 
in the solute are distinguished by the index a, while b distinguishes be- 
tween the hydrogens and oxygen in water. The constants A,  B, and C 
were fitted using ab initio methods; E (solute) and E (water) are the ab 
initio total energies of the solute and water molecules, respectively, at 
infinite separation. 

Forty-nine classes describing the H, C, N, 0, and S atoms in different 
molecules interacting with water have been developed. These classes can 
be transferred to other molecules, provided that each atom in the solute 
and its nearest neighbors have previously been studied (Bolis and Cle- 
menti, 1977). Net charge and molecular orbital valency state energy are 
used to assign atoms with the same atomic number to different classes 
(Carozzo et al., 1978; Corongiu et al., 1979). 

Water-water interactions can be evaluated by using the potential 
function of Matsuoka et al. (Matsuoka et al., 1976) when the oxygen 
atoms are less than 3 A apart. At larger separations a simpler potential 
function may be used (Owicki and Sheraga, 1977). 

Results obtained using the various discrete models applied to 2- and 4- 
oxopyridines are summarized in Table VI. Similar data for continuum 
models are summarized in Table VII. All methods used to estimate the 
effect of solvent on the position of these tautomeric equilibria are qualita- 
tively correct in that they all show greater stabilization of the lactam form 
in agreement with experiment. Quantitatively the various discrete models 
yield a disappointing array of results. For 2-oxopyridine several methods 
yield relative polyhydration energies close to the experimental value but 
then predict the same or lower relative polyhydration energy for the 4- 
oxopyridine system, a direction opposite to that found experimentally. 
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TABLE VII 

CONTINUUM MODEL RELATIVE POLYHYDRATION ENERGIES A&,B (IN 

KREBS et al. (1982)' 
KILOJOULES PER MOLE) FOR 2- AND 4-OXOPYRIDINE ACCORDING TO 

2-Oxopyridine 4-Oxopyridine 

Theoretical Method 
Solvaton model 

Classicalb 63.4 64.9 
Quantum mechanicalc 97.9 98.6 

Classicald 22.9 52.0 
Quantum mechanical' 27.0 61.7 

Beak er al. (1976) 19.6 29.7 
Krebs et al. (1982) 20.3 50.3f 

Reaction-field model 

Experimental Values 

Here positive value indicates a stronger stabilization of the lactam 

Classical electrostatic calculation of solvatons interacting with the 

Solvaton interaction with the electrons and cores of a molecule 

Electrostatic interaction energy calculated classically (Birnstock 

The reaction field introduced into the Hamiltonian. 

(B) tautomer by the solvent. 

charge distribution of a molecule (Klopman, 1967). 

included in the Hamiltonian. 

et al., 1976). 

fcalculated using the assumption that AS = -4 J mole-' K-1. 

The results in Table VII are not much better. The solvation model, both 
classical and quantum mechanical, overestimates the solvation energy by 
a factor of 2 to 5 and does not distinguish between the polyhydration 
energy for 2- and 4-oxopyridine. In contrast to this both the classical and 
quantum-mechanical reaction-field results are close to the experimental 
values, especially when the entropy effect is included in the 4-oxopyridine 
experimental value. 

An improved form of the reaction-field model (Huron and Claverie, 
1974; Claverie et al., 1978) has been used to study various tautomers of 
cytosine and adenine in solution (Bartzsch et al., 1984) using NDDO 
relative energies for MIND0/3 optimized structures under the assumption 
that in the gas phase AG(") = ~ 3 E 2 , ~  and that in solution AG(s) = + 
AGsolvation. In this way, the imino form of 5,ddihydrocytosine is found to 
be predominant in nonpolar solvents with the equilibrium shifting to favor 
the amino form in aqueous solution. The experimental change in free 
energy when transferring from chloroform to water solvent is 13.7 kJ 
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mole-', which can be compared to the calculated value of 6.8 kJ mole-'. 
Qualitatively similar results were obtained for the detectable tautomers of 
cytosine (lla-1 lc). The calculated energy differences in water are 
AG(llb,lla) = 31.7 kJ mole-' and A G ( I I ~ , ~ ~ ~ ~  = 53.7 kJ mole-', while the 
corresponding experimental values are 14.9 and 27.0 kJ mole-', respec- 
tively (Dreyfus et al., 1976). Likewise, for the two important tautomers of 
adenine (12a, 12b), the measured AG = 3.2 kJ mole-' in aqueous solution 
(Dreyfus et al., 1975) can be compared to the calculated value, AG = 9.4 
kJ mole-'. Better agreement with experiment is obtained for the amino 
and imino forms of 3-methylcytosine (13a and 13b). The calculated and 
experimental (Dreyfus et al., 1976) relative energies AG(13b,13a) in aqueous 
solution are 5.6 and 8.7 kJ mole-', respectively. Similarly, for the amino 
and imino forms of 1-methyladenine (14a and 14b), the calculated and 
experimental (Dreyfus et al . ,  1977) relative energies in aqueous solution 
are 10.4 and 11.5 kJ mole-', respectively. 

These results obtained by Bartzsch et al. (1984) show in most cases 
only qualitative agreement with experimental relative tautomer energies 
in solution in that the calculated values exceed the experimental ones by 
up to a factor of 3. In the 1-methyladenine the good agreement between 

i l b  
/c. 

I 
H 
ILC 
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43a - 

N-CH, 

I 
H 

13b - 

theory and experiment is encouraging. Of course, those results must be 
viewed cautiously because of the less rigorous calculation of the relative 
energies of the tautomer in the gas phase. The NDDO method probably 
suffers from the same limitations found for other semiempirical methods 
and some ab initio methods, namely, an overestimation of the stability of 
aromatic rings. Clearly, much more work is needed for accurate predic- 
tion of tautomeric equilibria in solution. 

V. Tautomeric Equilibrium in an Excited Electronic State 
of a Molecule Existing in the Vapor Phase and in Solution 

The difference between the lowest energies of the corresponding ex- 
cited state of both tautomers in the vapor phase (point 3 on Scheme 2) is 
equal to (see Figs. 2 and 3) 

mt!B(*) = h E t ! B  + hC(6A(V) - 6B(v)) 

where the last term corresponds to the difference between 0-0 (or at 
least maximum) absorption band positions of both tautomers in the vapor 
phase. This term characterizes the change of AEt$ caused by electronic 
excitation. Thus, an estimate of the relative stability of the tautomers in 
an excited state can be experimentally obtained by measuring the absorp- 
tion band positions for both tautomers if their relative stability in the 
ground state is already known. This is, of course, also true for the theoret- 
ical A E ~ ! B ( * )  value. 

Quantum-mechanical estimation of AE:,), according to the relation 
given in the preceding is difficult due to problems associated both with the 



Quantum-Mechanical Prediction of Tautomeric Equilibria 115 

A B 

CONFIGURATION COORDINATE Q 
c 

Fig. 2. Schematic representation of the potential energy surfaces for the electronic 
ground state and excited states of a molecule existing in two tautomeric forms A and B. The 
relationship between the quantities characterizing the tautomeric equilibrium in a ground 
state and an excited state is AEj\0lB(*) = AE',"IE + hc(Jy  - @) = AEj\OIB + hc(JX" - $"). 

prediction of the relative stability of the tautomers in their ground states 
as discussed in Section I11 and with the quantum-mechanical treatment of 
the transition energies of molecules. There are two main sources of uncer- 
tainty connected with the prediction of transition energies. The first is due 
to the fundamental relationship between theoretical calculation and elec- 
tronic absorption spectra. The calculated transition energies, of course, 
do not correspond to the 0-0 transition energies, but they are usually 
compared to maximum band positions (Franck-Condon transitions); this 
is not quite true (Trogler, 1981). It is difficult to estimate the magnitude of 
the various energy corrections that can amount to uncertainties when 
comparing the calculated transition energies with the experimental maxi- 
mum band positions; in the casebf transition metal complexes this uncer- 
tainty can be of the order of 1000 cm-I (0.01 kJ mole-') (Trogler, 1981). 
These small errors can be neglected when comparing two tautomeric 
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Fig. 3. Schematic representation of the energetic changes of the ground state So and ith 
excited state Si of tautomers A and B on going from vapor phase (v) to solution (s). 

forms of a molecule, particularly when the larger uncertainties connected 
with approximations involved in the quantum-mechanical methods used 
for calculating transition energies are considered. For the complex molec- 
ular systems considered here, the calculations of the transition energies 
have been performed so far only by means of semiempirical methods (ab 
initio calculations have been performed in some cases; however, they are 
not interesting from the point of view of tautomeric rearrangement). Usu- 
ally various versions of the T-SCF MO CI method (Parr, 1972) or all- 
valence electron SCF MO CI approach such as the CNDO/S CI (Del Bene 
and Jaffe, 1968) have been used to calculate the transition energies of T- 
electronic planar compounds. It can be stated that the transition energies 
are predicted by T-SCF MO CI methods with an accuracy of 0.1 to 0.2 eV 
(29.6 kJ mole-') compared to experimental data. Calculation of the n -+ 
T* and T + r* transition energies by the methods including all-valence 
electrons gives in general poorer results. 

It is also worth noting that calculations of transition energies have 
been in most cases carried out for one form of a molecule without regafd 
for the possible existence of different tautomeric forms. For instance, 
most calculations of transition energies for nucleic acid bases have been 
performed for the most stable forms of the compounds (Kwiatkowski and 
Pullman, 1975; Callis, 1983). Some time ago, the r-SCF MO CI calcula- 
tions of transition energies were carried out for different tautomeric forms 
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of N-heterocyclic compounds substituted by simple donor groups such as 
OH, SH, and NH2 (calculations involving the nucleic acid bases) 
(Kwiatkowski and Pullman, 1975, and references therein; Kwiatkowski 
and Lesyng, 1979). In general, the calculations correctly predict the dif- 
ferences in absorption spectra for tautomeric forms of molecules. How- 
ever, while the relatively good agreement between experimental data and 
predicted transition energies of the lactim, thiol, or amino forms have 
been obtained (forms A on Scheme l),  the discrepancy between calcu- 
lated and experimental absorption band positions for the lactam, thione, 
or imine forms (forms B on Scheme 1 )  were greater. Thus, the discrepan- 
cies between predicted and measured absorption band position of two 
tautomeric forms A and B of the same molecules are not of the same 
order. The same conclusion seems to be valid for the all-valence electron 
SCF MO CI calculations (Morita et al., 1981, 1982). Since calculations of 
this type are rather rare, it is difficult to draw any general conclusion at 
this time. Anyway, it can be said that the calculation of C y ( v )  - C y ( v )  
involves an error, the amount of which is difficult to estimate, and addi- 
tional uncertainty is introduced with the substitution of C:-O(v) - C;-O(v) 

Although the calculations of the transition energies of different tauto- 
meric forms of molecules have been performed in a few cases, the discus- 
sion has been restricted to the difference in electronic absorption band 
positions and not to the change in relative stabilities of the tautomers 
caused by electronic excitation. The latter problem, however, has been 
the subject of a few theoretical considerations for nucleic acid base pairs. 
Most of these studies were motivated by the need for a potential function 
for double proton transfer between nucleic acid bases that would allow 
calculation of proton tunneling probabilities for the Lowdin model of 
mutagenesis (Lowdin, 1965). 

A series of studies on the effect of electronic state on proton transfer 
reactions has been carried on by Julio Maranon and Oscar M. Sorarrain 
with the CNDO/S-CI method. Their conclusion was that for guanine, 
cytosine, adenine, and thymine proton tunneling from one position on the 
base to another position on the base is negligible in the ground state but 
large enough in some excited states to warrant further investigation 
(Maranon and Sorarrain, 1978, 1979). These studies were extended to 
consider the double proton transfer between adenine and thymine to form 
the A*-T* tautomer pair by using the CNDO/S-CI approximation. They 
report that the normal Watson-Crick A-T base pair is the most stable of 
all the excited states studied and that increasing the energy of the excited 
states would increase the probability of double proton transfer by the 
tunnel effect (Grinberg et al., 1981; Maranon et al., 1982). 

by C ~ ( V )  - S~"(V). 
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Phototautomerism in G, C, and G-C base pairs was also examined by 
Srivastava and Mishra (1981), who used the VE-PPP molecular orbital 
method. They conclude that C* cannot phototautomerize utilizing the first 
two singlet T-IT* excitations, while for G* the first, third, and higher IT- 

T* singlet transitions will allow phototautomerism to a greater extent than 
in the ground state. For the biprotonic transition from G-C to G*-C* the 
differences in total energies of the lowest purine localized or charge trans- 
fer transitions are less in these excited states than in the ground state by 
39 and 23 kJ mole-', respectively. By combining these results with those 
of Abdulnur (1976) and Rein and Harris (1964), they estimate an increase 
in the rate of tautomerization due to excitation by a factor of 10 to lo3. It is 
difficult to assess the significance of these results since the authors them- 
selves point out that only the qualitative aspect of their work may be 
reliable. This caution must be doubly stressed when the quality of the 
molecular orbital methods used is considered; the same thing can be said 
for the earlier CND0/2 studies of Bertran et al. (1970). These authors 
reported that the tautomeric equilibrium constant is increased in the first 
excited singlet and triplet states of adenine, in the first excited singlet 
state of uracil and thymine, and in the first excited triplet state of cyto- 
sine. More recently, the same system was examined with a modified 
INDO scheme including consideration of the effect of Mg2+ ions on the 
G-C double proton transfer (DPT) (Lipinski and Gorzkowska, 1983). They 
conclude that in the ground state a divalent cation at N7 of G in the G-C 
dimer reduces the probability of DPT and that in some locally excited IT- 

T* states the same cation increases the probability of DPT. Considering 
the biological significance of the DPT process and the complexity of the 
prob1er.i when dealing with nucleic acid base pairs, it must be understood 
that more accurate calculations will be needed to determine DPT proba- 
bilities in the ground state and excited states (Agresti and Ranfagni, 1981). 

Some experimental evidence for a DPT process in the excited state 
leading to tautomerization not observed in the ground state has been 
reported (Chang et al., 1980; Sepiol and Wild, 1982) for solutions of 1- 
azacarbazole in 3-methylpentane and mixed l-azacarbazole/7-azaindol 
solutions in the same solvent. For these systems the tautomeric forms 
that are unstable in the ground state are formed adiabatically from the 
excited state hydrogen-bonded dimers via a DPT and detected in the 
fluorescence spectra. These results are especially relevant to excited state 
DPT processes possible for nucleic acid base pairs. Clearly, further ex- 
perimental and theoretical studies on heterocyclic dimer systems are 
needed. 

This leads us to a consideration of the difference between the energies 
of the corresponding excited states of two tautomers in solution (point 4 
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on Scheme 2) that can formally be expressed by the energy difference for 
ground states of the tautomers (point 1 on Scheme 2) and some additional 
terms characterizing the change of this energy difference on excitation 
and/or on the change of environment as follows (see Figs. 2 and 3): 

AE!$~(*) = A E ~ ! ~  + h ~ ( i i A ( ~ )  - i i g ( ~ ) )  

= A@&(*) - {A(A,B + h ~ ( A i i ~  - Aiig)} 

= A ~ g , ) g ( * )  - htA,B(*) 

Here the difference in solvation energy of two tautomers in their excited 
state is defined as A(A,B(*) = A(A,B + ~ c ( A F A  - AFg), where Aii = ii(v) - 
F(s) indicates the shift of the 0-0 (or maximum) absorption band posi- 
tions of the tautomers on going from vapor phase to solution. 

As can be seen from Scheme 2, an estimation of the relative stability of 
the tautomers in their corresponding excited state when a molecule exists 
in solution can be made in two independent ways: (1) through estimation 
of the change of AEt!,(*) value upon solvation (transition 3 + 4) or (2) 
through estimation of the change of A E t ! B  value on excitation (transition 
2 + 4). In both cases the estimation of the stability of the tautomers is 
done by calculation of the A(A,g(*) value. In the second case, transition 2 
+ 4 calculations are performed for transition energies of isolated tauto- 
mers (in the vapor phase) and for tautomers existing in solution because 

AE!& + ~ c ( F A ( v )  - S~(V)) - {AE$:B + ~ c ( ~ A ( s )  - i ig (s ) ) }  = A(A,g(*) 

Two independent quantum-mechanical models have been proposed to 
realize the estimation of the A(A,g(*) value in two ways mentioned here 
(Tempczyk, 1983; Kwiatkowski and Tempczyk, 1984). One of the models 
(n PD-MEP model) has been used to estimate relative environmental 
effect on the stability of the tautomers in a given excited electronic state 
(transition 3 + 4). In this model, the solvent molecule is approximated by 
a point dipole u (PD), while the tautomer (solute molecule) is represented 
by the corresponding molecular electrostatic potential (MEP). Based on 
the MEP values in a given excited state of the tautomer, the electrostatic 
interaction energy E(es) between a tautomer and a point dipole u simulat- 
ing the solvent molecule has been calculated by means of the formula 
E(es)(r) = -u VV(r), where V(r) is the MEP value at the position r. In a 
practical realization of the approach, the CNDO/S CI wave function has 
been used to calculate the MEP values in the ground state as well as in 
excited states of the tautomers. For consideration of the effect of aqueous 
medium on tautomeric equilibrium, the water molecule was simulated by 
a point dipole with IuJ value equal to 1.85 Debye units. As suggested 
previously (Section IV), hydration surfaces around the tautomers using a 
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radius of 2.85 %, around each heavy atom were calculated. Comparison of 
the stabilization energies of the polyhydrated tautomers in their excited 
states determines the trend of the influence of water solvent on the tauto- 
meric equilibrium in excited state of the molecule. The second model ( n  
P-DQ model) has been used to estimate the influence of electronic excita- 
tion on the change of the relative stability of tautomers in solution (transi- 
tion 2 --* 4). In the first step, transition energies were calculated for the 
isolated tautomers (vapor phase) and in the second step for the tautomers 
in solution. In the second step, the same semiempirical method (CNDO/S 
CI) is used with the modification whereby the solvent (water) is simulated 
by a set of n point dipoles and quadrupoles. In this treatment, the solvent 
modifies the solute Hamiltonian via an electrostatic interaction contribu- 
tion (the multipole expansion for the potential due to the solvent is used 
and additional terms describing electronic charge-dipole, nuclei charge- 
dipole, electronic charge-quadrupole, and nuclei charge-quadrupole are 
explicitly considered in the Hamiltonian prior to the SCF procedure). 

Both models mentioned have been used to investigate the simulta- 
neous influence of electronic excitation and solvation (hydration) on the 
tautomeric equilibrium in the first two excited states of 2- and 4-oxopyri- 
dine tautomers (2a), (2b) and (3a), (3b). The relative stabilization energies 
A ~ A , B ( * )  in the first two excited electronic states of the tautomers in 
question are given with the available experimental data in Table VIII. 
Comparison with experimental data can only be done for the second 
excited state (the appropriate experimental data for the first n 4 T* state 
are not available). In the case of 2-oxopyridine the value of A52a,2b(*) is 
estimated to be equal to -(5.4-11.7) kJ mole-' from shifts of the absorp- 
tion bands of the lactim and lactam tautomers of 2-oxopyridine and the 

TABLE VIII 

RELATIVE STABILIZATION ENERGIES A(A,B(*) IN  EXCITED STATE 
OF A MOLECULE CAUSED BY SOLVATION (ALL VALUES IN 

KILOJOULES PER MOLE) 

Electronic n PD-MEP n P-DQ Experi- 
state model model mental" 

2-Oxopyridine Tautomers 
SI ( n ,  s*) +13.7 f61.7 
sz (s. P*) - 13.0 - 5.3 -(5.4 - 11.7) 

4-Oxopyridine Tautomers 
SI ( n .  P*) + 15.5 +60.4 
s2 (T, 7r*) + 13.0 + 5.0 +(0.7 - 2.8) 

For details see the text. 
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model systems (1-methyl-2-pyridinone and 2-methoxypyridine) on going 
from vapor phase to water solution and including the difference between 
stabilization energies of both tautomers in their ground states caused by 
solvation energies (A52a,2b = -( 16.7-18.8) kJ mole-'). The predicted val- 
ues of A5za,2b(*) by means of both models agree qualitatively with the 
experimental data. It is worth noting that both models predict stronger 
stabilization of the lactim form of 2-oxopyridine in Sl(n, T * )  state and 
stronger stabilization of the lactam form in S ~ ( T ,  T * )  state. On the other 
hand, the behavior of the first triplet ( m ,  m* )  state is different from that of 
the first singlet (T,  T * )  state. Specifically, the phosphorescence study by 
Sakurai and Inoue (1981) indicates a strong shift of tautomeric equilibrium 
in the triplet (T ,  T * )  state of 2-oxopyridine 1-oxide towards the lactim 
form. 

In the case of 4-oxopyridine, the comparison of theoretical results 
with experimental data is somewhat more difficult than for the case of 2- 
oxopyridine (due to problems in assignment of absorption bands of the 
lactam tautomer of 4-oxopyridine). Two values of A53a,3b(*) for the S2(m, 
T * )  state of 4-oxopyridine have been suggested: (a) -(25.3-27.4) kJ 
mole-' when the change of the sequence of S ~ ( T ,  T * )  and S ~ ( T ,  T * )  states 
on going from vapor phase to water solution is not considered; and (b) 
+(0.7-2.8) kJ mole-' when one includes the change of the sequence of 
both excited states on solvation. In both estimates of A53a,3b(*) the differ- 
ence between stabilization energies of the lactim and lactam tautomers of 
4-oxopyridine in their ground states caused by solvation, A53a,3b = -(20- 
25) kJ mole-', has been included. Thus, it was concluded that the values 
of A&,3b(*) predicted by means of both models are in qualitative agree- 
ment with the experimental value estimated only on assumption of the 
change of the sequence of the excited states caused by aqueous medium. 

Although the proposed estimate of the change of the relative stability 
of tautomers in their excited state caused by solvation should not be used 
in a quantitative way because of the numerous uncertainties involved in 
the approximate models, qualitatively it appears to account correctly for 
the general trend of both electronic excitation and solvation effects on the 
tautomeric equilibrium of a molecule. 

VI. Role of Tautomers in Mutation Theory 
Since the proposal of the double helical structure of DNA, it has been 

recognized that the fidelity of replication of genetic information depends 
on the hydrogen bonding interaction between the purine and pyrimidine 
bases of DNA, i.e., the cytosine-guanine and thymine-adenine comple- 
mentarity. The importance of hydrogen bonds for fidelity depends on two 
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factors: first, the electronic complementarity of the bases and, second, 
the geometric invariance of the glycosidic bond distance, 10.7 A. Never- 
theless, both in experimental and theoretical studies, it was shown that 
there are many alternative hydrogen bonding possibilities between the 
base pairs. These, however, do not satisfy the aforementioned geometric 
invariance. 

From biological data, it has been recognized that the fidelity of copy- 
ing is very high, or the error rate during replication, is very low. Errors 
occur in only about 1 out of lo9 base pairs (Fowler et al., 1974). This 
copying fidelity involves at least three different molecular discrimination 
steps. The first of these is at the template base, and it is assumed to be 
governed by the free-energy difference between correct and incorrect 
base pairing (Goodman et al., 1980). Proofreading and postreplicative 
repair constitute the second and third steps. Thermodynamically, the first 
of these steps, misinsertion frequency, can be evaluated by examining the 
stability differences that may arise from different types of hydrogen bond- 
ing and backbone deformations. 

On the hydrogen bonding level, there is the possibility of mispairing 
through involvement of minor tautomer forms of the bases (Watson and 
Crick, 1953), wobble-type mispairs (Rein, 1978), or mispairs involving 
both minor tautomer forms and syn isomers (Topal and Fresco, 1976). 
One must also consider any hydrogen bonding scheme in which the glyco- 
sidic distance is not 10.7 A. In this case an additional input of energy due 
to deformation of the backbone is required. Even superficial examination 
of the available data indicates that the energy difference between a mis- 
pair and the normal G-C or A-T base pair added to the backbone defor- 
mation energy is not sufficient for the observed high rates of discrimina- 
tion of errors. So, in addition to this intrinsic or thermodynamically 
controlled energy difference in base selection, there must exist additional 
mechanisms that improve fidelity. Any discussion of error introduction 
into DNA must include consideration of all thermodynamic and enzy- 
matic factors. 

The suggestion that the rate tautomeric forms of the bases may play a 
role in mutations is based on the observation that some tautomers of the 
nucleic acid bases mimic other bases. For example, a tautomer of thymine 
can mimic cytosine. An advantage for using tautomers is that the basic 
geometry of the tautomer hydrogen-bonded complex mimics the normal 
base pairs and maintains the 10.7-A glycosidic bond distance, eliminating 
the need to estimate backbone deformation energies. This simplifies the 
thermodynamic problem to one of estimating or calculating by theoretical 
means the relative energies of the tautomers. In other words, without 
considering backbone deformation, hydrogen bonding energy differences, 
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or stacking energy differences, it seems that the principle factor governing 
the error rate is the tautomerization energy if this mechanism is correct. 
This consideration focused attention on the tautomerization energies and 
started a long sequence of studies stretching over 30 years. 

Tautomer studies were given a great impetus when Lowdin published 
his hypothesis for spontaneous mutations (Lowdin, 1965). This hypothe- 
sis states that spontaneous mutations may be a result of proton transfer in 
complementary DNA base pairs. The Lowdin mechanism of proton trans- 
fer depends on the observation that in DNA each base pair has at least 
two hydrogen bonds. This implies two double-well potentials, each de- 
pending on its local electronic environment. The probability of locating a 
proton in a particular well is treated quantum mechanically; i.e., the 
proton may penetrate the potential barrier separating two wells by means 
“tunneling.” Tunneling of one proton in one direction will very likely 
induce a tunneling of the other proton in the other direction, thus main- 
taining the neutral charge of the base pair. Tunneling probabilities express 
the equilibrium populations of A*-T* and G*-C* in a large number of 
A-T and G-C base pairs. These rearranged hydrogen bonds may be 
immortalized at the time of replication since the tautomeric forms of the 
bases have altered pairing schemes, i.e., A*-C and G*-T. The result 
would be a transition-type mutation, assuming that the bases do not revert 
to their normal isomeric forms during the DNA opening step or while the 
DNA is in the open state. Since mutations are very rare, the double-well 
potential for double-proton transfer is rather asymmetric. This explains 
the enormous stability of the genetic code (Lowdin, 1965). 

Lowdin also suggested that single-proton rearrangement could occur. 
This would lead to ionic pairs such as A--T+ or G+-C-. Such pairs would 
have extra stability owing to ionic forces of attraction. No normal nucleo- 
tide would pair with A+ or T+,  which may result in deletions, while any 
nucleotide could bind to A- and T-. Use of ionized bases further pre- 
sumes that the charged forms are stable enough to undergo one cycle of 
replication. It is difficult to imagine how these ionized bases could remain 
stable enough to participate in replication under cellular conditions or 
how one would experimentally detect these events. 

Initial examination of these suggestions was made in the 1960s (Rein 
and Ladik, 1964; Rein and Harris, 1964) for single-proton tunneling using 
PPP-type calculations. These authors report the presence of a double-well 
potential for the G-C pair that would allow much higher fidelity than 
actually observed in nature, making enzymatic contributions to fidelity 
unnecessary. Later, calculations on the G-C pair by Clementi et al. 
(1971) at the ab initio level failed to detect a double-well potential for the 
motion of single-hydrogen-bonded atoms. They also examined double- 
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proton transfer in a smaller system, the formic acid dimer, when a double- 
well potential was obtained, but its shape was found to be sensitive to the 
choice of basis set. 

More recent work on the double-proton transfer in benzoic acid dimer 
and the acetic acid dimer has been reported by Nagaoka et al. (1982, and 
references therein). They carried out full-geometry optimization for the 
acetic acid monomer, and dimer, and DPT transition state at the STO-3G 
and 4-31G levels. These authors also show that the double-well potential 
exists for this system and that the barrier separating the two wells de- 
pends on the basis set, as shown before, but that it also depends on 
relaxation of the geometry along the double-proton reaction path. Much 
more work is needed to evaluate accurately the height and thickness of 
the potential barriers to double-proton transfer before anything conclu- 
sive can be said about double-proton transfer in more complicated sys- 
tems such as base pairs in DNA (Agresti et al., 1981). 

The work on the formic acid dimer focused on the double-well poten- 
tial for a highly symmetric system. An attempt to locate a double-well 
potential for a less symmetric system was made by Zielinski and Poirier 
(1984). They studied the formamide dimer and isolated a possible struc- 
ture for the transition state for a double-proton transfer along the reaction 
path to the formimidic acid dimer (a dimer of the enol form of formamide) 
using the 3-21G basis set. The proposed transition state is only slightly 
less stable than the formimidic acid dimer. In other words, a very asym- 
metric double-well potential was found with a very shallow well on the 
formimidic acid dimer side of the reaction. It will be interesting to see the 
shape of the function for a double-proton transfer between formamide and 
amidine, which would more closely mimic the double-proton transfer that 
may be possible for the A-T pair. 

This brings us back to the consideration of single tautomers. The rate 
of incorporation of the tautomeric forms into a growing DNA strand 
would be proportional to the equilibrium population of these tautomers in 
solution. A review of the experimental efforts to determine the presence 
and equilibrium population of nucleic acid base tautomers in solution has 
been made (Kwiatkowski and Pullman, 1975). Most of the workers in the 
field have used the indirect p K  method. The underlying principle of this 
method is the blocking of one or more of the labile hydrogens by replacing 
them with a methyl group. This freezes in one of the tautomeric forms for 
p K  measurements and assumes that methyl substitution will not affect the 
tautomeric equilibrium of interest in solution. The accuracy of this as- 
sumption with respect to the electronic properties controlling tautomeric 
proton transfer is not known. Disregarding this reservation, these experi- 
ments estimate that the equilibrium population of the tautomers is to 
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lo-' in aqueous solution, obviously too low for any direct concentration 
measurements but certainly plausible for fidelity considerations. This 
means that the tautomerization energies are in the range of 6 to 8 kcal 
mole-', which would amount to a discrimination of errors of about I out 
of 10,000 to 1 out of 100,000. Some support of this mechanism comes from 
experiments measuring the rate of error introduction in in uitro. 

Another variation of the tautomer model was suggested by Topal and 
Fresco (1976). Base substitution point mutations can be classified as tran- 
sitions or transversions. In transitions, one changes the base pairs but not 
the purine-pyrimidine polarity, while in transversion one changes the 
polarity. Analysis reveals that transversions require purine-purine or 
pyrimidine-pyrimidine mispairing. The normal glycosidic bond distance 
cannot be preserved in this case. Topal and Fresco tried to avoid this by 
proposing that some purine-purine pairs involved both a tautomer and a 
syn isomer of one of the bases. In this way base pairs that preserve 
closely the glycosidic distance are built, but at the expense of requiring 
two endergonic events instead of one. 

An alternative to these two tautomer models for point mutations as- 
sumes non-Watson-Crick base pairing schemes between normal tauto- 
mer forms in which the glycosidic bonds are displaced relative to their 
normal position in DNA. In other words, incorporation of these wobble 
mispairs requires appropriate adjustment of the DNA backbone resulting 
in glycosidic distances different from the usual 10.7 A. 

One is then led to ask how the tautomer mechanism can be distin- 
guished from the alternatives, i.e., wobble mispairs of mispairs involving 
minor tautomer forms base paired to syn isomers. The approach is to 
compare the energies of the various proposed models including interac- 
tion energies, deformation energies, and tautomerization energies to de- 
termine which model is more plausible. 

It has been quantitatively shown (Rein et af., 1983) that at least in 
some instances the pairs proposed by Topal and Fresco were energeti- 
cally highly unlikely. First, the tautomerization required was the highly 
endergonic one between the second and sixth position of the purine, not 
between two adjacent atoms as is usually the case. Second, both purine- 
purine and pyrimidine-pyrimidine base pairs are possible from a purely 
geometrical analysis. In fact, the uracil-uracil wobble has been shown by 
crystallography to be utilized in some RNAs. Determining which of the 
various mispairing schemes are energetically feasible emphasizes the im- 
portance of trying to deal, from a theoretical point of view, both with the 
determination of the tautomer relative energies and with the evaluation of 
the energy of base pairs in the DNA environment with appropriate back- 
bone deformation. This requires calculation of base pairing energies, 
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tautomer energies, minihelix conformation energies, and interaction ener- 
gies between various components of a minihelix. Calculation of the ener- 
getics for mispair formation in a helical environment is quite complicated. 
Ab initio calculations are impractical; the systems are too large and are 
complicated by ionic and solvent effects. A suitable approach is to mix 
better calculations for the tautomerization energies with some form of 
empirical potential function estimate of the helix energy coupled to a 
suitable approximation of the solvent effect. Such calculations have been 
performed (Rein et al., 1983; Rein and Shibata, 1983). Rein et al. used 
MIND0/3 tautomerization energies, which consistently agree with the 
available experimental data obtained by the p K  method in solution. They 
then compared the energetics of misinsertion for the tautomer mecha- 
nism, the wobble mechanism, and the Topal-Fresco mechanism, which 
involves the imino-enol tautomer of guanine hydrogen bonded to ade- 
nine in the syn conformation. 

Solvent effect on tautomers energies was included by means of the 
simple reaction-field model with MIND0/3 dipole moments. Entropic 
effects and zero-point vibrational energy differences were neglected. The 
major results are the following. 

1. The imino-enol tautomer of quanine is energetically highly unfa- 
vorable (92.6 kJ mole-'). This makes the tautomer mechanism for trans- 
version highly unlikely. 

2. Structures incorporating G-T and A-G in a minihelical environ- 
ment show that such mispairs can be incorporated in DNA with only 
modest changes in the backbone conformation. 

3. In general, mispairing involving normal bases, not minor tauto- 
men, is most probably responsible for error incorporation at a template 
terminus. 
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I. Introduction 
Molecular crystals are solids in which the atoms group together in 

well-defined stable entities arranged in some periodic way. In general, 
these entities can be molecules or molecular ions, but in this paper we 
mainly restrict ourselves to crystals built from neutral molecules. The 
binding forces keeping the atoms together in the molecules are much 
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stronger than the van der Waals forces that cause the condensation of the 
molecules in the crystal. As a consequence, the atoms in the solid take 
part in two types of motions that, to a good approximation, can be as- 
sumed to be uncoupled. First, they perform rapid oscillations around 
instantaneous positions in such a way as to keep the positions, orienta- 
tions, and geometries of the molecules nearly unchanged. These motions 
are called intramolecular vibrations. In the solid, when their frequencies 
are slightly shifted by the crystal field and they are very weakly coupled, 
they are called vibrons. Second, the equilibrium positions of the atoms 
undergo displacements that are such that they amount to translations and 
rotations of the molecules as a whole. These motions, the intermolecular 
vibrations, usually called lattice vibrations, are much slower than the 
intramolecular vibrations, and they are the subject of this paper. 

Because we are dealing with molecules, two types of lattice vibrations 
can be distinguished: translational and rotational. In order to describe 
these motions we have to know the potential energy of the crystal, ex- 
pressed as a function of the center of mass positions and the orientations 
of all molecules. In Section 11, we give a fairly detailed description of the 
different ways in which the potential can be expressed, each way having 
its own merits, depending on the subsequent calculations in which it has 
to be used. 

Depending on the character of the molecular motions, one can distin- 
guish several physical situations. In most cases, the molecules are 
trapped in relatively deep potential wells. Then, they perform small trans- 
lational and orientational oscillations around well-defined equilibrium po- 
sitions and orientations. Such motions are reasonably well described by 
the harmonic approximation. The collective vibrational excitations of the 
crystal, which are considered as a set of harmonic oscillators, are called 
phonons. Those phonons that represent pure angular oscillations, or libra- 
tions, are called librons. For some properties it turns out to be necessary 
to look at the effects of anharmonicities. Anharmonic corrections to the 
harmonic model can be made by perturbation theory or by the self-consis- 
tent phonon method. These methods, which are summarized in Section 
I11 under the name quasi-harmonic theories, can be considered to be the 
standard tools in lattice dynamics calculations, in addition to the har- 
monic model. They are only applicable in the case of fairly small ampli- 
tude motions. Only the simple harmonic approximation is widely used; 
the calculation of anharmonic corrections is often hard in practice. For 
detailed descriptions of these methods, we refer the reader to the books 
and reviews by Maradudin et af. (1968, 1971, 1974), Cochran and Cowley 
(1967), Barron and Klein (1974), Birman (1974), Wallace (1972), and Cali- 
fano et af. (1981). 
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A second situation occurs when the molecules perform angular oscilla- 
tions, usually with large amplitudes, around one of a set of equilibrium 
orientations and randomly jump from one orientation to the other. Some- 
times the librations are so violent that the molecules perform more or less 
hindered rotations. An extreme case is solid hydrogen, at normal pres- 
sure, in which the free-molecule rotations are only weakly perturbed and 
one speaks of rotons instead of librons. In all these cases the molecular 
crystal is called orientationally disordered or plastic, in contrast with the 
ordered or localized crystals discussed in the preceding paragraph. The 
only standard method to deal with this type of molecular motion is the 
mean field or (time-independent) Hartree approximation. By using the 
mean-field single-particle states as a basis, the collective motions of all 
molecules in the crystal can be described via the random phase approxi- 
mation or time-dependent Hartree method. These methods are outlined in 
Section IV. Mostly the centers of mass of the molecules are thought of as 
being fixed. This approximation will rarely be justified in practice, how- 
ever. Most molecular crystals are rather closely packed, which forces the 
molecules to separate before they can substantially change their orienta- 
tions. As a result, there will be considerable coupling between the transla- 
tional vibrations of the molecules and their rotational motions and mixing 
of the translational phonons and librons. The effects of such coupling on 
the properties of molecular crystals have been discussed by Michel and 
co-workers (Michel and Naudts, 1978; de Raedt et al., 1981; Michel, 
1984), and by Raich et al. (1983) and illustrated by semiempirical model 
calculations. A way to deal with this coupling via the time-dependent 
Hartree method has been proposed by ourselves (Briels et al., 1984). This 
extension of the theory is included in Section IV. 

All the lattice dynamics methods that we have just mentioned neglect 
the exchange of identical molecules. The mean-field method, for instance, 
is based on the Hartree approximation rather than on the Hartree-Fock 
model. This concerns, of course, the exchange of identical nuclei, since 
we are dealing with the nuclear motions and the effects of electron ex- 
change are already contained in the intermolecular potential used. In 
practically all cases, even for the lightest nuclei, the nuclear wave func- 
tions have negligible overlap and the exchange effects may be safely 
omitted. 

Let us now discuss to what extent the lattice vibrations are important 
for the macroscopic properties of molecular crystals. First of all, we have 
to consider the zero-point vibrations, i.e., the energy difference between 
the quantum-mechanical ground state of the system and the minimum of 
its potential energy. Since the van der Waals interactions among the 
molecules are rather weak, their zero-point motions affect the cohesion 
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energy of the crystal to a nonnegligible extent. Second, the characteristic 
excitation energies of the lattice vibrations are of the same order of magni- 
tude as kBT (kB being the Boltzmann constant) in most experimental cir- 
cumstances. The excited states are populated and thus contribute to the 
properties of the system. Their effective contributions are strongly depen- 
dent on the size of the excitation energies and may vary considerably 
from one system to the other. As an illustration, let us briefly discuss the 
phase transition between the ordered and disordered modifications that 
often exist for the same material. Usually the ordered phase is thermo- 
dynamically stable at low temperatures, the plastic phase at high tempera- 
tures. The stability of the ordered phase is mainly due to the packing of 
the molecules in such a manner that the ground-state energy of the system 
is as low as possible. The stability of the disordered phase at high temper- 
ature is caused by its excitation energies, which are typically those of 
hindered rotors, being much lower than the excitation energies of the 
ordered phase, which are more like those of harmonic oscillators. Conse- 
quently, the excited states in the plastic phase will be more populated, its 
entropy will be larger, and its free energy (A = E - T S )  will be lower at 
high temperature. It will be clear from this example that in order to give a 
reasonable account of any phase transition, one must accurately calculate 
the ground state and the excitation energies of the phases involved. The 
comparison between the calculated and observed phase transition tem- 
peratures and pressures yields a sensitive test, both for the potential and 
for the method used to describe the lattice dynamics. 

In most cases, the crystal potential is not known a priori. The usual 
procedure is to introduce some model potential containing several param- 
eters, which are subsequently found by fitting the calculated crystal prop- 
erties to the observed data available. This procedure has the drawback 
that the empirical potential thus obtained includes the effects of the ap- 
proximations made in the lattice dynamics model, which is mostly the 
harmonic model. It is very useful to have independent and detailed infor- 
mation about the potential from quantum-chemical ab initio calculations. 
Such information is available for nitrogen (Berns and van der Avoird, 
1980) and oxygen (Wormer and van der Avoird, 1984), and we have 
chosen the results calculated for solid nitrogen and solid oxygen to illus- 
trate in Sections V and VI, respectively, the lattice dynamics methods 
described in Sections I11 and IV. Nitrogen is the simplest typical molecu- 
lar crystal;* as such it has received much attention from theorists and 

* Hydrogen is even simpler. but solid hydrogen is very atypical. Because of the large 
splitting between the rotational states of the free H2 molecule and the weak anisotropy of the 
Hz-Hz interaction potential, the free molecule rotations are nearly unperturbed in the solid. 
This system has been extensively discussed by van Kranendonk (1983). 
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experimentalists and many data have been collected. It has several 
phases, ordered as well as disordered. Oxygen is especially interesting 
because it combines the properties of a molecular crystal with those of a 
magnetic material. It exhibits both structural and magnetic order-disor- 
der phase transitions. 

11. Intermolecular Interactions and the Crystal Hamiltonian 
In the Born-Oppenheimer approximation the potential energy of a 

molecular crystal depends on the internal and external degrees of freedom 
of all molecules. As mentioned before, it is a very good approximation in 
most cases to separate the intramolecular vibrations from the center of 
mass vibrations and rotations of the molecules, i.e., the lattice vibrations. 
Then one can average the potential energy over the vibrational wave 
functions of the molecules and obtain the effective potential for the lattice 
vibrations. If one wishes to obtain this effective intermolecular potential 
by calculation, it is a good approximation to use the vibrationally aver- 
aged molecular geometries from theory or experiment. The (average) ge- 
ometry of the molecules in the crystal is usually not very different from 
the free-molecule geometry. 

A further approximation, which is applied in almost all practical treat- 
ments, is to write the intermolecular potential for the crystal as a sum 
over molecular pair potentials. For van der Waals solids-in which the 
electrostatic interactions, the exchange repulsion, and the London disper- 
sion attraction are the main contributors to the potential-this is fairly 
well justified. However, when the molecules have large dipole moments 
(in ice, for example) or even more so in ionic crystals, the induction 
(multipole-induced multipole) interactions become substantial, and the 
three-body interaction energy will be comparable in size to the pair en- 
ergy. This is because one has to add painvise the polarizing electric fields 
from all neighbors in order to calculate the polarization energy of a given 
molecule that is quadratic in the field strength. Moreover, one has to take 
into account self-consistently the mutual interactions among the induced 
dipole moments. In the present paper, we focus on molecules with rela- 
tively small dipole moments, for which we estimate the exchange, induc- 
tion, and dispersion three-and-more-body contributions to be not larger 
than about 10% of the pair potential (van der Avoird ef al., 1980), and we 
further neglect these deviations from pairwise additivity. 

In order to be useful in crystal dynamics calculations, the intermolecu- 
lar potential must be represented in a manageable, preferably analytic, 
form. The form chosen to express the potential will depend on the type of 
application. If, for example, the intermolecular potential is to be deduced 
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from the agreement between calculated and observed crystal properties, 
it is important to have a representation that is as simple as possible, 
depending only on a few parameters. The same requirement has to be 
fulfilled when during the calculation the numerical value of the intermo- 
lecular potential is needed many times, for instance, in classical molecular 
dynamics or Monte Carlo simulations. For such purposes a representa- 
tion in terms of atom-atom interaction potentials is convenient. On the 
other hand, if one intends to make statistical mechanics calculations with 
an “ab initio” potential without loosing too much accuracy, an expansion 
of the potential in terms of orthogonal symmetry-adapted functions is 
suitable. In the sequel, we briefly describe in Section II,A the atom-atom 
potential model, in Section II,B the representation of the potential in 
terms of symmetry-adapted functions, and in Section II,C the relation 
between the two formalisms. Finally, in Section II,D we discuss the full 
crystal Hamil tonian. 

A. Atom-Atom Potentials 
The concept of an atom-atom potential (Kitaigorodsky, 1973) is based 

on the idea that the interaction potential between two molecules P and P’ 
can be approximated by pairwise additive interactions between the con- 
stituent atoms, a E P and p E P’, which, in practice, are nearly always 
taken to be isotropic, i.e., dependent only on the interatomic distances 
‘up : 

The labels X, and X p  denote the types of the atoms a and p. Popular 
forms for the atom-atom potentials are the Lennard-Jones 12-6 form 

(2) uxmXs(rap) = Ax.xar$2 - BXaXsr;i 

and the Buckingham exp -6 or exp -6-1 form 

uXaXa(rap) = Axmxs exp(-BXUXsrap) - CXmXar,B6( + q x a q x s V $ )  (3) 

The first term always represents the exchange repulsion and the second 
term the London dispersion attraction. The Coulomb term is sometimes 
added in order to represent the electrostatic interactions among mole- 
cules, with fractional atomic point charges qxn and q X s  used. Alterna- 
tively, one has included these electrostatic contributions by adding the 
leading molecular multipole-multipole interaction term to an atom-atom 
potential of 12-6 or exp -6 type. 

The interaction parameters Axax@, BXuXs, Cxaxs, and q x n  are mostly 
obtained by fitting calculated crystal properties to experimental data. The 
quality of the resulting empirical potentials is rather uncertain, however, 
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since the fit will try to compensate for the inaccuracies in the dynamical 
model used and in the atom-atom model itself. Moreover, the different 
parameters are often strongly correlated. This implies that such empirical 
potentials are usually not very effective in predicting properties other 
than those to which they have been fitted. 

In some cases (see van der Avoird et al., 1980, and references therein) 
atom-atom potentials, which are subsequently used to calculate crystal 
properties, have been obtained from an independent source, viz., from ab 
initio quantum-chemical calculations. The individual terms in an atom- 
atom potential of the form in Eq. (3), for example, are then fitted to the 
corresponding interaction energy contributions calculated for a more or 
less extensive set of geometries of a molecular pair. It appears that the 
Buckingham form (in Eq. 3) especially can yield a reasonably accurate 
representation of an ab inirio calculated potential, provided that the indi- 
vidual terms are given different force centers (sites) whose positions are 
shifted away from the atomic nuclei and optimized in fitting the ab initio 
data. 

It is convenient for further use to summarize the various atom-atom 
potentials as given in Eqs. (2) and (3) in the single formula 

(4) 

A:;> and distance functionsf(")(rap) = r$' (e.g., 

XczX (dexp) 
ux,x4rap)  = 2 (rap) 

n.exp 

with parameters 
n = 12, 6, 1) andf(exp)(rap) = exp(-BXoxsrap). 

B. Intermolecular Potential in Terms of Symmetry-Adapted Functions 
In order to describe the orientation of a given molecule we attach a 

rectangular coordinate frame M to it and specify the Euler angles w = 

{a, p,  y }  of this frame relative to a fixed global frame G. The position vec- 
tor of the center of mass of the molecule is denoted by r. The potential 
between two molecules at r p  and rp' , respectively, can then be expanded 
(Steele, 1963; Yasuda and Yamamoto, 1971; Egelstaff, Gray and Gubbins, 
1975; van der Avoird et al., 1980; Briels, 1980) in a complete set of 
functions of the variables wp , opt, and tppr,  where tppc is the unit vector in 
the direction of rpp = rp - rp. The coefficients of the expansion depend 
on r p p ,  the length of r p p , .  As a basis for the expansion we use the prod- 
ucts 

where the Di i (w)  are Wigner functions and C$(t )  is a Racah spherical 
harmonic. For these functions as well as for the Euler angles, we use the 
definitions of Edmonds (1957). This expansion can be greatly simplified if 
we exploit the full symmetry of the molecular pair. 
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In order to incorporate the symmetry requirements into our expan- 
sion, we need the transformation properties of the Wigner functions, both 
with respect to rotations RG(w) of the global frame and with respect to 
rotations RM(w) of the molecular frames. If we rotate the global frame 
through the Euler angles 6, then a scalar quantity that was described in 
the original frame by a function F will be described in the new frame by 
RG(c3)F; the two functions are related by RG(6)F(w)  = F(o' ) ,  where w 
and w' are the Euler angles of the molecular frame relative to the new and 
old global frames, respectively. Similarly, if we rotate a molecular frame 
through the Euler angles 6, F will transform into RM(c3)F. With the con- 
ventions that we have adopted, the transformed Wigner functions are 
given by 

RG(6)Di%(w) = c Di%,(w)DZ,,(D) ( 5 )  

RM(6)Dg&O) = 2 D$,(0)Dyn(6) (6) 

m' 

n' 

The well-known transformation properties of the Racah spherical har- 
monics can be obtained from the relation 

(7) c$(P) = c$(e, $1 = ~50,(4, 8, 0) 

and Eq. (5): 

The expression for the intermolecular potential must satisfy two sym- 
metry requirements. First, it must be invariant if we rotate the molecular 
frame of either of the two molecules through specific Euler angles 6, that 
correspond with a symmetry element of the molecule in question. This 
means that our basis must be invariant under rotations of the outer direct 
product group Gp @ G p F ,  where Gp is the symmetry group of molecule P 
and Gp, that of molecule P'. Acting with the projection operator of the 
totally symmetric irreducible representation of the group GP (of order 
# GP) 9 

on the Wigner functions, and using Eq. (6),  we construct linear combina- 
tions 
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which are invariant under the group Gp. We choose as the expansion 
basis the set of all products: 

G :;)( G ;f ( c !$ ( tpp 1. (1 1) 

It may happen that for certain values of I more than one totally symmetric 
combination (10) may exist. In that case, the 1 index should be understood 
as a composite label. As an example, we list in Table I, for values of 1 up 
to 10, the tetrahedral rotation functions that transform according to the 
totally symmetric representation of the tetrahedral group T. These func- 
tions are normalized such that 

( 8 ~ 9 - l  I do T!$'(o)*T:f(o) = t3mlm2(211 + l)-I 

The coefficients A:) in these functions depend on the way in which the 
molecular coordinate frame is fixed on the molecule, for which we use the 
standard convention in this example (see Table I). 

TABLE I 

TETRAHEDRAL ROTATION FUNCTIONS" 

1 Function 

a The z axis of the molecule fixed system is a two-fold axis: the [ I ,  I ,  I ]  axis is a threefold axis. 
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The second symmetry requirement that the expression for the inter- 
molecular potential has to meet is that it must be invariant under any 
rotation of the global coordinate frame. The transformation properties of 
the symmetry-adapted functions G:!,)(w) under such a rotation are eas- 
ily obtained from Eqs. (10) and (5): 

RG(6)GC)(o) = G$(w)D;!,(h) (12) 
m' 

We now construct the invariant basis in which we shall expand the inter- 
molecular potential by acting on the products ( 1 1 )  with the projection 
operator 

( 8 d - I  1 d6 RG(6)  (13) 

using the transformation formulas (8) and (12) and the relation 

The symbols on the right-hand side are 3-j coefficients. 
The expansion of the intermolecular potential then reads 

x G ;$up) G ;2(0~,  ) c ; $ ~ I  (15) 

The summation labels are defined as 1 = (11, 1 2 ,  1 3 }  and m = {rnl , r n 2 ,  r n 3 ) .  

We note again that for certain values of 1, and 12 more than one symmetry- 
adapted function Gi) exists and that in this case 2, includes all these 
functions. 

From Eq. (15) we observe that the intermolecular potential is com- 
pletely specified by the coefficients u1( rPp,).  These expansion coefficients 
can be obtained in various ways. If the intermolecular potential is given in 
terms of atom-atom potentials, it is possible to obtain explicit expres- 
sions for these coefficients (see Section 11,C). If the long-range part of the 
potential is known from perturbation theory calculations in the multipole 
expansion, the expansion coefficients, after some angular momentum re- 
coupling, can also be obtained from explicit formulas (see van der Avoird 
et al., 1980). If the (short- and intermediate-range) potential is known 
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numerically from ab initio calculations for a grid of distances rpp, and 
molecular orientations wp and up,, the expansion coefficients can be 
found by numerical integration for each value of r p p :  

ui(rpp) = (21, + 1)(212 + 1)(213 + 1 ) ( 8 ~ * ) - ~  

x G ~ ~ ) ( ~ ~ ) * G ~ ~ ( ~ ~ ) * v ( w ~ ,  wpc, r p p )  

Here we have used the fact that one can always choose to perform the ab 
initio calculations on the pair PP' in a coordinate frame with the z axis 
along r p p .  Then we have ? p p  = (0, 4) = (0, 0) and C$)(PPp) = 6,0. The 
integral can be further simplified by noting that the internal geometry of 
any molecular pair can be specified by at most five Euler angles, so that 
one of the six angles up, w p  can also be set to zero and left out of the 
integration. In special cases, even more simplifications can be made. For 
example, if the molecules P and P' are linear, two more Euler angles can 
be omitted. Once the coefficients uI(rpp) are calculated for several values 
of r p p ,  it is convenient to fit their rpp dependence by means of simple 
analytic forms (r-" in the long range, exp(-Br) in the short range). For 
further details of this procedure we refer to the review by van der Avoird 
et al. (1980) and the references therein. 

Finally, we observe that, in principle, one may truncate the expansion 
(15) after a few terms and thus model the anisotropy of the potential (the 
term 1 = (0, 0,O) is the isotropic part). Simple parameterized rppf functions 
for the expansion coefficients ui (rppt )  can then be introduced and the 
parameters can be fitted empirically. The latter procedure is similar to the 
empirical way of obtaining atom-atom model potentials and the same 
questions can be raised regarding the validity of the resulting potentials. 

C. Expansion of Atom-Atom Potentials in 
Symmetry-Adapted Functions 
In atom-atom potentials the anisotropy of the intermolecular poten- 

tial, i.e., its dependence on the molecular orientations w p  and up,  is 
implicitly determined by the model. One can make this dependence ex- 
plicit by expanding a given atom-atom potential in the form (15). It has 
been demonstrated by Sack (19641, Yasuda and Yamamoto (1971), and 
Downs et al. (1979) that analytic expressions can be derived for the ex- 
pansion coefficients u ~ ( r ~ ~ ~ )  in (15) for atom-atom potentials (see Section 
I1,A) withf(")(rUp) = r;; dependence and by Briels (1980) that they can be 
derived for atom-atom interactions with exponential dependence 
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f(exP)(rap) = exp(-rap). In order to derive such expressions these authors 
use the two-center expansion of the functions: 

f ( n / e x P ) ( r  ) = f ( n / e x p )  (I rpP - d, + d,l) 
UP 

where d, is the position vector of atom a! relative to the center of mass of 
the molecule P to which it belongs and d, is the same vector for atom p in 
molecule P'. The result is the formula (Briels, 1980): 

with 

(n - 2 + lI + 12 - 1, + 2ml + 2m2)! 
(211 + 2ml + 1) ! ! (2mI) ! !(212 + 2m2 + I )  ! !(2m2) ! ! 

(n  - 2 + II + l2 + l3 + 2ml + 2m2) ! ! 
(n - 2 + lI + l2 - l3 + 2ml + 2m2) ! ! 

X 

(18) 

X 



Dynamics of Molecular Crystals 143 

functions (Antosiewicz, 1970) of the first and third kind, respectively, by 
Jl(z) = (7~/2z)~/*J,+(~/~)(z) and (7r/2)&(2) = (7r /2~) ' /~K,+~~ /~ ) (z ) .  It is interest- 
ing to notice that Eq. (19) is in closed form, whereas Eq. (18) contains an 
infinite sum. 

Using the general expressions (1) with (4) for an atom-atom model and 
substituting the two-center expansion (16), we write the intermolecular 
atom-atom potential as 

Here we have partitioned the sums over all atoms a and /3 in the mole- 
cules P and P' in the following manner. First, we sum over equivalent 
atoms within the same class a E a and /3 E b, which have the same 
chemical nature X, = X, and X, = xb and the same distance d, = d, and 
d, = db to the respective molecular center of mass. Next, we sum over 
classes a E P and b E P'. The orientations da and dp of the position 
vectors of the atoms d, and d,, relative to the molecular centers of mass, 
are still given with respect to the global coordinate frame. If we denote the 
polar angles of d, and d, in the molecule fixed frames by do, and d: and 
remember that the molecular frames are related to the global frame by 
rotations through the Euler angles w p  and opt, respectively, we find that 

and a similar expression for atoms p E h E P'. The latter equality, which 
is related to Eq. (lo),  follows from the fact that the left-hand side must be 
invariant under all rotations of the molecular point group Gp;  these rota- 
tions just interchange the equivalent atoms a E a. Introducing Eq. (21) 
and the corresponding result for atoms /3 E b into Eq. (20), the general 
atom-atom potential is expressed in the form of Eq. (15). with 
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x gp’exp)(da, db , r p p )  

D. The Crystal Hamiltonian 
Now that we have expressed the intermolecular potential, it is easy to 

write down the crystal Hamiltonian. We associate with each point P = 
{n, i} of the lattice a molecule with position vector rp = RP + u p .  The 
vector Rp denotes the position of the lattice point P, i.e., RP = R, + Ri 
with R, being the position vector of the origin of the unit cell to which P 
belongs and Ri the position vector of P relative to this origin. The dis- 
placement vector up describes the position of the center of mass of the 
molecule at P relative to the lattice point P. The Hamiltonian then reads 

where 

V P P ~ U P ,  U P ;  U P ,  U P )  = V ( W P ,  U P ,  rpp) (24) 

In the latter equation rpp‘ = rP - r p  = RP - RP + up< - up = Rpp + up, - 
up, from which the dependence of Vppc on up$ and up follows. In Eq. (23) 
the kinetic energy operators for the translational and rotational motions 
are defined, respectively, as 

t i 2  
2M 

T ( u ~ )  = - - A(up) 

Here A(up) is the Laplacian and J ,  , J b ,  and J ,  are the components of the 
angular momentum operator with respect to the principal a, b, and c axes 
of the molecule; Z,, z b ,  and Z, are the principal values of the molecular 
moment of inertia. For simplicity we have assumed that the crystal is 
composed of just one type of molecules. Otherwise, the molecular mass 
M and the moments of inertia have to carry the sublattice label i, appear- 
ing in P = {n, i}. 

The dependence of the potential Vppe on the translational degrees of 
freedom up is rather intricate, and in order to use this potential in lattice 
dynamics calculations, we have to rewrite it in more tractable form. Be- 
forehand, we make some remarks concerning the case when only rota- 
tional motions are considered. This is useful when the rotation-transla- 
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tion coupling is weak, for instance, as in hydrogen or methane crystals, 
or, in general, at certain points of high symmetry in the Brillouin zone, 
where the rotation and translation modes are decoupled because of this 
symmetry. In these cases, the potential for the rotational problem is an 
effective potential in the sense that it can be obtained from the complete 
intermolecular potential by averaging over the translational motions. This 
effective potential can be written in the form of Eq. (15) with coefficients 
( u ~ ( r p p c ) )  = uI(RpP').  The crystal Hamiltonian then reads 

The two-body potential @ p p ,  consists of those terms that depend on the 
orientations of both molecules; i.e., @pp, is equal to V p p ,  minus the terms, 
with one or both of 11 and 12 equal to zero. The terms with either l r  or 12 

equal to zero are contained in V p  , which depends only on the orientation 
of molecule P ,  and the isotropic term l I  = l2 = 0 is just the constant Uc:  

In Eq. (31) we have used the relation UO,JJ(RPP,)  = (- l)'u,,o,I(Rppv) (Briels, 
1980). The primes on the summation signs indicate that the terms with 1 = 
0 have to be omitted. 

The term Vp(op) in Eq. (27) is called the crystal field term. From Eqs. 
(29) and (3 1) it is clear that this term is invariant under all rotations of the 
global frame that correspond to symmetry operations on the lattice. As a 
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result V f ( w p )  contains only linear combinations of the functions G$(wp),  
which transform according to the totally symmetric representation of the 
site group S p .  Note that S p  contains all rotations around P that leave the 
point lattice invariant; this group is larger than the point group of the 
crystal, which is not yet defined as long as the equation of motion is not 
solved. The functions adapted to the site symmetry can be obtained by 
acting with the projection operator: 

on the functions G!,?(wp). In Table I1 we have given the results for the 
octahedral group S p  = 0, which is the site group of all sites in the fcc 
lattice. 

In order to obtain the explicit translational dependence of the com- 
plete intermolecular potential (IS), we expand the translationally depen- 
dent part of Eq. (15) as a Taylor series in the displacement vectors up and 
up : 

In principle, the sums over a1 and a2 must be extended to infinity. In 
practice, we apply the truncation condition a1 + a2 I amax. The terms 
with a1 = a2 = 0 give rise to the purely rotational part of the Hamiltonian, 
which we have just treated. The other terms can be most easily evaluated 
by applying the gradient formula in spherical tensor form (Edmonds, 
1957): 

where Alk is an operator defined by 

(I + 1)(2I + 3) 
+ a k , / + l  [ 21 + 1 

The irreducible tensor product between the brackets represents the usual 
angular momentum coupling 
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[C('I)(?l) @ C('?'(?*)lj$' 

= (-1)'1+'2-"'3 2 m 2  12 -;~c:;l)(?l)c::(?2) (37) 
n i  I ni: 

between two tensors  PI); ml = - 1 1 ,  ..., 11)  and {C$y(S); m2 = -12, 

..., 12) to an irreducible tensor that transforms as C:$ under rotations of 
the global frame. Applying Eq. (35) repeatedly to Eq. (34), we find after 
some tedious algebra (Briels ef al., 1984) 

TABLE I1 

TETRAHEDRAL ROTATION FUNCTIONS ADAPTED TO THE SITE GROUP 0 [SEE EQ. (33)]" 
~ 

1 

~~ 

Function 

10 

Tetrahedral rotational functions as in Table I .  
Site group: z-axis is 4-fold axis, [ I ,  I ,  I ]  direction is 3-fold axis. 
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with the following recursion relation for the coefficients: 

JW\I,k2,k3(RPp I a I  + I ,  a*) = ( - 1 ) k 2 t k 3 t / 3 ( 2 j  + 1)(2kl + I )  

X Akjk3(Rpp,)  ’ w f { + k 2 , k ; ( R ~ ~ *  I f f ~  9 f f 2 )  (39) 

and an analogous relation to raise the index a2. The symbols between 
braces are 6-j coefficients, which arise from recoupling the spherical 
harmonics (Edmonds, 1957; Brink and Satchler, 1975). The introduction 
of Eq. (38) into (15) then yields the final expression for the intermolecular 

Another, equivalent, form in which the potential can be written is 

The expansion coefficients are related to those of Eq. (40) by 

and they satisfy the recursion relations 
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These results [(41) and (42)] are obtained from Eq. (40) by angular mo- 
mentum recoupling (Brink and Satchler, 1975); the symbol between 
braces in Eq. (42) is a 9-j coefficient. The recursion relation (43) is de- 
rived analogously to Eq. (39) (see Briels el al.,  1984). 

By introducing the expanded potential [Eq. (40) or Eq. (41)] into the 
crystal Hamiltonian [Eq. (23)], we can write the latter as 

H = Uc + C { T ( u p )  + VF(up)} + ~ { L ( u P )  + V%wp)} 
P P 

+ a$p.(wp; U P ' )  + @ ; ; * ( U P ,  wp;  up., W')) (44) 

in terms of one-body operators and two-body operators affecting the mo- 
lecular translations T, rotations R,  and their coupling TR. This partition- 
ing can give some physical insight; in specific cases, one can study the 
importance of the different contributions. Just as we did for pure rota- 
tional motions, we can use the site symmetry to simplify the expressions. 
For the crystal field terms V: and V ;  this can be done exactly as before. 
For the mixed field terms V$ it is somewhat more difficult; one finds that 

v;R(uP, U P )  = C ( U P ) "  c c Vt . ) / , (P  la) 
01 I 1  .I? P 

x 2 Cj'l .P" ( ,~ , ) *G~/Z* .CL) (U~)  (45) 
I 

where Cj'I"'', i = I ,  ..., n,, are linear combinations of C!: that transform 
according to the unitary representation I"@) of the site group S p ;  n,, is 
the dimension of this representation. Similarly, GI'."), i = 1 ,  . .., n,, , are lin- 
ear combinations of Gg transforming in the same way. These functions are 
coupled to an invariant of S p .  An explicit inspection of the separate 
contributions in Eq. (45) is only useful for small values of a,,, , since I ,  is 
at most equal to a,,, [see Eqs. (34)-(36)]. Otherwise, the separation 
becomes too complicated to provide any insight. For the two-body terms 
this applies a fortiori. However, even without the partitioning given by 
Eq. (44), the crystal Hamiltonian (23) with the potential expanded by Eq. 
(40) or (41) forms a good basis for discussing any lattice dynamics treat- 
ment. 

111. Harmonic and Quasi-Harmonic Theories of 
Lattice Dynamics 

In this section we briefly discuss the harmonic and quasi-harmonic 
models that are commonly used to describe the molecular motions, i.e., 
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the lattice vibrations, in molecular crystals. We use the term quasi-har- 
monk for any theory in which the harmonic approximation plays a central 
role, although strictly speaking the quasi-harmonic model (Barron and 
Klein, 1974) is a special theory in this category. We include in this section 
a description of perturbation theory around the harmonic model and of 
the self-consistent phonon method. In general, as will be clear from the 
following, quasi-harmonic theories are suitable for describing anharmonic 
motions with fairly small amplitudes, for example, the translational mo- 
tions in most crystals. If, however, the vibrational amplitudes are larger, 
for instance, for the librational motions, especially of small molecules or 
in the neighborhood of phase transitions, the quasi-harmonic models are 
of very limited value. They break down completely if the molecules per- 
form hindered rotations as in plastic crystals. In these cases one must 
resort to completely different treatments, which we discuss in Section IV. 

A. Harmonic Approximation 
The harmonic approximation consists of expanding the potential up to 

second order in the atomic or molecular displacements around some local 
minimum and then diagonalizing the quadratic Hamiltonian. In the case of 
molecular crystals the rotational part of the kinetic energy, expressed in 
Euler angles, must be approximated, too. The angular momentum opera- 
tors that occur in Eq. (26) are given by 

ii C O S Y  a a a 
J J ~ )  = - -- - + sin y - + cot p -) 

i ( sin p a& ap aY 

ii sin y a a a 
ap dY 

+ cos y - - cot p -) J d w )  = -(-- i sin p a& 

i i a  
J,(w) = -- 

i ay 

where w = {a, p, y }  are the Euler angles of the molecule fixed coordinate 
frame relative to the global frame. The harmonic approximation implies 
that one replaces the angles w in Eq. (46) by their equilibrium values wo = 
{ao, PO, yo} and then substitutes the result into the quadratic kinetic en- 
ergy expression (26). Thus, one neglects the terms linear in the opera- 
tors slap and dlay,  which occur in the exact expression (26); these terms 
arise by commuting dlap and d l d y  with the sine and cosine functions of p 
and y in the exact Eq. (46). At the same time, the volume element sin p da 
dp d y  becomes sin 00 da dp dy and the angular displacement coordi- 
nates Aw = w - wo become rectilinear and formally run from -m to w. For 
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linear molecules this approximation has been applied by Goodings and 
Henkelman (1971), Schnepp and Jacobi (1972), and Walmsley (1975). 

The crystal Hamiltonian now reads 

where 

Q; = uk for A = 1 ,  2, 3 

Q ;  = for A = 4, 5 ,  6 

and 

are the momenta conjugate to these coordinates. These operators satisfy 
the usual commutation rules: 

[Q), P;,] = in 8p.p' 8 A . A '  

The first term in Eq. (47) represents the kinetic energy operator. The 6 x 6 
matrices Gp follow from the foregoing discussion; they. contain the in- 
verse molecular mass M - '  and the inverse inertia tensor depending on the 
equilibrium angles wo = {ao,  Po, 'yo} with respect to the global frame. The 
second term represents the potential; linear terms are absent because this 
potential is expanded around a local minimum. The 6 x 6 matrices Fp,pr 
are defined as the second derivatives 

taken at the equilibrium positions and orientations. The Hamiltonian (47) 
can easily be diagonalized exactly. First we introduce the operators 

I 
Q?(q) = fi C exP(iq * Rn)Q; 

n 

(49) 
I 

P?(q) = TN c exp(-iq . R,)P), 

with P = {n, i}, where N is the number of unit cells in the crystal and q is a 
vector in the Brillouin zone. The Hamiltonian transforms into 

n 
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and 

Ft;'(q) = 2 Fl$'rrn,i.r exp(iq - R.) 
n 

s F,?';i"(-q) = Ff,':i"(q)* (52) 

Here we have used the property that GP and Fpp, are translationally 
invariant. The commutation rules for the wave-vector-dependent opera- 
tors are 

[Qf(q), pf,'(qf)l = ih & , i ,  b' aq,q, 

Every H(q), depends on 6 2  operators Q?(q) and 6 2  operators P?(q) if Z is 
the number of sublattices, i.e., the number of molecules in the unit cell. 
Finally, we introduce linear combinations 

Z 6  

Qr(q) = 2 2 (c(q)-')I,AQf(q) 
i= l  A = I  

such that H(q) can be written as 

H(q) = 2 {pL(q)pr(q) + wr(q)*Qrt(q>Qr(q>> (54) 
r 

The coefficients cr(q) = {cy(q), i = 1, ..., Z ,  A = 1, ..., 6) can be obtained 
from the generalized eigenvalue problem 

F(q)cr(q) = G-'cr(q)4q)2 (55 )  

cLG-'c,, = arr, (56) 

(57) 

with the normalization condition 

The choice of the transformation (53) ensures that 

[Qr(q), Fr'(qf)l = ih ar ,r ,  aq,q, 
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Introducing phonon creation and annihilation operators 

a,t(q) = [2fi0r(q)1-"~{0r(q) P,t(q) - iP,(q)) 

ar(q) = [2fimr(q)l-"*{mr(q) Qr(q) + iF5<q)) 

[ar(q), a,t,(q')I = 8r.r' 8q.q' 

(58) 

with the commutation relations 

(59) 

which follow from Eqs. (57) and (58) ,  we can write the Hamiltonian in its 
well-known form: 

representing a sum of independent harmonic oscillators whose excitations 
are called phonons. The properties of the crystal can be obtained (see 
Appendix) from the thermodynamic partition function and its derivatives. 
The partition function for a system of harmonic oscillators reads 

with p = ( k B T ) - I ,  kg being the Boltzmann constant and T the tempera- 
ture. 

B. Anharmonic Corrections by Perturbation Theory 
In contrast with atoms and small molecules, the energy levels of ex- 

tended systems almost invariably appear as broad bands. Degeneracy and 
near-degeneracy are the rule rather than the exception, and as a conse- 
quence, only weak interactions are needed to obtain intermixings of many 
states. This intermixing will also be caused by external perturbations 
applied in measurements, such as the electromagnetic fields in spectro- 
scopic experiments. Another consequence of such close-lying states is 
that many of these states will be thermally populated. The (measured) 
properties of the system are not determined by the expectation values of 
operators over pure states, but by thermodynamic (Boltzmann) averages. 
These two aspects make it less useful to apply straightforward quantum- 
mechanical perturbation theory to single eigenstates of the Hamiltonian, 
as one mostly does for atoms and molecules. Instead, it is desirable to use 
a perturbation theory that describes the response of the whole system. 
The most powerful theory of this kind is based on the thermal, or imagi- 
nary time, Green's function. 

In the perturbation theory of lattice dynamics one starts from the 
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harmonic approximation. The cubic and higher terms in the Taylor expan- 
sion of the potential around some local minimum, which are neglected in 
this approximation, are taken as perturbations of the harmonic model. 
Accordingly, the Hamiltonian can be written as (Califano, 1981) 

H = Ho + HI 

m 

+ 2 C @rl ..... rm(ql, ...? qm)Arl(qi) -.- Arm(qm) (62) 
m=3 ql. .... qm rl, .... rm 

The operators appearing in the interaction Hamiltonian HI = xz=, Hm are 
defined as 

(63) 

and the coupling constants @rl, , . . ,rm(ql,  ..., qm) are the derivatives of the 
potential with respect to the coordinates er(q) ,  multiplied by some con- 
stant factors. These coupling constants differ from zero only when q1 + ... 
+ qm equals a reciprocal lattice vector. In molecular crystals, the differ- 
ence between the exact rotational kinetic energy and its harmonic oscilla- 
tor approximation (see Section III,A) should also be considered as a 
perturbation. As far as we know, this has never actually been done, 
however. 

The thermal Green's function, or phonon propagator, that is used in 
lattice dynamics theory is defined as 

Ar(q) = ar(q) + a:(-@ 

Gr,r*(q; 7)  = @(7)(e'HAr(g)e-'HAr,(-q)) 

+ @( -~)(A,,(-q)e'~A,(q)e-*~) (64) 

where @(T) is the Heaviside step function and (X) denotes the thermody- 
namic average of an operator X over the eigenstates of H ,  i.e., 

(X) = Z-' Tr(Xe-OH) (65) 

with 

2 = Tr(e-PH) 

being the partition function and p = (kBT)- ' .  Using the invariance of the 
trace for cyclic permutations of the operators, one easily demonstrates 
that the phonon propagator (64) is a periodic function of the imaginary 
time T with period p;  we may therefore confine the values of T to the 
interval 0 5 7 5 p. The time-dependent perturbation expansion of the 
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phonon propagator for the Hamiltonian H = HO + HI is given by the 
formula (Fetter and Walecka, 1971) 

(-l) ,  P 
7 lo d q  ... I,” d7, T[f i j l  ... &7] S(p) = 

n=O n .  

where XT denotes the operator X in the (imaginary time) interaction repre- 
sentation 

87 = exp(.rHo)X exp(--7HO) (68) 

and (X)O is the thermodynamic average of X over the eigenstates of the 
unperturbed Hamiltonian HO . The so-called time-ordering operator T 
places the operators to its right in the order of decreasing times, from left 
to right. Introduction of the anharmonic interaction operator HI = Xi==,  
H,,, defined in Eq. (62) into the expansions (66) and (67) yields many terms 
of the type written in Eq. (69) below. These can be evaluated by means of 
the (generalized) Wick theorem (Fetter and Walecka, 1971; Abrikosov ef 
al., 1965): 

(T[A:/(qd ... A:g(q*n)l)o 

= C (T[A :j(qi>A ~ ( q j > 1 > 0  . . . ( T [ A  :i(qn)A F;(~/)I)O (69) 

The summation runs over all (2n - 1 )  ! ! pairings of the operators A;,!(qi). 
The corresponding expectation value for a product of an odd number of 
operators is zero. The building blocks are the harmonic propagators 

P 

(T[AF(q)A?(q’)I)o = 6-q,q, Gl:!,(q; 7 - 7‘) (70) 

given by Eq. (64) for H = H o ;  they differ from zero only when q‘ = -q 
and r’ = r and can be easily calculated. 

The terms in the expansion (66), after substituting Eq. (62) and apply- 
ing Wick’s theorem (69), are usually represented by diagrams, according 
to the following recipe. For any interaction H ,  given by Eq. (62) draw 
a vertex with m lines. When two operators A:j(qi) and Ay(qj) are paired 
in Eq. (69), the corresponding two lines are connected. The two operators 
A:(q) and A:: (4‘) defining the propagator (64) appear as vertices with just 
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a single line. As an example we show 

The factor 18 appears because there are 18 pairings consistent with this 
diagram, which all yield the same result; one obtains another 18 diagrams 
with this result by interchanging the vertices and 7 2 .  There are two 
kinds of diagrams, those with all lines connected to (9, r) and/or (-q, r’), 
which are called connected, and those diagrams consisting of a connected 
part and one or more parts connected neither to (9, r) nor to (-q, r‘), 
which are called disconnected. The summation in Eq. (66) contains the 
contributions from all diagrams, connected or disconnected, that have 
just two external lines, the (q, r )  and the (-q, r’) lines. It is a simple 
combinatorial problem to demonstrate that this sum is equal to (S (~ ) )O  
times the sum over all contributions from connected diagrams only. Thus 
the expansion (66) for the propagator can be simplified to 

where the subscript “connected” indicates that only connected diagrams 
must be taken into account. A final simplification is possible because a 
permutation of the interactioh vertices of equal order does not affect the 
numerical value of a diagram. Considering only topologically distinct dia- 
grams removes the factor l l n  !; this is essential for the derivation of the 
Dyson equation [Eq. (78) below]. 

In order to relate the thermal or imaginary time propagator to the 
measured properties of the system, we shall need its Fourier components: 
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where wl = 27rlp-‘ with integer I ,  since the thermal propagator has the 
period p. For the harmonic propagator one derives 

The Fourier representation of the anharmonic propagator is obtained 
from Eqs. (73) and (72), by using Wick’s theorem (69), together with the 
Fourier representation of the harmonic phonon propagators. The “time” 
integrations can then explicitly be performed, yielding the condition 
x; o; = 0 and a factor p at every interaction vertex. 

The Fourier components of the imaginary time propagator are defined 
on the imaginary frequency axis. We are interested in the Fourier trans- 
form of its real time analog, whose singularities, on the real frequency 
axis, yield the excitation energies of the system. Therefore, we need 
expressions for the Fourier components of the thermal phonon propaga- 
tor that can be analytically continued in the complex plane in such a 
manner that they correctly yield the shifts of the singularities on the real 
axis caused by the perturbation. The perturbation expansion (72), trun- 
cated at any finite order n, does not satisfy this requirement. In order to 
calculate the frequency shifts caused by specific interactions, one must 
sum the corresponding diagrams to infinity. The result can be simplified if 
we define a “proper” diagram as a diagram that cannot be broken into 
two parts, each of which as two external lines, by cutting a single phonon 
line. Then the infinite sum can be symbolically written as 

(75) 

where the first contribution, the simple line, is the harmonic result 
Sr,r,c!o’(q; iwl). The second term represents the sum of contributions from 
all proper diagrams, the third term arises from all diagrams consisting of 
two proper parts connected by an intermediate line, and so on. The sec- 
ond term is usually written as 

-3- = Clo’(q; iwl)Sr,r,(q; iwl)G$’(q; iol) (76) 

thus defining the “self-energy’’ matrix S(q; iwl). Then, one can show that 
because of the conditions Xi q; = 0 and X i  wi = 0 at any vertex, which 
causes all intermediate lines to have momentum q and frequency 0 1 ,  the 
third term yields 

- 
G.,,(q; iwl) = - + -* + -@-@- + 
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This relation can be generalized to diagrams with any number of bubbles, 
and one can sum Eq. (75) to infinity. The result is the Dyson equation: 

- 
G(q; iwl) = (1 - G(O)(q; iwl)S(q; iwl)}-@O)(q; iwl) (78) 

All matrices are of dimension 6 2  and the harmonic propagator matrix 
G(O)(q; iw,) is diagonal. The problem of calculating the phonon propaga- 
tors thus reduces to the calculation of the self-energy matrices S(q; iwl) 
that contain all anharmonic information. It is not difficult to demonstrate 
that the self-energy matrix is a Hermitian function of w: from which it 
follows that its analytic continuation in the complex frequency plane, in 
the neighborhood of the real axis, has the form 

(79) 

where A and r are real symmetric and antisymmetric matrices, respec- 
tively. 

Now we can show the explicit relation with experiment. What is usu- 
ally measured in spectroscopic or scattering experiments is the spectral 
density function I(w),  which is the Fourier transform of some correlation 
function. For example, the absorption intensity in infrared spectroscopy is 
given by the Fourier transform of the time-dependent dipole-dipole cor- 
relation function ( [ ~ ( t ) ,  p(O)]). If one expands the observables, i.e., the 
dipole operator in the case of infrared spectroscopy, as a Taylor series in 
the molecular displacement coordinates, the absorption or scattering in- 
tensity corresponding to the phonon branch r at wave vector q can be 
written as (Kobashi, 1978) 

(80) 

Usually it is justifiable to neglect the nondiagonal elements of the self- 
energy matrix; if not so, these can be taken into account as a small 
perturbation. Then, we arrive at the result 

- 

lim S(q; w ? ie) = -/3R{A(q; w) T ir(q; w)} 
E - O t  

I ~ . , . ( O )  - Iim i{G,.,(q; w + ie) - Er,,(q; w - ie)} 
E-Ot  

(81) 

If Ar,,.(w) and T,,,(w) do not vary much with o, they may be interpreted 
as the frequency shift, i.e., the resonance shifts from o,(q) to o,(q) + 
A,.,,(q; w), and the bandwidth, respectively. Note that the actual cal- 
culation of these quantities will not be easy, however, since the dia- 
grams involved contain summations over the entire Brillouin zone [see 
Eq. (71), for instance]. Some simplification may arise from the lattice 
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symmetry. A perturbation theory has been developed (Briels, 1983; Ha- 
mer and Irving, 1984) in which successive perturbation corrections are 
associated with an increasing sequence of clusters on the (real) lattice, 
thus avoiding the multiple sums over the Brillouin zone. Up until now, 
this method has only been applied to relatively simple Hamiltonians. 

C. The Self-Consistent Phonon Method 
Just as the perturbation theory described in the previous section, the 

self-consistent phonon (SCP) method applies only in the case of small 
oscillations around some equilibrium configuration. The SCP method was 
originally formulated (Werthamer, 1976) for atomic, rare gas, crystals. It 
can be directly applied to the translational vibrations in molecular crystals 
and, with some modification, to the librations. The essential idea is to 
look for an effective harmonic Hamiltonian H o ,  which approximates the 
exact crystal Hamiltonian as closely as possible, in the sense that it 
minimizes the free energy A,,, . This minimization rests on the thermody- 
namic variation principle: 

(82) 

The angle brackets denote a thermal average over the eigenstates of Ho 
[cf. Eq. (65)]. The free energies A and A. correspond to the Hamiltonians 
H and Ho , respectively: 

A,,, = A0 + ( H  - H0)o 2 A 

A = -kBTln Z ,  Z = Tr[exp(-PH)] 

A0 = -kBT In Zo, Zo = Tr[exp(-PH)] (83) 

The exact crystal Hamiltonian His given by Eq. (23) and Ho is of the form 
given by Eq. (47); the force constants F$,$ are not given by Eq. (48), 
however, but they are chosen such as to minimize A,,,. Neglecting the 
difference between the exact kinetic energy operators [(25) and (26)] and 
their harmonic approximations (see Section IlI,A), one obtains 

with effective force constants F$,$ that still have to be optimized. The 
displacement coordinates Qi are assumed to be rectilinear, as described 
in Section II1,A. The effective harmonic free energy A. is given by Eq. 
(83) with Zo as in Eq. (61). The expectation value of the harmonic poten- 
tial, i.e., the second term in Eq. (84), can be written as 
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in terms of the effective force constants and the displacement-displace- 
ment correlation functions: 

The expectation value of the exact potential, the first term in Eq. (84), is 
somewhat more difficult to calculate. Using the properties of the har- 
monic oscillator eventually leads to (Choquard, 1967; Werthamer, 1976) 

(VPP4UP 3 U P  ; up. 7 UP))O 

= (exp (c (Q; V $  + Q;, V:,)))U VPP.(O, woP; 0, 0 0 ~ )  

(87) 

with V i  = a/aQ$ acting only on Vppp.  Substituting the expression for A. 
and the results (85) and (87) for (H - HO)U into A,,, [Eq. (8211 and applying 
the minimization conditions 

aA,,,IaF;*;. = 0 

one finds the expression for the optimized force constants: 

So, instead of using the second derivatives of the potential in the equilib- 
rium configuration as force constants, the SCP method employs the ther- 
mal averages of these derivatives. Equation (88) and the corresponding 
dynamical equations, given by the generalized eigenvalue problem ( 5 9 ,  
have to be solved self-consistently. One can do this via the usual iterative 
procedure, starting with trial values for the effective force constants (88), 
which can be taken from the harmonic model. The averaging in Eqs. (82) 
and (88) can be most easily performed (Werthamer, 1976) by first Fourier 
transforming the function to be averaged, next applying Eq. (871, and then 
transforming back to the original coordinates, which yields 

( V P P 4 U P  9 U P  ; up. 9 WP'))O 

and a similar expression for the second derivatives (88). The width of the 
Gaussian probability distribution ppp is determined by the Hessian of the 
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quadratic exponent. This Hessian is the inverse of the 12-dimensional 
matrix 

with elements given by Eq. (86). These elements, the displacement-dis- 
placement correlation functions, can easily be calculated by using Eqs. 
(49), (53), and (58). The result for the minimized free energy A,,, is 

The calculation of this quantity, and of the displacement-displacement 
correlation functions, involves a single summation over all wave vectors q 
in the Brillouin zone. 

From the free energy all thermodynamic properties of the system can 
be calculated. For example, the entropy is S = -aA/aT and the energy is 
E = A + TS. For more details we refer to the review by Werthamer 
(1976). One important point should be mentioned. Expanding the poten- 
tial Vppt(Q$, ..., Q$) as a Taylor series in the displacement coordinates 
QB, we observe, using the analog of Eq. (87) for the force constants (88), 
that the odd power terms do not contribute to the effective force con- 
stants; the SCP method neglects these terms. Their relative importance 
can, of course, be estimated by perturbation techniques as described in 
Section II1,B. 

Here we have formulated the SCP method for molecular crystals. We 
could easily include the librations because the orientational dependence 
of the potential Vppl has been explicitly given, in Sections II,B and ILC, in 
terms of the Euler angles w p  and thus in terms of the angular displace- 
ments Awp = up - mop. In two earlier applications of the SCP method to 
molecular crystals, one has used atom-atom potentials, however, whose 
orientational dependence was implicit and the description of librations 
was still a problem. Raich et al. (1974) in their calculations on a-nitrogen 
(see Section V) have avoided this problem by including the librations 
implicitly. They did this by considering a molecular crystal as a collection 
of atoms interacting via strong chemical bonds with their partners within 
the same molecule and via weak van der Waals potentials with all other 
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atoms belonging to neighboring molecules. Then they applied the original 
SCP method to the atomic motions. This approach is, of course, confined 
to the use of intermolecular potentials of the atom-atom type (see Section 
11,A). Wasiutynski (1976) has considered the molecular librations explic- 
itly. He has expressed the atom-atom potential as a function of the trans- 
lational and librational molecular displacements by writing a linear rela- 
tion between these displacements and the atomic displacements. This 
relation holds only for small angular displacements. 

IV. Dynamical Models for Large-Amplitude Motions 
The methods outlined in the preceding section obviously cannot be 

applied when the molecules in a crystal perform large-amplitude librations 
or even (hindered) rotations. In this case, one has the tendency to empha- 
size the motions of the individual molecules rather than the collective 
motions. Indeed, the most generally applicable method to describe large- 
amplitude motions is the mean field theory (Kirkwood, 1940; James and 
Keenan, 1959), which treats the molecules as moving in a field that repre- 
sents the mean interaction with the neighboring molecules. In a quantum- 
mechanical description, it is then possible to use the low-lying single- 
particle states to construct a basis for the whole solid in which the 
complete crystal Hamiltonian can be diagonalized. Adaptation of this 
basis to the translational symmetry of the crystal makes this diagonaliza- 
tion practically possible. At the same time, it leads to a labeling of the 
crystal states by the wave vectors in the Brillouin zone, thus reintroduc- 
ing the collective aspect of the lattice vibrations. In order to make the 
frequencies of the acoustical lattice modes go to zero when the wave 
vector approaches the center of the Brillouin zone, the crystal Hamilto- 
nian has to be diagonalized at the time-dependent Hartree (TDH) or ran- 
dom phase approximation (RPA) level (Fredkin and Werthamer, 1965). 

A scheme as described here is indispensable for a quantum dynamical 
treatment of strongly delocalized systems, such as solid hydrogen (van 
Kranendonk, 1983) or the plastic phases of other molecular crystals. We 
have shown, however (Jansen er al., 1984), that it is also very suitable to 
treat the anharmonic librations in ordered phases. Moreover, the RPA 
method yields the exact result in the limit of a harmonic crystal Hamilto- 
nian, which makes it appropriate to describe the weakly anharmonic 
translational vibrations, too. We have extended the theory (Briels er al., 
1984) in order to include these translational motions, as well as the cou- 
pled rotational-translational lattice vibrations. In this section, we outline 
the general theory and present the relevant formulas for the coupled 
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problem. First, we briefly sketch some classical methods, however, that 
have been used in the literature to study large-amplitude motions in mo- 
lecular systems. 

A. Classical Molecular Dynamics and Monte Carlo Methods 
In classical mechanics there exist, apart from the mean field theory, 

two popular methods to describe the dynamics of molecular systems, 
viz., the molecular dynamics (MD) method and the Monte Carlo (MC) 
method (Hansen and McDonald, 1976). In both methods the system is 
represented by a finite number, usually about 100 to 300, of molecules. In 
order to reduce boundary effects, this finite system is periodically re- 
peated in all directions. 

In the MD method (Rahman, 1966; Verlet, 1967) one specifies the 
initial conditions, i.e., the positions and orientations of all molecules and 
their (angular) velocities, and one integrates the classical equations of 
motion numerically by means of some finite difference scheme. The 
choice of the time step is mainly determined by the error allowed and the 
time scale in which one is interested. Usually, one takes time steps of 
order lO-I4 sec and follows the trajectory for some lo3 to lo’ steps. Along 
the whole or part of the trajectory all kinds of quantities can be averaged. 
The method is especially suitable for calculating time-dependent correla- 
tion functions that yield information on the dynamics of the system. An 
example is the so-called intermediate scattering function: 

r N  

where N is the number of molecules in the system, and the operator 

is related to the scattering of neutrons with scattering vector q by a 
molecule at the instantaneous position rp(t). The atoms a belonging to 
this molecule have (instantaneous) position vectors a,( t) relative to its 
center of mass; these vectors depend on the orientation of the molecule. 
The Fourier transform of this particular correlation function 

S(q, w )  = (27r)-I I” --m dt F(q, t)eiWJ (94) 

is called the dynamic structure factor, and it describes the response of the 
system to a transfer of momentum q and energy h. By the nature of the 
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MD method, the system studied has constant energy. Its temperature can 
be defined via the mean kinetic energy. Other thermodynamic properties 
can be calculated from the numerical derivatives of the energy or by using 
their relations to certain fluctuations of the system. The specific heat, for 
instance, can be obtained from the derivative of the energy with respect to 
the temperature or from the temperature fluctuations. It will be clear that 
for these derived quantities the uncertainties are larger than for the trajec- 
tory itself. 

The Monte Carlo method is most easily explained by means of a 
discrete model. One assumes that the system can only be in a configura- 
tion corresponding to one of a finite but large number of grid points on a 
very fine mesh. The idea is to sample this configuration space and to 
calculate various mean values. Even with the largest computers, how- 
ever, it is not possible to sample a substantial part of configuration space, 
and the possibility exists that one samples many highly improbable config- 
urations. The way to avoid this problem is to generate a Markov chain of 
successive configurations with step probabilities pij to get from state i to 
statej. The probabilities pij  are chosen such that the stationary state of the 
chain has occupation probabilities in accordance with the canonical 
Boltzmann distribution law. It is also possible to simulate other thermo- 
dynamic ensembles, in which case the Boltzmann distribution has to be 
replaced by the appropriate probability distribution. Of course, the re- 
quirement just stated is not sufficient to completely specify the transition 
matrix p i j .  Among the possible choices for pi j  the most popular one, 
proposed by Metropolis et al. (1953), leads to the following scheme. 
Given a configuration, randomly generate a new one that differs not too 
much from the previous one and accept it as a sample point if its energy is 
lower than that of the previous state. If its energy is higher, accept it with 
probability exp(-p AVij>, where AVij = V(j)  - V(i). This method is very 
suitable for calculating static correlation functions. The calculation of 
thermodynamic properties is similar to that in the MD method; one can 
use the derivatives of the mean energy or the average fluctuations. An- 
other way is to connect the system reversibly to a model system whose 
properties are known. 

Both the MD and MC methods have some limitations that are mainly 
due to the finite size of the system and to the periodic boundary condi- 
tions. Generally, when the number of molecules is 100 or more, the fluctu- 
ations are sufficiently weak for the average properties to approach the 
bulk properties. Because of the periodic boundary conditions, however, it 
is impossible to study fluctuations with a wavelength that is larger than 
the length of the box. This is most unsatisfactory for two-dimensional 
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systems or for systems in the neighborhood of (second-order) phase tran- 
sitions, because in these cases the large-scale fluctuations constitute an 
interesting part of the theory. The same limitation holds in MD calcula- 
tions for the time-dependent correlations. These may contain spurious 
contributions when local perturbations are not sufficiently damped, so 
that they reappear because of the periodic boundary conditions. Another 
problem occurring especially in small systems is that they can be locked 
in a small region of phase space. Consequently, it is often difficult to 
locate phase transitions, because the system remains in a metastable state 
for a very long time. A third problem is that short-range and long-range 
interactions have to be included via different methods. 

B. The Mean Field Model 
Just as the self-consistent phonon method, the mean field approxima- 

tion (Kirkwood, 1940; James and Keenan, 1959) is based on the thermo- 
dynamic variation principle for the Helmholtz free energy: 

A,,, = A0 + ( H  - HO)O 2 A (95) 

The meaning of the symbols is explained in Section III,C [Eq. (83)]; 
H is the exact crystal Hamiltonian [Eq. (23)]. This time, however, we 
choose as the approximate Hamiltonian Ha a sum of single-particle Hamil- 
tonians: 

P 

In order to obtain the conditions on HyF(up, up) that guarantee that HO is 
the best possible Hamiltonian with the form of Eq. (96) in the sense that 
A,, adopts its minimum value, we vary every single-particle Hamiltonian 
by an arbitrary amount h p ( u p ,  wp):  
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This result can easily be obtained by writing the thermodynamic expecta- 
tion value of an arbitrary operator X as 

( X >  = Tr{Xp(H)} (99) 

p ( H )  = Z-le-P" ( 100) 

in terms of the density operator 

with 
Z = Tr e-BH 

To first order in the perturbation h, MVar must be zero, while to second 
order it must be positive for arbitrary h. In order to calculate AAVar and the 
density operator on which it depends, up to the second order, we can use 
the perturbation expansion 

exp{-p(HpMF + hp)} = exp(-pHpMF) 

with 

h> = exp(7HpMF)hp exp(-7HpMF) (102) 

This expansion lies also at the basis of the perturbation expansion given 
by Eq. (66). The time-ordering operator Torders the (imaginary) times q ,  
..., 7,. For brevity we have momentarily stopped indicating the depen- 
dence of all quantities on the coordinates up and up. Using the notation 
ppF = p(HpFj and (X)W = Tr(XppF), we readily derive 

(103) p(HpMF + h p )  = ppMF + Ap$) + App' + 
with 

The explicit expression for ApF) will not be needed. Using the perturba- 
tion expansion (101) in Eq. (98) we arrive, after some algebra (van der 
Avoird et al., 1984), at 

(105) AA"' + M'2' + ... 

c Tr{(Tp + Lp + VFF - HpF) Apj."} 

w a r  = var var 

with 

(106) 
L\A"' = 

var 
P 
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and 

AAL?& = c Tr{(TP + LP + V,“‘ - HFF) App’}  

+ j Tr{Ap$’VPp,  Apbl,,} 

P 

I 
P S P  

The kinetic energy operators TP = T(up) and Lp = L(op) are defined in 
Eqs. (25) and (26); the mean field potential is given by 

From the extremum condition that AA!,:/r should be zero for arbi- 
trary variations hP and thus for arbitrary changes App’ in the density 
operator, we derive the expression for the optimized single-particle 
Hamiltonian 

HpMF(up7 u p )  = T(up) + UW)  + 2 ( V P P . ( U P ,  w p ;  up., w , ) ) P ,  (10% 

This defines a set of equations for the mean field Hamiltonians HFF. 
These equations have to be solved self-consistently since the thermody- 
namic values within the angle brackets in (109) involve the mean field 
Hamiltonians HFF. In principle, all HPF can be different; in practice, we 
impose symmetry relations. Therefore, we choose a unit cell, compatible 
with the symmetry of the lattice introduced in Section II,D, and we put 
HFF equal to HyF whenever P‘ and P belong to the same sublattice. 
Moreover, we apply unit cell symmetry that relates the mean field Hamil- 
tonians on different sublattices. By using the symmetry-adapted functions 
introduced in Section II,B, the latter symmetry can be imposed as fol- 
lows. We select a set of molecules constituting the asymmetric part of the 
unit cell. Then we assign to all other molecules P’ Euler angles W P r  
through which the mean field.Hamiltonian of some molecule P in the 
asymmetric part has to be rotated in order to obtain HFF. As a result, we 
find 

P C P  
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m,. = c (c~o)PD!!n(w 
n 

(1 10) 

(G$)P~  = 2 (GL')PD',D,(GP,) 

If we substitute these transformation relations into Eq. (109), we observe 
that the latter equation involves only the mean field Hamiltonians of the 
molecules in the asymmetric part of the unit cell. 

In order to perform the calculations in practice, we introduce a basis 
in which we diagonalize the mean field Hamiltonians. The density oper- 
ators pp"" become diagonal, too, and the calculation of the thermo- 
dynamic averages is obvious. The most convenient basis consists of the 
products 

n 

D $ , ~ ~ ( o P ) * ~ L , ( u P )  (111) 

of Wigner functions D$,,,(o) and three-dimensional harmonic oscillator 
functions 

with 

The functions SE) are tesseral (i.e., real combinations of spherical) har- 
monics, LP are Laguerre functions, and T(a)  are gamma functions (Powell 
and Craseman, 1961); k is restricted to 0 5 k 5 n and it must have the 
same parity as n. The constant A,  in the case of a finite basis, can be used 
to optimize this basis. The matrix elements required in this basis can be 
easily computed from Eq. (14) and the relation 
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with 

ai = +(,i - ki), b; = k; + 4 
c = f ( k l  + k2 + a + l) ,  d = max(al + b l ,  a2 + b2) - c 

Lax = min(a1, a21 
d if c is half-integer and d > 0, 

0 otherwise, 
1 .  nun = (  

The factor u2 in the integrand originates from the volume element in u 
space. Matrix elements of the translational kinetic energy operator T(up) 
follow from the identity 

(1 15) 

The operator between the brackets is the harmonic oscillator Hamilto- 
nian, which has the basis functions (1 12) as its eigenfunctions; the remain- 
ing term is taken into account via Eq. (1 14). The rotational kinetic energy 
operator L(wP) [Eq. (26)l can be written in terms of the shift operators 
J+  = J,  T i Jb  and the operator J ( . ,  which act on the basis as 

-A(uP) = A2[-A(Aup) + A2u;] - A4u2 P 

At this point let us make a remark concerning the size of the basis. In 
order to obtain convergence, one must sometimes include (Briels et al., 
1984) basis functions with high values of I and n. High values of 1 are 
needed in particular when the orientations of the molecules are fairly well 
localized. This leads to a rapidly increasing size of the basis. Two mea- 
sures can be taken to simplify the problem. First, one can adapt the basis 
of molecule P to the site symmetry at P, which block-diagonalizes the 
secular problem. If this does not sufficiently reduce the problem, the 
mean field model Hamiltonian (96) can be further separated by writing 

(1 17) 

As a result, we now have two “particles” at every lattice point P, one 
translating and one librating. Expressions for the separate mean field 
Hamiltonian can be derived as before. The translating particle experi- 
ences the mean field of all its neighbors, translating and librating, and of 
its accompanying librating particle; for the librating particle this relation 
holds in reverse. The advantage of this separation is that the basis to be 
used in any cycle of the iterative mean field calculation is either a pure 
translational basis or a pure rotational basis, and the secular problems are 

H,MF(UP, W P )  = H ; ( U P )  + H;(wP) 
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much smaller than before. The price that we pay is the neglect of correla- 
tion between the single-particle translations and librations. This correla- 
tion is recovered in the RPA calculations described in the following sec- 
tion. 

Once we have obtained the mean field Hamiltonians, we can calculate 
the thermodynamic properties of the system. The free energy can be 
found from Eq. (95) and other quantities follow from it: 

1 
A = -kBT c In ZFF - - 

s = - - - -  

(V,""), 
P 2 ,  

- k g  2 In ZFF + T-I (HFF)p (1 18) 
aA 
aT P P 

1 
E = A + TS = 2 (HpMF)p - 2 c (V,MF)p 

P P 

The mean field partition function is ZyF = Z(HFF). In order to obtain the 
entropy in its final form, we have used the relation 

which follows from Eq. (109). 

solution, we first describe the RPA formalism. 
Before we discuss the stability condition AAFir 2 0 on the mean field 

C. The Random Phase or Time-Dependent Hartree Approximation 

with a set of single-particle states 
The mean field model outlined in the preceding section provides us 

H,M"IIjljpU)) = EjpU)I$jpU)) ( 120) 

from which we construct the crystal states 

For all a p  equal to zero, Eq. (121) represents the ground state of the 
crystal. In order to keep the equations as simple as possible, we have 
again stopped explicitly indicating the coordinates on which all functions 
and operators depend. When the mean field Hamiltonian has the form of 
Eq. (1 17), the index P, from now on, must be interpreted as P = {n, i, K } ,  
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where K = T, L distinguishes between the translating and librating “parti- 
cles.” 

The shortcoming of the mean field method is that it admits no correla- 
tion between the motions of the individual particles. This correlation can 
be introduced by means of the random phase approximation (RPA) or 
time-dependent Hartree (TDH) method. In order to formulate this 
method, we introduce excitation operators ( & I t ,  which replace I,@) by 
I,!$’ when applied to the mean field ground state of the crystal; when 
applied to any other state, they yield zero. Then, we write the Hamilto- 
nian as a quadratic form in the excitation operators (E;)+  and their Hermi- 
tean conjugates E; 

H = cc c {A*,:$,(E*,)tE$ + B;;$(E*,)t(E$,)t + (B:,$,)*E;E$} (122) 
P f P ‘  (l.d 

Linear terms are absent because of the Brillouin theorem. The coeffi- 
cients A:,$, and B Z :  can be calculated by equating the nonzero matrix 
elements of the RPA Hamiltonian [Eq. (122)], in the basis of Eq. (121), to 
the corresponding matrix elements of the exact Hamiltonian [Eq. (23)] in 
the same basis. From the translational symmetry of the mean field states it 
follows that the A and B coefficients do not depend on the complete labels 
P = {n, i, K} and P‘ = {n’, i’, K’}, but only on the sublattice labels {i, K} 
and {i’, K’}. The second ingredient of the RPA formalism is that we 
assume boson commutation relations for the excitation and de-excitation 
operators (Raich and Etters, 1968; Dunmore, 1972). 

The RPA Hamiltonian [Eq. (122)] can be easily diagonalized. A partial 
diagonalization is already obtained by writing it in terms of operators 

(123) 
1 

C N  
E:K(q) = - 2 exp(iq - RX*, 

with P = {n, i, K}, adapted to the translational symmetry of the crystal. 
Just as in Section III,A, the commutation relations are preserved under 
this transformation. The next step is to define operators a:(q) that repre- 
sent the exact excitation operators of the crystal, which satisfy the equa- 
tions of motion 

Expressing these operators as 



172 W. J. Briels eta/. 

leads to the RPA eigenvalue problem for the coefficients x:,;,~ and Y : , ; , ~ :  

+ a;,? 8 K . K ;  C C (+~ '~ l~~ l ( v~o . i ) cn , , .~~ )Q.Q, . l+~ '+~~ ' )  (128) 

with P = (0, i, K} ,  P' = {n, i f ,  K ' } ,  {n", if', K } ,  P,. = (0, i, K,}, K ,  is the 
complement of K and I +$%,@) = I I,!!& I$)>. When the mean field problem 
is separated for the translations and librations, as reflected by Eq. (1  17), 
the matrix @(q) will have a block structure. The blocks QW(q) and aLL(q) 
correlate the translational and librational motions of the molecules, re- 
spectively, and the off-diagonal blocks OTL(q) and aLT(q) account for the 
translation-rotation coupling. The second term of the elements of the 
latter matrices, given by Eq. (128), includes the coupling between the 
single-particle librations and translations. The eigenvalues in Eq. 
(126) provide the excitation energies of the crystal. The eigenvectors can 
be conceived as the polarization vectors that, in general, correspond to 
mixed translational-rotational modes. In using a quadratic Hamiltonian, 
the RPA model is similar to the harmonic model. The motions in the RPA 
model can be strongly anharmonic, however; they may even be hindered 
rotations. 

The RPA formalism that we have just presented only applies at zero 
temperature. It is possible, however, to derive similar eigenvalue equa- 
tions for the excitation frequencies wA(q) by means of the time-dependent 
Hartree method (Fredkin and Werthamer, 1965; Huller, 1974; Jansen et 
al., 1984). The TDH equations are valid for finite temperature; in the limit 
of T+ 0 K, they become identical to the RPA equations. The TDH matrix 
that replaces the RPA matrix in the eigenvalue equations (126) can be 
written as 

n" i" 
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(131) (PI (a') ($g)$x? I ( v{O.il In".i"} )Q.  Q, I $ P $ P, ) 

while P is a diagonal matrix containing population differences: 

Pa,P,;,K;a'.p',i',K' = 8a.d a,$, a;.;, &,K' [PP' - PF'I (132) 

with 

Pip") = ($(p")lpFFl$lp")) = exp(-pEip"))/z exp(-PE!$) (133) 

In the limit of T + 0 K, Pp) = 1 and P(pp) = 0 for P > 0; the matrix P 
becomes the unit matrix I, and obviously, the TDH matrix M(q) given by 
Eqs. (129) to (132) reduces to the RPA matrix [see Eqs. (126)-(128)l. 

(I 

D. Stability Conditions for the Mean Field Solution 
Just as there exist the so-called Thouless stability conditions on the 

Hartree-Fock solutions in nuclear physics (Thouless, 1960, 1961; Rowe, 
1970) and in quantum chemistry (CiBek and Paldus, 1971), one has stabil- 
ity conditions on the mean field solutions in lattice dynamics problems 
(Fredkin and Werthamer, 1965). The mean field solutions are obtained 
from the condition AAb% = 0 (see Section IV,A). They are stable; i.e., 
they correspond with a local minimum in the free energy if AAb;r > 0. 
Substituting the mean field solution (109) into the equation (107) for 
AAfA, the term with ApF) vanishes and we can express the stability 
condition as 
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This condition must hold for arbitrary variations h p  , with the correspond- 
ing changes in the density operators Ap!) as given by Eq. (104). Writing 
Eq. (134) in the main field basis I+!$) and substituting the matrix elements 
of Eq. (104) in this basis, we find 

The matrix elements of the variations in the density operators Apt’ can be 
interpreted as arbitrary variation coefficients 

The second-order change in the free energy AA!,’a, thus appears to be a 
quadratic form in these coefficients. If AAl‘a, has to be positive for arbi- 
trary variation coefficients c , , ~ , ~ ,  the Hessian of this form has to be posi- 
tive definite. By Fourier transforming the coefficients, the Hessian can be 
block-diagonalized with blocks 

Mq)+ f(q) - g Wl)+ ( 1  37) 

@(q) +(q) @(q) - x 1 @(q) - x 449) 

which each have to be positive definite. The matrices x and @(a) are 
defined in Eqs. (130) and (131); the other submatrices have similar defini- 
tions (van der Avoird et al., 1984), which are not relevant for the conclu- 
sion, however. Not only the matrices (137) have to be positive definite, 
but also all of their diagonal submatrices, in particular the matrices N(q), 
defined in Eq. (129), which we obtain from Eq. (137) by omitting the 
central rows and columns. From Eq. (129) it is not difficult to demonstrate 
that the eigenvalues of N(q) will all be positive if and only if the eigen- 
values of M(q), which are the RPA frequencies, are all real (van der 
Avoird et al., 1984). In that case the matrix N(q) is positive definite. 
Therefore, we find the following stability condition: AAyJr will only be 
positive, i.e., the mean field solution will only be stable, if the matrix N(q) 
is positive definite. This implies that all TDH frequencies must be real. If 
at least one of these frequencies is complex, and one can prove that it will 
be purely imaginary, one finds negative eigenvalues of N(q) and one can 
choose variations Aps’ around the mean field solution pFF that make 
AALc negative. In that case, the mean field solution does not correspond 
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to a local minimum in the free energy, but to a saddle point [or even a 
maximum if all eigenvalues of N(q) would be negative]. Following the 
direction(s) indicated by the variations that make AAb2r negative, one can 
find a mean field solution of lower free energy. 

V. Molecular Motions in Solid Nitrogen 
Solid nitrogen is a very suitable system to illustrate the various lattice 

dynamics theories and to verify how well they describe the different 
motions that molecules can perform in a solid. Nitrogen has ordered 
phases in which the molecules librate around well-defined equilibrium 
orientations, as well as plastic, i.e., orientationally disordered, phases. In 
the latter case, the x-ray and neutron diffraction studies (Streib et al., 
1962; Jordan et al . ,  1964; Schuch and Mills, 1970; Powell et al., 1983) 
cannot determine the molecular orientations, and the nature of the molec- 
ular motions [i.e., (hindered) rotations or precessions or jumps between 
different equilibrium orientations] is still uncertain (Schuch and Mills, 
1970; Press and Huller, 1978; Powell et al., 1983). Even in the ordered 
phases the amplitudes of the molecular librations are not very small, 
however, especially near the order-disorder phase transition, where “ori- 
entational melting” takes place. The ordered a and y phases that exist at 
low temperature for pressures below and above 4 kbar, respectively, and 
the plastic /3 phase that occurs above T = 35.6 K (at zero pressure) have 
been subject to many experimental investigations. The structures of these 
phases are shown in Fig. 1. The results prior to 1976 have been collected 
by Scott (1976). Additional data are still becoming available, and new 
phases that are stable at higher pressures have been discovered (LeSar et 
al., 1979; Cromer et al . ,  1981), for which the molecular ordering is not as 
yet well established. All the lattice dynamics methods that we have de- 
scribed in Sections I11 and IV have been applied to the a and y phases, the 
methods of Section IV also to the /3 phase. In this section we discuss the 
most characteristic results and compare them, with some emphasis on the 
formalism developed by ourselves, which holds both for small- and large- 
amplitude motions. 

A. Theory for Linear Molecules 
The orientations of linear molecules, relative to the global frame, can 

be specified by two Euler angles w p  = {&, 4p} ;  the symmetry-adapted 
functions G ~ ) ( w p )  that occur in the intermolecular potential [Eq. (131 
reduce to Racah spherical harmonics C $ ) ( B p ,  4 p ) .  If the molecules pos- 
sess a center of inversion such as N2 (when we disregard the occurrence 
of mixed isotopes I4NI5N, the natural abundance of I5N being only 0.37%), 
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a-N2,Pa3 (Z=&) 
a = 5 . 6 ~  A 

L 

t 

Fig. 1. Crystal structures of (a) a-, (b) p-, and (c) y-nitrogen, according to Scott (1976). 
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Fig. 1. (Continued) 

just the even f values occur. The expression (26) for the rotational kinetic 
energy becomes simply 

UW) = w e p ,  + p )  (138) 

with the rotational constant B = (2Z)-I = (2pr;)-I. For 14Ni4N the aver- 
age internuclear distance ro = 1.094 A, the reduced mass p = 7 amu, and 
B = 2.013 cm-l. The Wigner D ~ ! , ( w p )  functions in the orientational basis 
[Eq. ( I  1 I ) ]  can also be replaced by spherical harmonics C : l ’ ( O p ,  + p ) ,  with 
further restrictions on f depending on the nuclear permutation-inversion 
symmetry, which is related to the nuclear spin species. Therefore, for I4N 
the nuclear spin Z = 1 and the 14N14N molecules can be classified as ortho- 
N2 with I = 0 or I = 2, and rotational basis functions with even 1, and 
para-N2 with Z = 1 and a rotational basis with odd 1. In lattice dynamics 
calculations (Dunmore, 1972; Jansen et al., 1984; van der Avoird et al., 
1984), one has assumed that the crystal is composed of pure ortho-N2 or 
pure para-Nz. The difference between the libron frequencies for ortho 
and para crystals is a measure for the quenching of the free N2 rotations, 
i.e., the degree of orientational localization, caused by the rotational bar- 
riers from the anisotropic potential. In most cases, except for the deloca- 
lized solutions in @nitrogen (van der Avoird et af., 1984), one has found 
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very small ortho-para differences, which indicate a rather strong locali- 
zation. 

B. Results from Harmonic and Quasi-Harmonic Models 
A large majority of the lattice dynamics calculations on nitrogen have 

employed the harmonic model. Naturally, these calculations concern the 

TABLE IIIA 

LATTICE FREQUENCIES IN a-N2 ( IN CM-I), T = 0 K, p = 0 

Semiempirical Ab initio 
Experiment" harmonicb harmonicc SCPc RPAd 

Librations 

Translational 
vibrations 

Mixed 

5.644 

32.3 
36.3 
59.1 
46.8 
48.4 
54.0 
69.4 

21.8 
31.9 
46.8 
54.9 
62.5 

5.644 

37.5 
47.1 
75.2 
45.9 
47.1 
54.0 
69.5 

29.6 
40.6 
51.8 
59.0 
66.4 

5.61 1 

42.4 
52.9 
11.7 
52.8 
52.6 
58.9 
78.8 

34.9 
46.4 
59.1 
64.4 
7213 

5.796 5.699 

41.1 31.0 
50.7 41.0 
13.1 68.0 
49.2 41.2 
49.0 48.8 
54.1 55.6 
73.3 73.1 

32.1 21.6 
43.8 39.1 
55.8 50.2 
60.4 59.1 
67.6 66.5 

33.9 34.4 37.1 34.7 34.4 
34.1 35.1 39.2 36.5 35.8 
68.6 68.3 17.6 12.3 72.3 

Translational 
vibrations 

43.6 
41.2 Librations 

rms deviation 

rms deviation 

rms deviation 

of librational frequencies 

of translational frequencies 

of all lattice frequencies 

50.1 
57.8 

58.1 55.2 41.9 
61 .O 58.4 50.8 

10.6 14.8 12.2 5.0 

0.6 6.3 2.4 2.1 

6.1 10.4 7.6 3.4 

From Kjems and Dolling (1915). 
From Raich and Gillis (1977). 
From Luty e t a / .  (1980). 
From Briels ef a/ .  (1984). 
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ordered a and y phases, although sometimes the translational vibrations 
in the p phase have been considered, too, with the molecular rotations 
neglected. The only nontechnical difference between these harmonic 
treatments lies in the potentials used, which are practically always empiri- 
cal model potentials mostly of the atom-atom and/or quadrupole-quadru- 
pole type (see Section 11). It is generally believed that, particularly, the 
phonon frequencies are very sensitive to the shape of the intermolecular 
potential, the translational frequencies to its distance dependence and the 
librational modes to its anisotropy. The experimental phonon frequencies 
from infrared and Raman spectroscopy (for wave vector q = 0) and from 
inelastic neutron scattering (for any q) have been used to optimize the 
parameters in the model potentials. As an example of the most sophisti- 
cated work of this type, we quote the paper by Raich and Gillis (1977). 
The results listed in the second columns of Tables IIIA and IIIB are 
characteristic: fairly good agreement with experiment for the pure transla- 
tional phonon frequencies and substantially worse agreement for the li- 
brational modes even after optimizing the parameters. The discrepancy 
has been ascribed to the strong anharmonicity and rather large amplitudes 
of the librations, even at the lowest temperatures. A study by Luty et al. 
(1980) using a nonempirical N2-N2 site-site potential obtained from quan- 
tum-chemical ab inifio calculations (Berns and van der Avoird, 1980) 
yields similar results (see the third columns of Tables IIIA, B). The over- 
all agreement in the ab initio treatment, which involves no parameter 

Semiempirical Ab initio 
Experiment" harmonicb harmonic' SCP' RPAd 

3.957 3.940 4.032 4.100 3.961 
c ('4, 5.109 5.086 5.000 5.188 5.104 
a ('4) 

r(o,o, 0) 
55.0 50.5 60.1 58.7 67.6 

74.8 89.2 87.9 103.3 
105.1 111.2 108.6 124.4 

65.0 58.3 71.4 68.7 65.2 
103.1 113.8 110.9 114.9 
14.2 7.0 6.6 7.9 

Librations { :: 98.1 

Translational 
vibrations 

rms deviation 
12" 

4 From ThiCry and Fabre (1976) and Fondtre et a/ .  (1981). 
From Raich and Gillis (1977). 
From Luty et a/ .  (1980). 
From Briels et al. (1980). 
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optimization, is slightly worse. We shall illustrate, however, that this is 
largely due to the harmonic approximation made in the lattice dynamics 
calculation. We observe, at this point, a weakness of the semiempirical 
procedure: optimizing a parameterized potential by comparing approxi- 
mate, mostly harmonic, lattice dynamics results with measured data 
might lead to incorrect potentials and, at the same time, partly hide the 
flaws of the approximate lattice dynamics model. 

Harris and Coll (1972), Kobashi (1978), and Kuchta and Luty (1983) 
have used anharmonic perturbation theory (see Section II1,B) to study the 
effect of the cubic and quartic anharmonicities on the libron and phonon 
frequencies in a-nitrogen. The results are conflicting, however, and the 
shifts appear to depend very sensitively on the potential. Harris and Coll 
(1972), using only the quadrupole-quadrupole interactions, find a reduc- 
tion of the libron frequencies by about 12%, whereas Kobashi (1978), 
using a 12-6 atom-atom potential, finds an increase in all libron and 
phonon frequencies by 4 to 14 cm-l, i.e., 7 to 17%. Kuchta and Luty 
(1983), using a perturbed uncoupled oscillator model starting from the ab 
initio potential of Berns and van der Avoird (1980), obtain a decrease of 
the harmonic libron frequencies by 18 to 27%. The agreement of the latter 
results, after the perturbation correction, with experimental data must 
probably be regarded as fortuitous, however, since the anharmonic cor- 
rections for the librations are too large to be treated by perturbation 
theory up to the second order. 

A similar influence of the potential chosen occurs if one tries to calcu- 
late the anharmonic effects by the self-consistent phonon (SCP) method. 
The calculation by Raich et al. (1974) is based on the atomic version of the 
SCP method (see Section IIT,C). Using an empirical 12-6 atom-atom 
potential, they found a consistent increase of the harmonic phonon and 
libron frequencies by 3 to 10%. The calculation by Luty et al. (1980), who 
use the SCP method of Wasiutynski (1976) and the ab initio Nz-N2 poten- 
tial of Berns and van der Avoird (1980), yields a consistent lowering by 
about the same amount. It is striking (see Tables IIIA,B, fourth columns) 
that the ab initio results for the pure translational phonon frequencies in 
a- and y-nitrogen agree remarkably well with experiment, without any 
parameter optimization, while the librational frequencies and those of the 
mixed modes are still substantially too high. Apparently the anharmonic- 
ity in the distance dependence of the intermolecular potential, which 
affects the translational vibrations, is very well accounted for by the SCP 
method. The orientational dependence of the potential is strongly anhar- 
monic. In combination with the fairly large amplitudes of the rotational 
oscillations, this causes the SCP method to fail in describing the libra- 
tional motions. This failure may be related to the additional approxima- 
tions made in generalizing this method to molecular crystals. 
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Raich et al. (1974) and Goldman and Klein (1975) have applied the 
SCP method to the translational phonons in P-nitrogen. The molecular 
rotations were assumed to be completely free and the effective isotropic 
intermolecular potential used was a rotationally averaged, empirical 
atom-atom 12-6 potential. The results of such models that completely 
neglect any translation-rotation coupling are mainly of qualitative in- 
terest. 

C. Large-Amplitude Motions in the Ordered Phases 
Since it became clear from various observations that the librational 

motions of the molecules, even in the ordered a and y phases of nitrogen 
at low temperature, have too large amplitudes to be described correctly 
by (quasi-) harmonic models, we have resorted to the alternative lattice 
dynamics theories that were described in Section IV. Most of these theo- 
ries have been developed for large-amplitude rotational oscillations, hin- 
dered or even free rotations, and remain valid when the molecular orien- 
tations become more and more localized. 

Weis and Klein (1975) made classical molecular dynamics (MD) calcu- 
lations for 250 N2 molecules in a cubic box, with periodic boundary condi- 
tions. These molecules were initially arranged in the cubic Pa3 structure 
of a-nitrogen, and they were made to interact via a 12-6 atom-atom 
potential. The molecular motions were mainly characterized via the cal- 
culated dynamic structure factor S(q, m), which describes the response of 
the system to a transfer of momentum q and energy hw (see Section 
IV,A). Because for given wave vector q the peaks in S(q, m) can be 
identified with phonons, the results of these calculations could be com- 
pared with (quasi-) harmonic lattice dynamics studies. The phonon fre- 
quencies appeared to be substantially different from the quasi-harmonic 
results calculated with the same atom-atom potential, and the tempera- 
ture shifts of some of the peaks were much larger in the MD calculations. 
These differences and the corresponding peak broadenings have been 
ascribed by Weis and Klein to the occurrence of strongly anharmonic, 
large-amplitude motions that cause the breakdown of the quasi-harmonic 
model. At a temperature, of 35 K, close to the a-P phase transition point, 
the MD calculations even indicate the existence of “quasi-free” rota- 
tions. 

Jacobi and Schnepp (1972) and Raich (1972) were the first to develop a 
quantum-dynamical model for the large-amplitude librations in a-nitro- 
gen. Their formalism is essentially described in Section IV,C. They first 
calculated single-molecule mean field states that may be localized as well 
as delocalized, depending on the height of the rotation barriers from the 
anisotropic potential. These states were used to construct a basis of exci- 
tonlike wave functions for the whole crystal. The final step in their calcu- 
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lation, the diagonalization of the full-crystal Hamiltonian in this basis, 
amounts to diagonalizing the upper left block of the RPA matrix, Eq. 
(126). Therefore, this theory is more approximate than the RPA formal- 
ism; one of the consequences is that it does not converge to the harmonic 
solution in the limit of an exactly harmonic crystal Hamiltonian. If the 
excitonlike model were applied to the translational phonons rather than to 
the librations, the acoustical modes would not go to zero frequency for 
q = 0. Employing the full RPA method, as described in Section IV,C, 
ensures the convergence to the correct limits; this method has been ap- 
plied to the librations in a-nitrogen by Dunmore (1972, 1976), Raich et d. 
(1974), and Mandell (1974, 1975). 

All these authors have used semiempirical N2-N2 potentials, often 
simplified to the utmost by retaining only pure quadrupole-quadrupole 
interactions or atom-atom 12-6 interactions. Moreover, they have al- 
ways fixed the molecules with their centers of mass to the lattice points, 
thus neglecting the translational vibrations and the effects of libron- 
phonon coupling. We applied the RPA formalism to a- and y-nitrogen 
(Jansen et al., 1984) by using the ab initio potential of Berns and van der 
Avoird (1980). This potential was not approximated by a site-site model 
this time, but expanded in symmetry-adapted functions as in Section I1,B. 
In a subsequent paper (Briels et al., 1984) we extended the theory in order 
to account explicitly for the translational phonons and for libron-phonon 
coupling after expanding the crystal Hamiltonian as in Section I1,D. The 
extended formalism is described in Section IV,C. Since this treatment is 
more complete than any of the previous ones, we shall use its results as an 
illustration. 

We have started by assuming the observed lattice symmetry and by 
theoretically optimizing the cell parameters for the given ab initio poten- 
tial as follows. For a-nitrogen we have calculated the minimum of the free 
energy in the mean field approximation as a function of the cubic cell 
parameter a. This yields the optimum value a = 5.699 A, experimentally 
(Scott, 1976) a = 5.644 A, and the mean field lattice cohesion energy at 
T = 0 K of A E = 5.92 kJ/mol, experimentally A E = 6.92 kJ/mol. For the y 
phase we have calculated the free energy A for several values of the 
tetragonal cell parameters a and c and fitted A(a ,  c)  by a second-order 
polynomial. On each curve of constant molar volume u = Na2c/2, we 
have determined the optimum a and c by minimizing A. Using the opti- 
mum points and the corresponding free energies, we have calculated the 
pressure as p = -dA/dv. Thus we found at p = 4 kbar that a = 3.961 A 
and c = 5.104 A, in excellent agreement with the experimental values a = 
3.957 A and c = 5.109 A (Scott, 1976). 

The mean field approximation yields a picture of the single-molecule 
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motions as determined by the anisotropic ab initio potential. The orienta- 
tional probability distributions in a- and y-nitrogen are shown in Fig. 2a,b, 
respectively. We clearly observe that the librations of the molecules in the 
a phase are localized about the cubic body diagonals, i.e., the [ I ,  I ,  I ]  
direction and three equivalent directions. In y-nitrogen the N2 molecules 
appear to librate about the [ 1, I ,  01 and [ 1, -1, 01 directions. Both these 
findings agree with experiment, cf. Fig. 1. For temperatures up to at least 
40 K, these pictures remain qualitatively similar. The amount of delocali- 
zation is measured by the decreasing order parameter S = ( P ~ ( c o s  8 ) )  (see 
Fig. 3), with 8 now defined relative to the equilibrium axis. Even at T = 
0 K the root-mean-square amplitude of the librations is already substan- 
tial, however, about 16“ in the a-phase. Similar parameters, including the 
translational vibrations, are listed in Table IV. We observe that the rnolec- 
ular motions, both librational and translational, in y-nitrogen at p = 4 kbar 
are more restricted than in the a phase, at zero pressure. 

After calculating the ground and excited mean field states of a- and y- 
nitrogen, we have included the correlation between the molecular mo- 
tions, as well as the translational-rotational coupling, by determining the 
eigenvalues of the RPA matrix M(q) [Eq. (129)l. The expansion of the 
potential in the translational displacements (up) of the molecules [see Eq. 

TABLE IV 

TRANSLATIONAL AND L~BRAT~ONAL AMPLITUDES FROM 

MEAN FIELD CALCULATIONS 

a-N2 T = O K  p = O  

( u p  = 0.100 A 

(u:,)”’ = 0.087 b; 

UII = U[I.I.OI 

U l r  = ~ [ O . O , I ]  

(U:&)I /z  = 0.086 b; U l a b  = U[I.-I.O] 

( U ~ ) I / ~  = 0.159 b; 

arccos((cos’ f3)I /?  = 12.9” 
asymmetry parameter (rotation out of oh plane - rotation 

(sin2 0(sin2 rp - cos2 rp)) 
(sin2 0) 

= 0.05 in ab plane): 
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2 
Y-N, groundstate I $ 1  

T=OK 

Fig. 2. Orientational probability distributions of the molecular axes in (a) a-nitrogen and 
(b) y-nitrogen. Contours of constant probability for the molecule in the origin, calculated in 
the mean field model, are plotted as functions of the polar angles (6, 4) with respect to the 
crystal axes (Fig. 1). The angle 6 increases linearly with the radius of the plots from 0 (in the 
center) to d 2  (at the boundary); I$ is the phase angle. 



Dynamics of Molecular Crystals 185 

<cos2 

0.920 

0,910 

0.900 

0.890 
0 10 20 30 40 

T ( K 1  
Fig. 3. Temperature dependence of the (mean field) order parameter in cr-N2. 

(40)l has been truncated at three different levels. Taking amax = 2 corre- 
sponds to a harmonic model for the translational phonons; taking amax = 3 
and amax = 4 includes the cubic and quartic anharmonicities, respectively. 
The orientational (up) dependence of the ab initio potential has always 
been included exactly, which is important because of the large amplitude 
of the librons. Some typical results are shown in Table V. The size of the 
anharmonic corrections to the translational phonon frequencies is compa- 
rable with that of the self-consistent phonon corrections calculated with 
the same ab initio potential (Luty et al., 1980); the corrected frequencies 
agree equally well with experiment. There is an important difference, 
however, between our RPA formalism and the SCP method. The latter 
neglects those terms in the potential that depend on the odd powers of the 
molecular displacements. The cubic terms have sometimes been added 
perturbationally (Goldman et al., 1968; Koehler, 1969), but not so by Luty 
et al. (1980). Our formalism includes the effects of the cubic terms directly 
in the mean field and RPA results. In a-nitrogen, however, because of the 
inversion symmetry, they vanish at the mean field level and have no effect 
on the purely translational phonon frequencies of Table V. In the mixed 
phonon-libron modes the cubic corrections mostly lower the frequencies, 
while the quartic corrections are always positive and dominant. 

We wish to emphasize that the most essential advantage of the RPA 
method discussed here over the previous (quasi-) harmonic treatments is 
the correct description of the large-amplitude libron modes and the mixed 
libron-phonon modes. This is reflected by the substantial anharmonic 
corrections in the frequencies of these modes; compare the last column of 
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TABLE V 

amax DEPENDENCE OF SOME RPA LATTICE FREQUENCIES FOR a-N2 
( a  = 5.644 /i, T = 0 K) 

Frequency o (cm-I) 

amax = 2" a,,, = 3 amax = 4 

I: Translations 

MI2 
Mi2 

Mixed M12 
Mi2 
MI2 

32.8 
43.4 
71.6 
42.3 
48.7 
55.7 
73.0 

28.8 
40.4 
52.2 
60.0 
67.0 

32.8 
43.4 
71.6 
42.3 
48.7 
55.7 
73.0 

25.7 
38.5 
51.7 
61.2 
68.6 

32.8 
43.4 
71.5 
50.6 
52.7 
60.2 
79.4 

28.8 
41.5 
53.3 
63.7 
72.0 

a Harmonic model for translations. 

Table I11 with the preceding columns. The new results calculated with the 
ab initio potential agree very well with the frequencies from inelastic 
neutron scattering (Kjems and Dolling, 1975) and from infrared and Ra- 
man spectroscopy (Thiery and Fabre, 1976; Fondere et al., 1981) for all 
types of modes. Also the phonon dispersion relations, displayed in Fig. 4, 
are in good agreement with the neutron-scattering data. Since most of the 
lattice modes are actually mixed libron-phonon modes, this indicates that 
the translation-rotation coupling is correctly included in the RPA for- 
mali sm. 

D. The Plastic Phase and the Orientational 
Order-Disorder Phase Transition 
Lattice dynamics calculations on the plastic @-nitrogen phase are rela- 

tively scarce because, obviously, the standard (quasi-) harmonic theory 
cannot be applied to this phase. Classical Monte Carlo calculations have 
been made by Gibbons and Klein (1974) and Mandell (1974) on a face- 
centered cubic (a-nitrogen) lattice of 108 N:! molecules, while Mandell has 
also studied a 32-molecule system and a system of 96 Nz molecules on a 
hexagonal close-packed (@-nitrogen) lattice. Gibbons and Klein used 12-6 
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Fig. 4. Calculated (TDH) dispersion curves for a - N 2 ,  for phonon-libron modes propa- 
gating along the [110] direction. The circles correspond to inelastic neutron scattering data 
measured at T = 15 K by Kjems and Dolling (1975). 

and 9-6 atom-atom potentials and fairly high temperatures, T = 96 and 
192 K; they found only complete orientational disorder. Mandell made his 
NZ molecules interact as pure point quadrupoles, and he showed that even 
the smaller 32-molecule system already yields a fairly realistic order- 
disorder phase transition. 

Another simple, quantum-mechanical, model for the phase transition 
has been proposed by Raich and Etters (1972). They studied N2 molecules 
on an fcc lattice, again interacting as pure point quadrupoles. Using a 
mean field model for the librations in the a phase, a free rotor model for p- 
nitrogen, and calculating the corresponding free-energy curves, they 
found an a-p phase transition at somewhat too high a temperature. This 
model has been refined by Raich et al. (1974) and Goldman and Klein 
(1979, who applied the self-consistent phonon method to the translational 
and librational motions in the a phase and to the pure translational 
phonons in the p phase (cf. Section V,B). The rotational motions in p- 
nitrogen were still assumed to be completely free, however, and any 
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translation-rotation coupling was neglected. Classical molecular dy- 
namics calculations by Klein et al. (1977, 1981) on a 288-molecule model 
for p-nitrogen at T = 47 K indicate that this coupling is probably impor- 
tant, since the translational phonon frequencies derived from these MD 
calculations, while using the same 12-6 atom-atom potential, are sub- 
stantially different from the SCP results of Raich et al. (1974). The rota- 
tional motions in the p phase were found to be “quasi-free” in the classi- 
cal MD model. 

Finally, we discuss the mean field and RPA calculations made on p- 
nitrogen (van der Avoird et al., 1984) by using the ub initio potential of 
Berns and van der Avoird (1980) again. We started our calculations on 
this phase, just as those for a- and y-nitrogen, by assuming the experi- 
mentally observed lattice symmetry. Thus, the two molecules in the hex- 
agonal unit cell (see Fig. 1) were given translationally equivalent mean 
field solutions. The orientational probability distribution that results for 
the pure ortho-N2 crystal is shown in Fig. 5a. The ground state of the 
para-Nz species is twofold degenerate; the average probability distribu- 
tion 61J1,I2 + 414121~  is similar to Fig. 5a. This picture suggests that the 
orientational motions in P-nitrogen are quasi-free precessions around the 
crystal c axis, modulated by small sixfold barriers. In accordance with the 
ideas of Press and Huller (1978) and the earlier mean field calculations by 
Dunmore (1976), the precession angle 0 between the molecular axis and 
the c axis is not sharply defined, but it shows a rather broad distribution 
with the maximum at the “experimental” value of 6 = 56” (Scott, 1976). 

The mean field ground state yielding this delocalized picture appeared 
to be unstable, however. This could be concluded from the ensuing RPA 
calculations yielding imaginary libron frequencies and the stability condi- 
tions in Section IV,D. We have searched for a stable mean field solution 
by independently varying the orientational wave functions of the two 
molecules in the unit cell, and we have indeed found such a solution, 
which is lower in (free) energy by 0.87 kJ/mol than the previous deloca- 
lized solution at T = 0 K. In this new solution the orientations of the N2 
molecules are clearly localized (see Fig. 5b). They librate about an equi- 
librium axis that makes an angle of 52” with the crystal c axis. The equilib- 
rium axes for the two neighboring molecules in the hexagonal unit cell are 
not the same, but they are rotated through 180” about the c axis. This 180” 
rotation avoids the steric hindrance between neighbors that would occur 
when the molecules were freely precessing (Schuch and Mills, 1970) and, 
thus, leads to the lower free energy. 

The problem with this localized, stable, mean field solution is that it 
has a much lower symmetry than the experimentally observed hexagonal 
symmetry of P-nitrogen. We have conjectured that the higher symmetry is 
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2 
P-N, groundstate I $ 1  

T = O K  

(b) Y 

X 

2 p- N, groundstate I$ I 
T= OK 

Fig. 5. Onentational probability distribution of the molecular axes for the delocalized 
(a) and localized (b) mean field states in P-nitrogen. (a) applies to both molecules in the unit 
cell. (b) is drawn for one molecule in the unit cell; the other molecule in the cell is rotated 
over I$ = 180". The distribution does not change qualitatively up to (at least) T = 70 K; it 
just becomes slightly wider with increasing temperature. Reading of the contour plot as in 
Fig. 2. 
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observed because of rapid jumps of the molecular axes between six local- 
ized librational states of the type found in the final mean field calculation. 
The six equilibrium axes will be located at 6 = 52" and 4 = 0", 60", 120", 
180", 240", and 300". The characteristic time for these jumps should be less 
than the inverse frequency of the nuclear quadrupole resonance measure- 
ments (de Reggi et d., 1969), i.e., about lO-'sec. In order to preserve the 
lower energy of the stable mean field solution, the jumps of neighboring 
molecules must be correlated; two neighbors have the tendency to remain 
180" out of phase in their 4 angles. 

With the different models emerging for the molecular motions in the p 
phase and the mean field model for localized, large-amplitude librations in 
the a phase (see Section V,C), we have studied the a+? phase transition. 
The calculated free-energy curves corresponding with these models are 
shown in Fig. 6. The free energy for the delocalized precession model of 
P-nitrogen decreases much more steeply, with increasing temperature, 
than that for a-nitrogen. This is caused by the spectrum of the delocalized 
P-Nz model being like a free rotor, with considerably smaller excitation 

A ( k J  mol-') 

-5.8 I- 

-6.0 

-6.2 

-6.L 

- 6.6 

- 6.8 

- 7.0 

I I I I I I I 

0 10 20 30 LO 50 60 80 
T (K) 

Fig. 6. Free energy (at zero pressure) for a-nitrogen and P-nitrogen, in different mean 
field models (closed lines). The dashed free rotor curve has been calculated from the iso- 
tropic ( I I , ~ , ,  1 3 )  = (0, 0,O) term of the ab initio potential by adding the free rotor expression 
for the free energy. The dashed jump model curve has been obtained from the localized 
mean field solution (with the full anisotropic potential) by adding an entropy term -ksT In 6 
(see the text). 



Dynamics of Molecular Crystals 191 

energies than the harmonic oscillatorlike spectrum of a-NZ. As shown in 
Fig. 6, a free rotor model for @-N2 yields almost the same free-energy 
curve as the delocalized precession model. However, both these models 
cannot give a free energy lower than that for a-N2, and thus a phase 
transition, at any reasonable temperature. On the other hand, the local- 
ized librational solution for @-N2 is much lower in energy, but its free- 
energy curve does not sufficiently fall off with temperature to cross the 
a-N2 curve. Now we invoke the jumps of the molecules between the 
localized solutions. Ignoring, for the moment, the correlations between 
these jumps and assuming that each molecule has access to six localized 
states yields an entropy term -kBT In 6. Adding this term to the free- 
energy curve of a particular localized solution leads to the curve in Fig. 6 
marked “p-Nz jump.” This model predicts an a-p phase transition tem- 
perature of 34 K, very close to the experimental value T = 35.6 K. 

Starting from the localized mean field wave functions, we have also 
calculated the libron frequencies in p-nitrogen via the RPA formalism. All 
frequencies appeared to be real, as they should be for a stable mean field 
solution. The infrared spectrum (Medina and Daniels, 1976) shows two 
very broad peaks around 25 to 36 cm-I and 50 to 68 cm-’, depending on 
the pressures. The first one has been interpreted as a translational phonon 
band, the second one as a libron band. Neutron scattering (Kjems and 
Dolling, 1975) yields broad peaks at 25 and 64 cm-I attributed to transla- 
tional phonons. We have calculated optical libron frequencies of 34, 41, 
56, and 59 cm-I. The observed broad peaks may well contain these libron 
excitations in addition to the translational phonon bands. We assign the 
broadening of these peaks to the occurrence of more or less random 
transitions, classically called jumps, between the different localized libron 
states. 

In summary, we think that our calculatibns suggest a model with local- 
ized librations and 60” jumps for the orientational motions in @-nitrogen. 
This model gives a reasonable account of the a-p phase transition and the 
libron spectrum of p-N2. A dynamical model for the 60” jumps, which 
must include strong short-range pair correlations, is still lacking, how- 
ever. Possibly this correlation can be introduced by using Jastrov func- 
tions (van Kranendonk, 1983). 

VI. Dynamics and Magnetism of Solid Oxygen 
Oxygen, with its 3& ground state, is one of the few stable molecules 

with a nonvanishing electronic spin momentum. The potential between 0 2  

molecules is not only determined by the usual van der Waals interactions 
occurring between closed shell molecules, but it contains, moreover, the 
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coupling between the electronic spins. In addition to their positional and 
orientational coordinates, the 0 2  molecules have an extra degree of free- 
dom: the orientations of their triplet spin momenta. Consequently, in the 
solid we must consider the molecular motions, translational and rota- 
tional, as well as the spin dynamics. 

This extra degree of freedom makes solid 02 one of the most interest- 
ing molecular crystals. Even at low pressure one finds three different 
phases: the a phase between 0 and 23.8 K, the p phase between 23.8 and 
43.8 K,  and the y phase between 43.8 K and the melting point at 54.4 K. 
These phases have structural as well as magnetic order. The a and p 
phases are orientationally ordered; the y phase is plastic. The a phase is 
antiferromagnetic, with the usual (spin up, spin down) two-sublattice 
structure; a-oxygen is the only homogeneous antiferrornagnet known. 
The p phase probably has short-range antiferromagnetic order with a 
three-sublattice 120" spin arrangement. The y phase is paramagnetic, just 
like liquid oxygen. Both in the a and p phases the molecules are packed in 
layers, the a-b planes, with their axes perpendicular to these planes (see 
Fig. 7). In the p phase this packing is hexagonal; in the monoclinic a 
phase the hexagons are slightly distorted by a contraction in the a direc- 
tion and a dilation in the b direction. This distortion is driven by the 
magnetic coupling: the a-p phase transition is called magnetoelastic. The 
spins in the a phase are preferentially directed in the *b directions. 

Fig. 7. Crystal structures of (a) a-oxygen and (b) @oxygen, according to De Fotis 
(1981). 
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The excitations in such a magnetic solid are not only due to the lattice 
vibrations, phonons, and librons, but also to the spin waves; the corre- 
sponding quasi-particles are called magnons. The magnetic excitations in 
a-O2 have been directly observed by infrared and Raman spectroscopy 
and by inelastic neutron scattering. In general, they determine, of course, 
the magnetic properties of the system, susceptibilities, spin flop pro- 
cesses, etc. They also affect other properties, though, such as the specific 
heat and the thermal expansion coefficients. For the experimental and 
theoretical work prior to 1981 we refer to De Fotis’s (1981) review, which 
begins by stating that “the magnetic, structural, thermodynamic and 
spectroscopic properties of the condensed phases of oxygen have been 
under study for nearly a century. Yet important aspects of their behavior 
remain poorly understood.” Work by Slyusarev et al. (1980, 1981), Gaidi- 
dei and Loktev (1981), Stephens et al. (1983), Meier et al. (Meier et al., 
1982; Meier and Helmholdt, 1984; Meier, 1984), Etters et al. (Etters et al.,  
1983; Helmy et al., 1984), and van der Avoird et al. (van Hemert et al., 
1983; Wormer and van der Avoird, 1984; Jansen and van der Avoird, 
1985) has provided additional information. 

A. Lattice Dynamics and Spin Wave Calculations 
Until very recently, the lattice vibrations in solid O2 and its magnetic 

properties have always been treated separately. As far as the packing in 
the crystal and the lattice vibrations are concerned, one can consider the 
O2 molecules as resembling N2. An important quantitative difference lies 
in the O2 molecule’s quadrupole moment, however, which is about four 
times smaller than that of N2 (in absolute value). This smaller quadrupole 
moment, together with the exchange coupling between the open-shell 0 2  

molecules (see the subsequent discussion), probably explains why the 
packing in the ordered a and @ phases of solid 0 2  (see Fig. 7) is very 
different from the ordered N2 structures (see Fig. 1) (English and Ven- 
ables, 1974; English et al., 1974). The lattice dynamics calculations that 
have been made for a- and @-oxygen (Kobashi et al., 1979; Etters et al., 
1983; Kuchta, 1985) are very similar to the standard harmonic calcula- 
tions made on solid nitrogen (see Section V); they have used empirical 
atom-atom 12-6 or exp -6 potentials. The calculated optical libron fre- 
quencies are generally in reasonable agreement with the experimental 
data. One important observation could not be explained by these calcula- 
tions, however, In @-oxygen there is a degenerate optical (q = 0) libron 
mode of Eg symmetry with a frequency of about 50 cm-I. This mode 
corresponds with the in-phase librations of all O2 molecules around the 
crystal a and b axes, and the degeneracy occurs because of the equiva- 
lence of these axes in the hexagonal p phase. When the hexagonal sym- 
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metry is distorted by going through the P-a phase transition, this mode 
will be split, in principle. The librations around the monoclinic b axis in 
a-02 have A, symmetry; those around the a axis have B, symmetry. The 
splitting actually observed by Raman spectroscopy is so large, however, 
that it cannot be explained by any of the lattice dynamics calculations. 
The experimental spectrum of a-02 shows two peaks at 43 and 79 cm-I, 
whereas the lattice dynamics calculations yield a splitting of about 10 
cm-I at most. The latter result is not surprising in view of the small 
structural distortion that accompanies the P-a phase transition. Most 
authors have assumed, therefore, that the A, and B, modes remain very 
nearly degenerate in a-02 and that the higher-frequency peak represents a 
two-libron, two-phonon, or libron-magnon transition. Experiments by 
Bier and Jodl(l984) indicate, however, that the mode at 43 cm-I is proba- 
bly the B, mode and the mode at 79 cm-' the A, mode. We shall give an 
explanation of this phenomenon in the next section. 

The magnetic properties of a-02, which is the most extensively stud- 
ied phase, have always been interpreted on the basis of the following 
phenomenological spin Hamiltonian: 

I 
Hspin = - 7 CC 2 J p p ' S p  * Sp + C (AS:p + BS:p) (139) 

P fP' P 

where z is the preferred magnetization axis, the b axis, the x axis is the 
orientation of the molecular axes (i.e., the crystallographic c* direction), 
and the y axis coincides with the crystal a axis. The first term in this 
Hamiltonian is the Heisenberg exchange coupling between the triplet 02 
molecules. The dominant, intersublattice exchange coupling is antiferro- 
magnetic, i.e., Jpp' < 0, and it occurs between a given molecule and its 
four nearest neighbors in the a-6 plane. In the more recent work, more- 
over, the in-plane intrasublattice coupling with the two next-nearest 
neighbors and the interplanar coupling with four additional neighbors 
have been included. The interplanar coupling was found (Burakhovich et 
al., 1977; Stephens et al., 1983) to be very weak, which makes a-oxygen, 
and P-oxygen, a quasi-two-dimensional magnetic system. The single-par- 
ticle term AS: is due to the intramolecular spin-orbit and spin-spin inter- 
actions; the free-molecule value of A is equal to 3.96 cm-' = 5.72 K. This 
term tends to keep the directions of the molecular spin momenta perpen- 
dicular to the molecular axes, such that in a- and P-oxygen the spins will 
lie in the a-b plane. The additional single-particle term SS: is then added 
ad hoc in order to impose the observed in-plane anisotropy that forces the 
spins to lie parallel to the b axis. Classical dipole models yielding the 
preferred magnetization axis and the order of magnitude of the empirical 
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B values suggest that the term BS: actually represents the magnetic di- 
pole-dipole interactions between the molecular spin moments. 

With the use of the phenomenological spin Hamiltonian [Eq. (139)], 
mean field and spin-wave calculations have been made that yield the 
observed magnetic, optical, and thermodynamic properties. The antifer- 
romagnetic spin-wave calculations are mostly based on the RPA method 
outlined in Section IV,C. The formalism is very simple in this case, be- 
cause the basis for every molecule consists only of the three triplet spin 
states. By taking the mean field ground state on each molecule and the 
first excited state, which provides the single magnon states, the RPA 
equations can be solved exactly for the magnon frequencies. The calcu- 
lated properties have been compared with experimental data and the cou- 
pling constants J ,  A ,  and B in the Hamiltonian (139) have thus been 
determined empirically. The situation is not very satisfactory, however, 
since the various semiempirical studies on a-02 have yielded substantially 
different sets of coupling constants, depending on the type of experimen- 
tal data fitted. The discrepancies have been pointed out most clearly by 
De Fotis (198 I) ,  but also the more recent studies still yield rather different 
J, A,  and B values. Moreover, most of the empirical A and B values in 
solid O2 deviate considerably from the values corresponding with the free- 
molecule zero-field splitting and the magnetic dipole moment, respec- 
tively. This is surprising since we expect the distortions of the molecular 
electronic charge distributions, due to the weak van der Waals interac- 
tions in the solid, to be minor. 

B. The Complete Crystal Hamiltonian and the Coupling 
between Lattice Vibrations and Spin Dynamics 
In a recent paper (Jansen and van der Avoird, 1985), two of us have 

proposed replacing the phenomenological spin Hamiltonian (1 39) by a 
spin Hamiltonian from first principles. By this qualification we mean that 
our Hamiltonian can be derived directly from the known properties of the 
O2 molecules and their interactions. Such a Hamiltonian, which applies 
not only to a-02, but also to any of the condensed phases, looks as 
follows : 

I 
Hspin = - 7 CC 2 ~ ( w p ,  up, rppf)sp - sp. 

PCP 
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The irreducible tensor product between two (spherical) vectors is defined 
in Eq. (37). An important feature of this Hamiltonian is that it explicitly 
describes the dependence of the coupling “constants” J, A,,, , and T,,, on 
the distance vectors rpp‘ between the molecules and on the orientations 
w p  = { O p ,  4p} of their axes, in contrast with the phenomenological Ham- 
iltonian (139). Another important difference with the latter is that the 
ad hoc single-particle spin anisotropy term SS: , which probably stands im- 
plicitly for the magnetic dipole-dipole interactions, has been replaced by 
a two-body operator that correctly represents these interactions. The 
distance and orientational dependence of the coupling parameters J ,  A,,, , 
and T,,, has been obtained as follows. 

The Heisenberg exchange coupling parameter J is a scalar quantity; its 
dependence on rPPo, wp ,  and wp‘ is described by expanding it in symmetry- 
adapted angular functions, just as the intermolecular potential in Eq. (15). 
The distance-dependent expansion coefficients have been explicitly ob- 
tained from ab initio quantum-chemical calculations (van Hemert et al., 
1983; Wormer and van der Avoird, 1984). These coefficients could be 
represented by steeply decaying exponential functions of the distance. 
The ab initio calculations refer to ( 0 2 ) ~  dimers with the triplet 0 2  spins 
coupled to a singlet, a triplet, or a quintet. The exchange splitting between 
the dimer spin states has been obtained from a second-quantized hole- 
particle formalism, generalized to nonorthogonal orbitals (Wormer and 
van der Avoird, 1984), It was found that this exchange splitting could 
indeed be represented accurately by a Heisenberg effective spin Hamilto- 
nian. The coupling parameter J appeared to depend very sensitively on 
the distance between the 0 2  molecules and, particularly, on their orienta- 
tions (see Fig. 8). In Fig. 9 we have plotted the dependence of J on the 
librational coordinates in a-oxygen. 

The molecular spin-anisotropy term, the second term in Eq. (140), 
depends on the angle between the O2 spin momentum S p  and the molecu- 
lar axis. With respect to the global frame, this dependence can be ex- 
pressed as in Eq. (140) with the second-rank tensor 

A d u p )  = $ A a c F ( e p ,  4 ~ )  (141) 

The constant A = 3.96 cm-I has been obtained from the free-molecule 
zero-field splitting (Mizushima, 1975) and Cz) is a Racah spherical har- 
monic with 1 = 2. The tensor that describes the interaction between the 
magnetic dipole moments g & B s p ,  where g, equals 2.0023 and pB is the 
Bohr magneton, can be written immediately as 

(142) 

In summing this term over the lattice, in the calculations described subse- 
quently, the Ewald method (Born and Huang, 1954) had to be invoked. 

T,,, (rppt) = - g3p.28 a rj$ CE)( tppt) 
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Fig. 8. Onentational dependence of the average (spin-independent) exchange interac- 
tion energy = V ( o p ,  u p ,  rpp) and the Heisenberg exchange coupling constant ./(cop, op, 

rPy) in the 0 2 - 0 2  dimer at rpp. = 6 bohrs. The full lines represent the results of all-electron 
calculations; the dashed line refers to a four-electron model. The multipole contributions to 
AE are now drawn explicitly because they are negligible at rpp. = 6 4 , .  
- 

Since the 0 2  molecule carries a triplet spin momentum, the spin Ham- 
iltonian (140) has to be added to the Hamiltonian (23), which contains the 
kinetic energies and the spin-independent part of the intermolecular 
02-02 potential, in order to obtain the crystal Hamiltonian for solid 02. 
The spin-independent 02-02 potential can be partly extracted from the ab 
initio calculations on the (02)* dimer by averaging the calculated interac- 
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Fig. 9. Variation of the (intersublattice) exchange coupling parameter J between the 
nearest neighbors in solid a-02 along some normal coordinates of libration. The labels L, 
and Lb refer to librations around the crystal a and b axes, respectively; see Fig. 7. The plus 
and minus signs denote in-phase and out-of-phase librations of the molecules on different 
sublattices. 

tions over the dimer spin multiplets. The ab inirio calculations do not yet 
contain the long-range dispersion attractions, however, and so the corre- 
sponding terms in the potential must still be included semiempirically . 
The approximate solutions for the complete crystal Hamiltonian, which 
describe the coupled lattice vibrations (phonons, librons, mixed modes) 
and spin waves (magnons), can be obtained very elegantly via the mean 
field and RPA methods described in Sections IV,B and IV,C. This has 
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actually been done by Jansen and van der Avoird (1985) for a- and 
@oxygen. All they had to add to the formalism applied by Briels et al. 
(1984) to solid nitrogen, was to multiply the basis ( 1  I I )  by the triplet spin 
functions 

@Ps(crp) with S = 1 and Ms = 1 ,  0, - 1  

to add a spin term H$(up)  to the mean field Hamiltonian ( I  17) and to 
extend the particle label P = {n, i, K }  in the RPA Hamiltonian (122) to 
translations, librations, and spin “motions”: K = {T, L, S}. This exten- 
sion leads to extra blocks in the RPA eigenvalue equations (126) that 
correlate the spin excitations and couple them to the phonons and librons. 
In principle, one can obtain mixed phonon-libron-magnon modes. Such 
modes are not found in solid oxygen, however. The bilinear coupling 
terms between the lattice modes and the single-magnon spin modes van- 
ish from the RPA Hamiltonian (122) because of symmetry. The excita- 
tions are either pure lattice vibrations, of (mixed) phonon-libron type, or 
pure magnons. The effective Hamiltonian for the lattice modes is obtained 
from the complete Hamiltonian by spin averaging Eq. (140), i.e., replac- 
ing S p  by ( S p ) ,  and adding it to Eq. (23). The amplitude of the librations, 
11” in a-oxygen at T = 0 K, appears to be substantially smaller than in 
solid nitrogen. This agrees with the experimental data (Cahill and Leroi, 
1969). The effective spin Hamiltonian is given by Eq. (140) with the cou- 
pling constants ( J ( o p ,  up,, rpp‘)), (Am(up) ) ,  and (T,(rppr)) averaged over 
the translations and librations. Proceeding in this way, several of the 
problems outlined in Section VI,A can be solved. 

The problem of the splitting of the E, libron in P-oxygen into an A,, B, 
doublet in a-oxygen appears to have the following explanation. Given the 
small structural distortion at the P-a phase transition, this splitting is 
indeed far too large to be obtained from lattice dynamics calculations 
employing the usual spin-independent Hamiltonian (23). The spin order- 
ings in P and a-oxygen are very different, however, yielding a strong 
discontinuity of (Sp) (SP.) at the P-a transition. More precisely, one finds 
for the 120” spin arrangement in P-02 that ( S p )  ( S p r )  = -0.5 and for the 
antiferromagnetic ordering in a-02 that ( S f )  - ( S p )  = -1 for nearest neigh- 
bors. Introducing these values into the effective Hamiltonian for the lat- 
tice modes, the Heisenberg coupling parameter J ( o p ,  UP.,  rff,) in Eq. 
(140) gets a very different weight in the P and a phases. We have men- 
tioned already that this parameter is extremely anisotropic, and thus it has 
a strong influence on the librational motions (see Fig. 9). The A, mode in 
(~‘02 indeed obtains a much higher frequency than the E, mode in P-02,  
while the B, mode is somewhat lowered. Using the anisotropic J ( w p ,  up, 
rpp!) from ab initio calculations (Wormer and van der Avoird, 1984) gives 
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quantitative agreement with the experimental splitting and shifts. Omit- 
ting the Heisenberg term yields a small splitting, just as in the earlier 
lattice dynamics calculations. This confirms the crucial role of this term in 
the libron-splitting mechanism. 

Jansen and van der Avoird (1985) have also made spin-wave calcula- 
tions as described earlier. The RPA equations with the effective spin 
Hamiltonian (140), averaged over the translations and librations, could be 
solved analytically for any wave vector q. The optical (q = 0) magnon 
frequencies emerging from these calculations are 6.3 and 20.9 cm-I, in 
reasonable agreement with the experimental values 6.4 and 27.5 cm-I. 
This agreement is very satisfactory if we realize that the spin Hamiltonian 
has been obtained from first principles, with none of its parameters fitted 
to the magnetic data.* We conclude that the RPA model, both for the 
lattice modes and the spin waves, when based on a complete crystal 
Hamiltonian from first principles, yields a realistic description of several 
properties of solid 02 that were not well understood before. 

Appendix 
In this article we have used some of the concepts of quantum-statisti- 

cal mechanics. These concepts can, of course, be found in the textbooks 
(Ter Haar, 1966; Feynman, 1972; McQuarrie, 1976), but the ideas that are 
most relevant to this paper are summarized in this appendix. In particular, 
we prove the thermodynamic variation principle, which has been applied 
several times. 

In quantum-statistical physics, just as in the classical counterpart, one 
introduces a density operator p such that the average value of any me- 
chanical observable X can be calculated as 

( X >  = T r W )  (A. 1) 

Depending on the boundary conditions imposed on the system and on the 
specific form of p,  several ensembles are distinguished. Most often the 
system is assumed to have constant volume V and the density operator is 
chosen to be 

(A.2) p = e P ( A - H )  

* Actually, the long-range dispersion term in the spin-independent potential of Eq. (23), 
which affects the lattice vibrations and thus the averaged coupling parameters in Eq. (140), 
has been fitted to obtain the best lattice constants in ~y-0~. The magnetic data, and the libron 
splitting discussed, are very insensitive to this term, however. 
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The corresponding ensemble is therefore called canonical. The constant A 
is chosen such that Tr(p) = 1, from which it follows that p can be inter- 
preted as defining a probability distribution over the eigenstates of the 
Hamiltonian H. It is easy to demonstrate that 

I In Z (A.3) A = - p -  

with 2 = Tr(e-PH) and p-’ = kBT, kB being the Boltzmann constant. The 
quantity A corresponds with the Helmholtz free energy of the system. 

A I A0 + ( H  - H0)o 

The thermodynamic variation principle reads 

(A. 4) 

with the free energy A. and the average ( )O referring to an approximate 
Hamiltonian Ho . The inequality holds for any H a .  In the classical limit it is 
a simple consequence of Jensen’s inequality known from integration the- 
ory (Rudin, 1966). In the quantum-mechanical case, its proof is more 
elaborate (Girardeau and Mazo, 1973; Feynman, 1972). Here we repro- 
duce the proof of Girardeau and Mazo and define 

Z(h)  = Tr(ex+AY) (A.5) 

We need the derivatives of this quantity with respect to A .  The derivatives 
of an exponential operator are given by the rule 

This rule is proved by writing 

and demonstrating, via some simple differentiations, that 

Since 

lim F ( y )  = 0 
Y - r O  

it follows that 
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which, for y = 1, proves the rule (A.6). Applying this rule, with H ( A )  = 
X + AY, and using the invariance of the trace with respect to cyclic per- 
mutations of the operators, one finds for the derivatives of the quantity 
Z(A) defined by Eq. ( A 3  that 

Z’(A) = Tr( YeX+AY)  (A.7) 

d 
dA 

Zrf( A) = Tr ( Y - e X f h  .) 
Applying the rule (A.6) to Eq. (A.8) and using the cyclic invariance of the 
trace again, it follows for Hermitian operators X and Y that 

Z”(A) = 1; dx Tr(C(x)C(x)+} (A.9) 

with 
C(x) = , 1 / 2 x ( X + A n  ye l /2 ( l - . r ) (X+AYy)  

Knowing the derivatives of the quantity Z(A), we can expand it as a 
Taylor series: 

Z(A) = Z(0)  + AZ’(0) + 4A2Z”(A’) 
for some A’ lying in the interval 0 I A’ 5 A. Since the second derivative, 
expressed as in Eq. (A.9), must satisfy the relation 

Z”(A) 2 0 (A. 10) 

we find the inequality 

2x1) 2 Z(0)  + Z’(0)  (A. 11) 

When choosing 

x = -PHo - P ( H  - Ho)o, Y = - P ( H  - Ho) + @ ( H  - H0)o 

it can be shown, using Eq. (A.7), that Z’(0 )  = 0, and the inequality (A. l l )  
becomes 

Tr[exp(-PH)J = Tr[exp(X + Y )  2 Tr[exp(X)] 

= Tr[exp(-pHo)l exp(-P(H - Ho)o)  (A.12) 

Taking the logarithm of this inequality and multiplying by -p-I yields the 
thermodynamic variation principle, Eq. (A.4). 

When the free energy A is given as a function of its characteristic 
variables, viz., T and V, it is possible to calculate all thermodynamic 
properties of the system. We list, for instance, the 
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(entropy) s = - (g)v 

(pressure) p = - (g) av T 

as 
(specific heat) C, = T 

as TV 
C, = T ( - )  = C, + a:- 

aT P K T  

1 av 
(thermal expansion coefficient) ap = - v (-) aTP 

1 av 
v aP 

(compressibility) KT = - - ( - ) T  

For details we refer the reader to the textbooks mentioned. 
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I. Introduction 
The computationally viable description of electron correlation for sta- 

tionary state molecular systems has been the subject of considerable re- 
search in the past two decades. A recent review' gives a historical per- 
spective on the developments in the field of quantum chemistry. The 
predominant methods €or the description of electron correlation have 
been configuration interactions (CI) and perturbation theory (PT); more 
recently, the variant of CI involving reoptimization of the molecular orbit- 
als [i.e., multiconfiguration self-consistent field (MCSCF)] has received 
much attention.' As is reasonable to expect, neither CI nor PT is wholly 
satisfactory; a possible alternative is the use of cluster operators, in the 
electron excitations, to describe the co r re l a t i~n .~ .~  

Two ongoing developments support the tenability of the coupled-clus- 
ter method, an inherentiy complicated procedure. The first is the increas- 
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ing understanding of the applicability of elegant methods from nuclear and 
particle physics to chemistry. The other development is the decreasing 
ratio of cost to operations per second in modern high-speed computers, 
especially the advent of superminicomputers. 

The present work details the derivation of a full coupled-cluster 
model, including single, double, and triple excitation operators. Second 
quantization and time-independent diagrams are used to facilitate the der- 
ivation; the treatment of (diagram) degeneracy and permutational symme- 
try is adapted from time-dependent methods. Implicit formulas are pre- 
sented in terms of products of one- and two-electron integrals, over 
(molecular) spin-orbitals and cluster coefficients. Final formulas are ob- 
tained that restrict random access requirements to rank 2 modified inte- 
grals and sequential access requirements to the rank 3 cluster coefficients. 

The coupled-cluster method (CCM) is based on the ansatz that an 
exact many-particle wave function can be written as an exponential clus- 
ter operator acting on an independent-particle function, 

lW = exp(T)l@d (1) 

where 
N 

= n XTlvac) 
i= 1 

and 

and X:(X;) is used to denote the creation (annihilation) of an electron in 
spin-orbital i. The exponential cluster expansion was introduced by Ur- 
sell and Mayer in the context of statistical mechanics; Coester and Kum- 
me1 first applied the method to problems in nuclear physics between 1958 
and 1962;4 Cizek and Paldus were the first to use the method to address 
atomic and molecular  problem^.^^^ In the terminology of Lowdin, the 
cluster operator [cf. Eq. (3)] is the logarithm of the wave operator.’ 

With the exponential matrix defined in the usual fashion, 

( 5 )  
1 1 

2 !  3 !  exp(T) = 1 + T + -T2 + -T3 + 

the exact wave function can be written as 
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1 1 1 
+ (T4 + T ~ T I  + -7'27'; 2 !  + -7'; 2 !  + ~ 7 ' : )  

1 1 1 1 
2 !  2 !  3 !  5 !  

+ ( T ~  + T ~ T ,  + 7'37'2 + - T ~ T :  + -T;T~ + -T*T: + -7':) 

+ .*-) P o >  (6) 

The parentheses have been included to facilitate comparison with the 
method of configuration interaction. Defining Ci consecutively with the 
terms in parentheses, the exact wave function can be written as 

IT) = {I + CI + c2 + c3 + c4 + c, + ***}1@'0) (7) 

Variational determination of the Ci coefficients in Eq. (7) without trunca- 
tion is referred to as "full CI" and is the exact wave function subject to 
approximations in the operator (e.g., nonrelativistic) and in the indepen- 
dent-particle reference (e.g., basis set limit). 

Essentially all problems of chemical interest require, owing to compu- 
tational constraints, limiting the level of excitation used to correlate elec- 
trons. The necessary truncation is the key distinction between the cou- 
pled-cluster method and the method of configuration interaction. In 
truncated CI, the coefficients in Eq. (7) are determined variationally; 
however, unlike full CI, unlinked terms remain (i.e., are not canceled) in 
the expressions determining the amplitudes and the e t ~ e r g y . ~ , ~  In contrast, 
any truncation of Eq. (6) leads solely to linked terms in the equations for 
the amplitudes and the energy, provided that the individual T,'s are con- 
n e ~ t e d . ~ J  Hence, truncated CCM is size-extensive, whereas CI is 
not.398.9J0 The energy of a "supermolecule," in a size-extensive method, 
is linear in the number of noninteracting molecules i n ~ l u d e d , ~ ~ ~  

E ( n M )  = nE(M)  (8) 

Size-extensivity can be seen to be of particular importance when a consis- 
tent description is needed over a large portion of a correlated potential 
energy surface. 

Various approximations of Eq. (6), the exact wave function in the 
coupled-cluster formalism, have been discussed in the chemical litera- 
ture. In particular, Cizek's coupled-pair many-electron theory (CPMET),j 
also referred to as coupled-cluster doubles (CCD) by Bartlett,8 has re- 
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ceived considerable a t tent i~n.~JI-I~ In this approach, the wave operator is 
approximated by 

exp(T) = exp(T2) (9) 

The success of this rather abrupt truncation for closed-shell molecular 
systems is not too surprising when one considers that the dominant terms 
of a perturbation expansion have been included.2-6J6 The next more com- 
plete approximation to attain recognition is the extended coupled-pair 
many-electron theory (ECPMET) of Paldus, Cizek, and S h a ~ i t t , ~ J ~ J *  
which includes connected single and triple excitations, 

exp(T) = exp(T2) + TI + T3 (10) 

Again the terms to be included were based on a perturbation order argu- 
ment.6J6 The contribution of connected triples was shown numerically to 
be not inconsequential in applications of perturbation t h e ~ r y . ~ ~ . ~ ~  More 
recently, Purvis and Bartlett16 reported the equations and initial imple- 
mentation of a full coupled-cluster singles and doubles model (CCSD); 
this theory includes all terms in the first five parentheses, C 4 4 ,  of Eq. 
(6) except for T3, T4, and TI T3. The inclusion of disconnected terms is 
known to enhance the numerical stability of the coupled equations.21.22 

In consideration of the complementary importances of connected tri- 
ples and a full treatment of disconnected terms, it seems reasonable to 
investigate coupled-cluster models that incorporate both features. This 
present work details the derivation of a computationally tractable full 
coupled-cluster singles, doubles, and triples model (CCSDT). Such a the- 
ory includes all terms in the six parentheses given in Eq. (6), except for 
T4, T5, and T4TI. It should be noted that Lee, Kucharski, and Bartlett23-24 
have presented the triples part of CCSDT in explicit spin-orbital form to 
augment Bartlett and Purvis's earlier CCD8s9 and CCSD16 papers; they 
have obtained computational results for partial inclusion of the connected 
triples operator (CCSDT- 1). Also, Kiimmel and Liihrmann25 have derived 
CCSDT equations and presented numerical results with some terms ne- 
glec ted. 

It would be remiss not to mention multireference techniques for the 
high-level description of correlation within the coupled-cluster frame- 
work.2*3-26 Consider that double excitations from reference functions that 
are doubly excited relative to each other incorporate quadruple excita- 
tions (e.g., T4) from a single reference. However, further discussion of 
MR-CCM is beyond the scope of the present article, and we refer the 
interested reader to Refs. 2, 3, and 26. 

It is perhaps appropriate at this point to examine a few of the key 
words in coupled-cluster theory. Using the word connected may lead to 
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confusion since it is used in reference to component diagrams (e.g., the 
wave operator) and to complete or resulting diagrams. The wave operator 
may have connected as well as disconnected (but linked) components; 
however, the requirement of Cizek’s connected-cluster theorem5 is that 
only connected resulting diagrams contribute to the amplitudes and the 
energy. A connected diagram is a diagram in which a line (solid, dashed, 
or squiggly) can be found between any two vertices. A set of linked 
diagrams includes the subset of connected diagrams together with those 
disconnected diagrams that would be connected if lines were drawn be- 
tween the ends of line segments with only one vertex (i.e., dangling lines). 
Another word used in two contexts is complete orfull. A complete refer- 
ence is one in which all possible occupations-subject to conservation of 
particle number, correct description of spin statistics, and possibly spin 
and molecular point group symmetry restrictions-of a subset of the inde- 
pendent particle basis are subject to the action of the wave operator. 
Examples of this use of complete or full are full CI or complete active 
space self-consistent field (CASSCF); the space of a singles and doubles 
excitation CI would be considered incomplete by this definition. The 
other usage of complete orfull is to describe the inclusion in the exponen- 
tial cluster operator, or wave operator, all possible terms, connected and 
disconnected, subject to the restriction of connected diagrams, consistent 
with a given truncation of the cluster operator. This is the definition 
appropriate to the occurrence offull in the title of Purvis and Bartlett’s 
paper.16 A subtle, but illustrative, point: CPMET is complete, but 
ECPMET is not. A final word to be examined that is used in two different 
ways is truncated. A cluster operator is said to be truncated when not all 
ranks of cluster operators up to and including T N ,  where N is the total 
number of electrons in the system, are included. With this first usage, 
ECPMET and CCSDT have the same truncation, CCSD is more trun- 
cated, and CPMET is more yet. The second usage is similar but not 
identical to the first: a wave operator is said to be truncated when terms 
are neglected. Under this definition, ECPMET is quite truncated in com- 
parison to CCSDT. We hope that this lexicographic digression will en- 
hance the clarity of this writing. 

11. Renormalization 
Both the topology of resulting diagrams and the forms of the coupled- 

cluster equations themselves are considerably simplified by the use of 
operators in normal product form.5J2J7-29 The resulting diagrams are sim- 
plified in that certain connections, which would otherwise be legal, are 
eliminated, reducing the number of unique diagrams. This aspect will be 
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discussed in Section IV after the diagrams are introduced. The coupled- 
cluster equations are simplified through the elimination of reference to the 
uncorrelated energy; this rather direct manifestation of renormalization 
will be detailed in the following section on the coupled-cluster equations 
themselves. It is the purpose of this section then to derive, following the 
general procedure of Cizek and Paldus, 5,27 the normal product form of the 
Hamiltonian operator, to demonstrate how this suggests a particularly 
appropriate renormalized vacuum, and to examine the excitation opera- 
tors with respect to normal ordering. The tensorial properties of the oper- 
ators are discussed, especially the connection between rank and normal 
product form. 

Under the Born-Oppenheimer approximation, the spin-independent, 
nonrelativistic electronic Hamiltonian for molecular systems can be writ- 
ten as 

H = Z + V  (1 1) 

where the first-quantized forms of the operators are 

i 

and 

with 

and 

v ( i , j )  = rij' (15) 

In Eqs. (12)-(15), i andj refer to electrons and a to nuclei, r is the metric, 
V2 is the Laplacian, and Q is the (nuclear) charge. Then the second- 
quantized forms of the operators are given by27,30-32 

and 
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with 

(Pklq) = 4:(1)z(1)&(1) d n  (18) 

and 

(pqlu(rs)  = J 4;(1)4;(2)41, 2)4A1)48(2) dT1 d72 (19) 

wherep, q,  r ,  and s label spin-orbitals, I$ is the spatial representation of a 
spin-orbital, and integrations are over the spin and spatial coordinates of 
the subscripted particle. 

The normal product form of the Hamiltonian operator is obtained by 
the use of the time-independent Wick (also known as Wick's 
first theoremz9); i.e., 

(20) 

where Mi can represent either a creation or an annihilation operator and 
the summation extends over all possible contractions. Here N [  ...I is used 
to designate the normal product of the enclosed operators: the product of 
operators in which all the creation operators appear to the left of all the 
annihilation operators, multiplied by ( - l ) p ,  where p is the parity of the 
Fermi permutations. Similarly, 

rhm 
M ,  ... Mik = " M ,  ... Mik] + "MI . . . . . . Mik] 

fi "... . . . I  
is the normal product with pairings. 

ponent of the Hamiltonian [cf. Eq. (16)] gives 
Application of the time-independent Wick theorem to the rank 1 com- 

(21) 
n 

z = c (plzlq)"X,+XqI + c (Plzlq)"X,+&l 
P4 P4 

where h ( p )  is the hole function defined by Paldus and Cizek and a,, is the 
Kronecker delta. We have made implicit use of the orthonormality of the 
spin-orbitals in obtaining Eq. (22) from Eq. (21). The convention we will 
abide by throughout this section is that p,  q,  r, and s extend over all spin- 
orbitals; i, j ,  k, and 1 refer to spin-orbitals occupied in I @ o ) ;  and a, b, c, 
and d refer to spin-orbitals unoccupied in the reference. Then, 
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z = c (Plzlq)"X,+Xql + c ( i lz l i )  (23) 
P4 I 

so 

z = 21 + zo (24) 

Likewise, application of the Wick theorem to the rank 2 component 

(25) 

where the subscripts refer now to the irreducible rank. 

gives 

v = v2 + VI + vo 
where 

and 
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Using Eq. (30), the definition of the antisymmetrized two-electron inte- 
gral, and the anticommutation relation of fermion annihilation operators, 
Eq. (33) may be written 

(36) 

Hence the Hamiltonian can be decomposed in terms of irreducible tensors 

H = Ho + HI + H2 (37) 

Careful examination of Eq. (31) reveals that Ho is identical to the 

1 
H2 = 4 c (P4ll~dHx,+x;x,xrl 

pqrs 

i.e., written in normal product form. 

energy matrix element of the reference determinant, 

( @ o l H l @ o >  = Ho (38) 

as given by the Slater-Condon r ~ l e s . ~ ~ , ~ '  Hence, we are motivated to 
choose the reference determinant as the renormalized, or Fermi, vacuum. 

The terminology of tensor operators is used extensively in this work 
and warrants further comment. Let us consider the action of the operator 

[XTX,, - 3  = L;' (39) 

on a creation operator 

[XTX,, x:] = <x:x,x: - x:x:xs> (40) 

= x:(x,x: + XlX,) (41) 

= XTS,, (42) 

where use has been made of the fermion anticommutation relations, 

[Xi, x;1+ = [Xp, XqI+ = 0 (43) 

[Xi, Xql+ = Sp, (44) 

The operator L," acting on the vector field of the creation operators satis- 
fies the transformation law for covariant vectors (e.g., tensor rank 
The form of the transformation operator is reasonable in light of the 
following two observations, although it is to be emphasized that the legiti- 
macy of referring to the creation operators as covariant vectors resides in 
Eq. (42). As Moshinsky noted, annihilation operators can be thought of as 
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differentiation operators with respect to creation operators;34 then simi- 
larly, 

a x: - - axr (45) 

Secondly, the commutator is the Lie product33 of the operators X:X, and 
X:  ; this choice of “multiplication” is particularly appropriate when one 
realizes that the X:Xs are the generators of the semisimple compact Lie 
group U, , which is associated with the infinitesimal unitary transforma- 
tions of the Euclidean vector space R, (e.g., the space of the creation 
 operator^).^^ With the preceding comments, the action of the transforma- 
tion operator on the creation operators can formally be written in the 
usual form of the transformation law for covariant vectors,33 

where the indices on the annihilation operators have been written as 
superscripts in anticipation of the results of the following paragraph. 

Next consider the action of the same operator L,” on the annihilation 
operator 

(47) 

= -(x:x, + x,x:)x, (48) 

= -sr,x, (49) 

Whence, the operator -L,” acting on the vector field of the annihilation 
operators satisfies the transformation law for contravariant vectors.33 
Making the analogous observations as before now for the annihilation 
operators, the action of the transformation operator on the annihilation 
operators can formally be written in the usual form of the transformation 
law for contravariant vectors,33 

[X,‘X,,  X u ]  = x:x,x, - x,x:x, 

The index on the annihilation operator will usually continue to be written 
in the conventional subscript position, except when added emphasis of 
the contravariant transformation property is deemed useful; in either case 
the same operator is intended. 

A useful test on the consistency of the definition of the transformation 
operator for creation operators and for annihilation operators is provided 
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by considering the action of L," on a rank 1 (in both covariant and con- 
travariant indices) operator 

[XTX,, X,'X,l = x:xsx:xu - x:x,x:x, 
= ssux:xu - s,,x:x, 

For spin-orbitals, the creation and annihilation operator pair is a genera- 
tor of the unitary group, and so Eq. (52) can be written 

(53) 

and Eq. (53) is the correct equation defining the structure constants of the 
Lie a1geb1-a .~~~~~ 

Having established that creation and annihilation operators are rank 1 
covariant and contravariant tensors, respectively, with respect to the 
operator (+)L,", we can define an nth-rank boson operator as consisting 
of a like number of fermion creation and annihilation operators. Then the 
normal product of an nth-rank boson operator is a natural definition for 
the irreducible tensor. 

Tensors, from the same or different fields, can be combined by outer 
multiplication, denoted by juxtaposing indices with order preserved on 
the resultant tensor.33 It is possible that an index is present both in the 
covariant and contravariant index sets; then with the repeated index sum- 
mation convention, both are eliminated and a tensor of lower rank results. 
The elimination of pairs of indices is known as contraction, and outer 
multiplication followed by contraction is inner m~ltiplication.~~ In multi- 
plication between tensors, contractions cannot take place entirely within 
one normal product (i.e., the generalized time-independent Wick theo- 
rem; see Section IV); hence such tensors are called irreducible. 

Thus far we have only considered one (boson) vector field, namely, 
the direct product field Rnxn of creation and annihilation operators. The co- 
efficients of the creation and annihilation operator pairs in fact also con- 
stitute vector fields; this can be shown rigorously by construction, but the 
result can also'be inferred. Consider that the Hamiltonian and the cluster 
operators are index free or scalar operators; then the excitation operators, 
which form part of the said operators, must be contracted, in the sense of 
tensors, by the coefficients. But then we have the result that the coeffi- 
cients themselves behave like tensors. This conclusion is not of immedi- 
ate use, but will be important in the manipulation of the final equations 
(i.e., after the diagrams have contracted the excitation operators). Also, 
the sense of the words rank and irreducible rank as they have been used to 
describe components of the Hamiltonian is now clear: they refer to the 
excitation operator (or, equivalently, the coefficient) part of the operator. 

euul  = asueru - sureus  
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Finally, it should be stressed that the position of an index in a se- 
quence is significant, since all operators (and coefficients) will eventually 
be written in antisymmetrized form. We can shed some light on the sign 
change for the transformation operator for covariant and contravariant 
tensors by examining the following equations: 

(54) L:X: = (Lx),", = s,,x,. 
but 

L p x "  = (Lx),"" = 6,"X.S (55)  

In words, the transformation operator transforms a covariant vector into 
a covariant vector [cf. Eq. (54)] ,  but the transformation operator trans- 
forms a contravariant vector into a contravariant rank 1 tensor that is not 
a traditional vector. Since Lp is antisymmetric, the rank 1 contravariant 
tensor in Eq. (55) can be converted into a vector by interchanging indices, 
which results in a minus sign. However, in cases in which there is no 
ambiguity, the covariant and contravariant indices will be collimated to 
make the notation more compact. 

Questions concerning possible modifications to the descriptions of 
excited determinants and cluster operators T,,, due to the renormalization 
and/or the use of normal product operators must be addressed. Excited 
determinants with respect to the Fermi vacuum can be written straightfor- 
wardly using creation and annihilation operators; a singly excited deter- 
minant is given by 

I?) = X,'Xil@o) (56) 

a doubly excited determinant by, 

I$) = X,'XiX,'Xj~~O) (57) 

I$) = x,+xixb'x,xc'x~~cao) (58) 

and a triply excited determinant by 

The cluster operators [cf. Eq. ( 4 ) ] ,  like the Hamiltonian operator, are 
independent of the choice of vacuum level. 

Application of the time-independent Wick theorem to the single-exci- 
tation operator X,'Xi, present in both the description of singly excited 
determinants with respect to the Fermi vacuum and in the cluster opera- 
tor T I ,  gives 

n x,'x; = "X,+Xi] + "X,+Xi] (59) 
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so 

Xa+X; = “Xa+X;] (61) 

since a and i are members of disjoint sets, i.e., i E {FS} ,  a $Z { F S } .  Simi- 
larly for the double-excitation operator, 

n n n X,‘XiXb‘Xj 

= N[X,‘XiXb+XJI + N[Xa+XiXb+XJI + “Xa+XiXb+XjI + N[Xa+XiXb+XJI 

n n n 
nn m Inl 

+ “Xa+X;Xb+Xj] + “Xa+X;Xb+XJ] + “Xa+X;Xb+XJ] 

(62) 

Contractions between the creation operators or the annihilation operators 
vanish identically because of the Fermi-Dirac statistics obeyed by elec- 
trons [cf. Eq. (43)];  and as in the single-excitation operator case, contrac- 
tions between creation and annihilation operators are zero, because the 
indices belong to disjoint sets [cf. Eq. (44)l .  Hence, Eq. (62) becomes 

x;x;xb+xj = “Xa+X;Xb+XJ] (63) 

Further use of the anticommutation relation of fermions for orthonormal 
orbitals gives 

X,‘X;Xb+Xj = (-Xb+X;)Xj] (64) 

= -“Xa+X;Xb+Xj] (65) 

and the Kronecker delta vanishes identically because the field operators 
are known to be uncontracted. Finally, 

x,‘x;x~+ ~j = ~ [ ~ a + X b + X j X i l  (66) 

and we are led to the interesting conclusion that the double-excitation 
operator, like the single-excitation operator, is implicitly in normal prod- 
uct form. The same conclusion holds for the triple-excitation operator, 
with 

+ N[Xa+XiXb+Xj] + N[Xa+X;Xb+XJ] + N[Xa+X;Xb+Xj] 

Xa+X;Xb+XjXc+Xk = “Xa+ Xi X,‘X,X,X] 

111. Coupled-Cluster Equations 

method is required to satisfy the Schrodinger equation 
The truncated many-particle wave function in the coupled-cluster 

HI*) = El*) (68) 
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i.e., 

H exp(T)I@d = E exp(T)I@o) (69) 

The reference energy can be r e m ~ v e d ~ * * ~  from the Schrodinger equation 
by defining 

(70) 

then, since HI and H2 are normal product operators of greater than zero 
rank, 

(71) 

( @ o l H o l @ o ~  = ~ o ( @ o l @ o )  (72) 

AE = E - (@olHI@o) 

E = AE + (@olHol@o) 

Recalling that Ho is a scalar, 

so, with a normalized reference, 

E = AE + Ho (73) 

and the Schrodinger equation can be written 

HN exp(T)I@o) = AE exp(T)I@o) (74) 

where HN = HI + H2. 
Multiplying Eq. (74) through from the left by exp(-T), we obtain 

exp(-T)HN exp(T)I@o) = AEI@o) (75) 

The connected cluster theorem of Cizeks states that 

exp(-T)A exp(T) = {A exp(T))c (76) 

where A is any operator of the same number of creation and annihilation 
operators in normal product form and the subscript C means that only 
connected diagrams are to be included.” Then the Schrodinger equation, 
with no further approximation beyond the exponential ansatz, may be 
written 

{HN exP(T)}c(@o) = AE(@o) (77) 

Projection of Eq. (77) onto the set of a-excited determinants (a = 1 ,2 ,  

(78) 

Also, projection onto the reference determinant allows AE, and hence the 
correlated energy, to be calculated once the cluster coefficients are 
known: 

(79) 

3) yields a set of coupled equations in the cluster coefficients: 

( ~ [ { H N  exp(T)k (W = dE(a1Q0) = 0 

(@oI{HN ex~(T)lcI@o) = AE(@oI@o) = AE 
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It is clear that the necessary and sufficient number of equations in the 
coupled set [Eq. (78)] is equal to the number of unique cluster coeffi- 
cients, provided that a solution exists. Since the coupled-cluster equa- 
tions are non-Hermitian and nonlinear, the existence of solutions and the 
reality of eigenvalues corresponding to solutions are not guaranteed. 
However, Zivkovic and M o n k h o r ~ t ~ ~ , ~ ~  have recently shown, using ana- 
lytic continuations of solutions to the CI problem, that for physically 
reasonable cases both the existence of solutions and the reality of eigen- 
values are assured. 

The specific equations used to determine the cluster coefficients in the 
CCSDT model will now be given. Projection of the Schrodinger equation 
[cf. Eq. (77)] onto the singly excited space gives 

1 1 
( : l [ H ~ ( l  + TI  + T2 + -T? 2 + T3 + T2Tl + - T ! ) ] c ~ @ o )  3 !  = 0 (80) 

V u E {FS} ,  V p 4 {FS}; projection onto the doubly excited space gives 

1 1 1 
2 2 4 !  

+ T3TI + -T$  + -T2T: + - T f ) ] c I @ o )  = 0 

V u < u ,  u ,  u E { F S } ,  V p < y ,  p,  y $Z { F S } ;  and projection onto the triply 
excited space gives 

1 1 1 
2 2 4 !  + T ~ T I  + -T$ + -T2T? + - T f  

1 1 1 1 + T3T2 + -T3T: + -T$TI + -T2T! + - T ~ ) ) c ~ @ o )  = 0 (82) 2 2 3 !  5 !  

V u < u < w, u, u ,  w E {FS} ,  V p < y < E ,  p ,  y ,  E $Z {FS} .  The correlated 
energy can similarly be written as 

(83) 

It should be emphasized that the absence of terms in the wave operators 
in the preceding equations does not xeflect further truncation [e.g., with 
respect to exp(TI + T2 + T3)]; rather it is a consequence of the triangle 
inequalities involving the (irreducible) ranks of the Hamiltonian, the ex- 
ternal space operators, and the cluster operators. More specifically, a 
matrix element vanishes identically unless it has an overall rank of 0; from 

(@oI(HN(I  + TI  + T2 + - T ? ) ] c ~ @ o )  1 = AE 
2 
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elementary vector analysis, this can only occur if the component contri- 
butions obey a triangle inequality, 

Ir(HN) - 2 mil 5 a I ~ ( H N )  + mi (84) 

where the mi refer to the ranks of the individual T,,, operators in a term and 
a is the rank of the external space operator. The generalized time-inde- 
pendent Wick theorem, which will be discussed in the following section, 
justifies the strict addition of the mi's in Eq. (84). Equations (80)-(83) 
reflect the triangle inequality for max r(HN) = r(HN) = 2; of course, the 
potent range of the wave operator is even smaller for matrix elements 
involving H I .  

As shown by Paldus et ~ l . , ~  antisymmetrized (e.g., degenerate) T ma- 
trix elements 

i i 

tBYE... 
U"W... = (Pye...ITluuw...)4 

= (PYE ...( TIP(uluJw( ...) uuw ...) (85) 

are the most appropriate for use in the coupled-cluster equations. The 
permutation operator used in Eq. (85) is our adaptation of the (symmetric) 
permutation operator of Bogoliubov and S h i r k ~ v ~ ~  used in the formal 
power series expansion of the scattering matrix and will be discussed in 
greater detail in the following section. The permutation operator, as used 
in Eq. (85), represents the signed summation over all possible permuta- 
tions of hole indices. With the T matrix elements as defined in Eq. (85), 
the following specific relations hold: 

(86) tBY = - BY = - YB = 
uu tuu tuu  tuu  

p Y e  = - BYE = BYE = -tBYE = 
uuw tuuw tuwu wuu ~ w u ,  uwu 

YB 

and 
-tPr. = 

u u w 9  etc. (87) BYE = 

We have implicitly used the permutational symmetry of the T matrix 
elements in writing Eqs. (4), (81), and (82). In particular, the restrictions 
on the external indices are a direct consequence of there being only one 
unique T matrix element for a given set of indices. 

Perhaps it is appropriate in closing this section on the coupled-cluster 
equations to comment on the relation between perturbation theory and 
the coupled-cluster method. The iterative scheme used to solve the cou- 
pled-cluster equations can be seen as a method to simultaneously gener- 
ate and evaluate diagrams of arbitrarily high order in perturbation the- 
ory. '* Of course, diagrams corresponding to high-order connected terms 
(e.g., T4 in CCSDT) will not be so generated.I2 It is this property, generat- 
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ing arbitrarily high-order diagrams, that makes the coupled-cluster 
method, in principle, less subject to the issue of the “smallness” of the 
perturbation than perturbation theory. If one wished to speculate, it is 
reasonable to suppose that the coupled-cluster method will prove superior 
to perturbation theory especially in the calculation of excited electronic 
states. 

IV. Diagrams and Rules 
As was first realized by Feynman, field operators and their interac- 

tions can be represented graphically by lines and points, respectively. The 
evaluation of matrix elements proceeds in two steps: all topologically 
distinct diagrams capable of being formed from the given component 
diagrams are assembled and then the resulting diagrams are converted 
back to algebraic expressions using relatively straightforward rules. 

The original rules and diagrams, as formulated by Feynman for quan- 
tum electrodynamics (QED), are unnecessarily general for our intended 
application. Rather, the time-independent formulations of H~genho l t z~~  
and bran do^,^* developed primarily for use in perturbation treatments of 
problems in nuclear physics, are more suitable for our needs. Cizek and 
P a l d ~ s ~ , ~ J ~ - ~ ~  were the first to apply the time-independent diagrammatic 
approach to atomic and molecular problems, and it is their notation that 
we will conform to most often. A key feature of our implementation of the 
diagrammatic technique is the use of formal concepts used in the func- 
tional expansion of the scattering matrix in quantum electrodynamics, in a 
time-independent approach. 

A formal similarity arises because both the scattering matrix in quan- 
tum electrodynamics and the wave operator in a full coupled-cluster 
method [cf. Equations (1) and (4)] are exponential operators. In Bogo- 
liubov’s axiomatic formulation of the scattering matrix,29 

I@(m)) = S(g)l@(-4) (88) 

with 

where the xi are coordinates of space-time and the g(xi) are functions 
describing the intensity of switching on the interaction. The two specific 
features that we adapt from Bogoliubov and Shirkov’sZ9 formulation of 
Feynman’s rules for use in the time-independent approach involve the use 
of formal permutation operators and the analysis of the symmetry factor. 
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- (b) (d) - 
Fig. 1. Parts of diagrams representing (a) the creation of an electron, (b) the annihilation 

of an electron, (c) the annihilation of a hole, and (d) the creation of a hole. 

We turn now to the description of the requisite component diagrams 
for a CCSDT theory. The basic interaction in our application of spinor 
electrodynamics is the absorption of an electron (or hole) and the emis- 
sion of an electron (or hole), together with the absorption or emission of a 
photon. Solid lines will be used to represent operators of the Dirac field; 
since both positive and negative energy single-particle states are admissi- 
ble,29,32,40 the diagrammatic representation of the spinors must be di- 
rected. A left-pointed arrow will designate an electron, and a right- 
pointed will then denote a hole. A solid dot will be used to designate an 
interaction; spinor lines emerging from the dot will then correspond to 
electron creation operators, and spinor lines converging upon the dot will 
represent electron annihilation operators. The four possible relations of 
one spinor line and an interaction dot are shown in Fig. 1. It is clear then 
that under the constraint of requiring one incoming line and one outgoing 
line that there are four versions of the basic interaction, denoted pp, ph, 
hp, and hh. 

Different types of diagrams are used to represent nondegenerate and 
degenerate (i.e., antisymmetrized) operators. The time-independent non- 
degenerate diagrams in common usage were first suggested by Gold- 
stone.I0 In Goldstone diagrams, operators of the electromagnetic field 
(e.g., photons) are represented by dashed lines; the background, or aver- 
aged, electromagnetic field of the other electrons and the nuclei is repre- 
sented by a small triangle. The Goldstone diagram for the hh version of an 
H I  operator (i.e., an F vertex) is given in Fig. 2a. Hugenholtz3’ was the 
first to suggest the use of time-independent degenerate diagrams. Since all 
of the operators required in the CCSDT model are, or can be made, 
degenerate (cf. Sections I1 and 111), and there are most certainly fewer 

i - 
A 
(a) (b) 

Fig. 2. (a) Goldstone and (b) degenerate diagrams for the hh version of an F vertex. 
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(4 (b) (4 
Fig. 3. (a) Goldstone, (b) Hugenholtz, and (c) Brandow diagrams for hh-hh V vertices. 

degenerate than nondegenerate resulting diagrams, we will use degener- 
ate diagrams. A potential difficulty in using degenerate diagrams is some 
ambiguity of absolute phase; bran do^^^ proposed a solution to this prob- 
lem in the context of MBPT by combining the Goldstone and Hugenholtz 
forms. Bartlett and Silver39 and PaldusI2 were the first to deduce the 
equivalent changes for coupled-cluster theory. These hybrid diagrams 
may be referred to either as antisymmetrized CC diagrams39 or as Bran- 
dow diagrarns,l2 where it is assumed that the extension to coupled cluster 
has been made. Figure 3 shows the different topological representations 
of an hh-hh version H2 operator (V vertex). 

Symbols for nondegenerate T operators are not needed, and no further 
discussion is afforded them. Antisymmetrized T operators, for (irreduc- 
ible) ranks 1, 2, and 3, are shown in Fig. 4. 

As usual in degenerate time-independent diagrammatic meth- 
o ~ s , ~ J ~ , ~ ~ , ~ ~ , ~ ~  excited determinants are represented by external space op- 
erators rather than by pair creation-annihilation operators. Diagrammati- 
cally, an external line is a ray, whereas an internal line is a line segment. 
The four possible types of rays and line segments that arise in a CCSDT 
method are shown in Fig. 5 .  The indexing convention we will use for the 
rest of the chapter is that u,  u,  and w will denote external holes; i and j  
internal holes; p, y ,  and E external particles (i.e., electrons); and a and b 
internal particles. 

The component diagrams necessary for a CCSDT model have now 

(a) (b) (C) 

Fig. 4. Diagrams for (a) single, (b) double, and (c) triple antisymmetrized cluster op- 
erators. 
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i a 
(4- 

Fig. 5. (a) External hole line, (b) external particle line, (c) internal hole line, and 
(d) internal particle line. 

been introduced and briefly described. We continue with a short exposi- 
tion on the rules for the construction and subsequent evaluation of the 
resulting, or final, diagrams. 

RULE 1. Juxtapose antisymmetrized versions of all component dia- 
grams, representing operators of the matrix element in question, to form 
all possible time-ordered, topologically distinct, nonvanishing, con- 
nected, canonical resulting diagrams. 

The relative positions of the component diagrams can be established 
by considering the time order of the operators that they represent. Hu- 
genholtz3’ and bran do^^^ have shown the correspondence of the order of 
appearance, read right to left, of operators in perturbation theory matrix 
elements and their time order. Cizek and P a l d u ~ ~ ~ ~ ~  have extended this 
idea to truncated versions of coupled-cluster theory. The questions that 
remain in our minds are whether all T operators are always “simulta- 
neous” and whether the Hamiltonian vertex is always at a “later” time. 
Rather direct answers to these questions are obtained by considering the 
relation between commutation and time ordering, as discussed in Bogo- 
liubov and Shirkov’s text.29 In particular, local Bose operators (i.e., field 
operators having the same number of fermion creation and annihilation 
operators) that commute have a spacelike relation (e.g., they are simulta- 
neous); conversely, local Bose operators that do not commute are sepa- 
rated in time. It is not difficult to verify that 

[T,, T,] = 0, 1 5  m, n 5 3 (90) 

[T,,  HI # 0, 1 5  m 5 3 (91) 

So the cluster operators are seen to have a spacelike relation with each 
other and a timelike relation with the Hamiltonian. Then, in keeping with 
the choice of directions for the Dirac spinors shown in Fig. 1, the topolog- 
ical arrangement of component diagrams is a column of cluster operators 
to the far right, followed by a Hamiltonian diagram to the left, followed by 
the external space operators on the extreme left. In agreement with the 

and 
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Fig. 6. Vanishing contractions of Dirac spinor lines. 

convention of H~genho l t z~~  (and Cizek and P a l d ~ s ~ , ~ ~ ) ,  “time flows from 
right to left” in our diagrams. 

Component diagrams are assembled into resulting diagrams by attach- 
ing the free ends of spinor lines. A resulting diagram with the property 
that a continuous line exists between each pair of interaction vertices is 
said to be connected. (N.B.: The aforementioned line may consist of a set 
of Dirac spinor line segments, electromagnetic line segments, or a combi- 
nation of the two.) 

A large number of connected, time-ordered resulting diagrams can be 
eliminated from further consideration by recognizing that two of four 
possible types of contractions of Dirac spinor lines are vanishing.27 The 
values of the two potentially nonzero joinings are given by Kronecker 
delta functions (i.e., for orthonormal orbitals).27 Additionally, consider- 
ation of connections between different T operators (cf. Fig. 8d later) can 
now be categorically eliminated. Of the four possible single connections 
between different T operators, two are identically zero “because the ar- 
rows don’t match up” (cf. Fig. 6). The other two possibilities, represent- 
ing an annihilation operator of one T operator being contracted with a 
creation operator of the other T operator, give Kronecker delta contribu- 
tions to the matrix element (cf. Fig. 7). However, the last two possibilities 
are also zero in this case, because the particle and hole index sets are 
disjoint. Hence, no diagrams containing connections between different T 
operators need be considered. 

The topology of contractions is determined by the generalized time- 
independent Wick the~rem~’~*~  and the fact that matrix elements of uncon- 
tracted operators are identically zero.27 The generalized time-independent 
Wick theorem can be written in the form 

MI .. . M;l“M;l+, .. . M;,]M;,+, .. . Mi3“M;3+l .. . Mi4] ... Mik 

(92) 

where Mi can represent either a creation or an annihilation operator and 
the prime indicates that contractions between operators originating in the 

mm 
= “MI ... M;J + 2’ “MI . . . . . . Mik] 

P 9 P 9 

Flg. 7. Possibly nonvanishing contractions of Dirac spinor lines. 

---- - --__ - 
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Fig. 8. (a) V-V, (b) F-F, (c) T-T, and (d) T-T’ diagrams. 

same normal product are to be neglected. Since F, V, and T vertices 
represent normal product operators [cf. Eqs. ( 3 9 ,  (36), (61), (66), and 
(67)], it is clear that the diagrams shown in Fig. 8a-c do not occur in the 
coupled-cluster method. 

A canonical diagram is a resulting, or final, diagram in which the 
external line labels conform to a specific pattern or ordering.’* The pattern 
that will be designated canonical in our diagrams has both the electron (p,  
y ,  E )  and hole (u,  u ,  w) indices progressing from top to bottom. Note that 
the position of an electron index relative to a hole index is in no way 
specified in a canonical diagram. A consequence of considering only ca- 
nonical diagrams is that external lines from a common set (i.e., electron or 
hole) may not cross. Canonical diagrams with crossed lines from a com- 
mon set are in fact topologically equivalent to a related noncanonical 
diagram. The noncanonical, but otherwise valid, diagrams related to a 
given canonical diagram by the interchange of external line indices can be 
generated by the action of the permutation operator on the canonical 
diagram and hence will be considered at a later stage. 

The final requirement for an otherwise valid resulting diagram is that it 
be topologically distinct from all permutations (including the identity) of 
all previous resulting canonical diagrams. Two diagrams are topologically 
distinct if there does not exist any continuous transformation (e.g., 
stretching, bending) converting one into the other. Heuristically, one 
needs to “cut and paste” in order to convert one topologically distinct 
diagram into another. 

RULE 2. Determine the algebraic expression, up to phase and degen- 
eracy, corresponding to each resulting canonical diagram using the fol- 
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lowing rules: (a) Assign&,, (pqllrs), and tF4::. to each F, V, and T vertex, 
respectively, consistent with extant line indexing; (b) sum over each inter- 
nal line. 

Note that p exits an F vertex (i.e., p represents electron creation or 
hole annihilation), and q enters an F vertex (i.e., q represents electron 
annihilation or hole creation). Also, p and q exit V vertices, and r and s 
enter; but p and q enter T vertices, while r and s exit. Since V and T 
vertices are degenerate, the assignment of values to these vertices is 
determined only up to phase [cf. Eqs. (85)-(87)l. It will expedite the 
establishment of the overall phase factor of the matrix element (cf. Rule 3 
later) if antisymmetrized component matrix elements with the same or- 
dering of indices as the corresponding direct matrix elements are used. 
Hence, p and r ,  q and s, etc., are associated or considered participants in 
the same basic interaction. 

The sum over internal lines is unrestricted; so (linked) exclusion prin- 
ciple violating or EPV27) terms are included in the sums. Note that 
either restricting sums to eliminate both unlinked and linked EPV dia- 
grams or unrestricting summations and doing a simple cancellation of 
unlinked terms satisfies the Pauli exclusion principle.27 

RULE 3. Determine the prefactor for each resulting diagram by multi- 
plying the phase factor and the weight of the diagram: 

4 = r)w (93) 

The overall phase can be established by considering any one of the 
mixed Goldstone-Brandow diagrams included in a given resulting dia- 
gram. It is simplest to work with the direct mixed Goldstone-Brandow 
diagram, since that diagram looks like the corresponding Brandow dia- 
gram except that the degenerate V vertex is replaced by a nondegenerate 
V vertex, but with index labels intact. The phase, or sign, factor of the 
degenerate diagram is then equal to the phase factor of the nondegenerate 
diagram; i.e. ,12*27,29,38 

r )  = ( - l ) l + h + P  (94) 

where 1 is the number of closed loops, h is the number of internal hole 
lines, and p is the parity of the permutation yielding the canonical labeling 
of external lines.I2 Of course, p = 0 for all canonical diagrams, but this 
contribution to the phase must be considered in the permutation operators 
used to generate the noncanonical diagrams related to a given canonical 
resulting diagram (cf. Rule 4 later). 

The symmetry factor, and hence the weight, is determined by an adap- 
tation of Bogoliubov and S h i r k o v ’ ~ ~ ~  prescription for obtaining the sym- 
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metry factor in (time-dependent) quantum electrodynamics. The three 
contributions to the symmetry factor are the following. 

1. The ni ... njth term of the expansion of the wave operator con- 
tains the factor (ni!)-I ... (nj!)-I .  This is always compensated by the 
factor ( n i ! )  ... ( n j ! ) ,  which takes into account permutation of the ver- 
tices. 

2. The rank 2 Hamiltonian contains two identical creation operators 
and two identical annihilation operators, which introduces the factor 
(2 !)(2 !) = 4. This compensates the numerical factor f associated with a V 
vertex. 

3. In case there exist c topologically equivalent variants of pairings of 
internal lines, they must be taken into account only once. This corre- 
sponds to the introduction of the factor (c! ) - ’ .  

For Hamiltonians with no greater than rank 2 components, the third rule 
simplifies to the following. 

1. Unless altered by the following rules, cp = c h  = Cph = 1 .  
2. If two hole lines begin at the same vertex and end at the same 

vertex, ch = 2. 
3. If two particle lines begin at the same vertex and end at the same 

vertex, cp = 2. 
4. If simultaneous interchange of the particle lines and the hole lines 

yields a topologically equivalent diagram and the hole and particle lines 
are not independently interchangeable, Cph = 2. 

5 .  The weight of the diagram is given by 

There are two points we would like to emphasize at this time. The first 
is that the weight factor detailed in the preceding is in accord with the 
usual “4 rule” for weights in perturbation and truncated cou- 
pled-cluster expan~ions.~~~J*J* The value then of the somewhat extended 
treatment of weight factors given in the present work is that the straight- 
forward “1 rule” can justifiably be used in a full coupled-cluster method. 
In particular, it was not transparent to us that the presence of the numeri- 
cal factors (n ! ) - I ,  n 1 3, in the wave operator would be exactly offset in 
every matrix element. It should be noted that the star product treatment 
developed by Cizekj is correct and justified for the determination of the 
weight factor in a full coupled-cluster method; however, the procedure is 
a bit cumbersome when there are more than about two cluster operators. 
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The second point is that the use of rules originally developed for a 
time-dependent formalism in a time-independent diagrammatic approach 
is appropriate, provided that the diagrams are topologically similar and 
that the rules consider only topological (e.g., not physical) aspects of the 
theory. The structural similarities of the (exponential) scattering matrix 
and the wave operator [cf. Eqs. (88), (89), ( l ) ,  and (4)], and the physical 
particles and the excited (bra) determinant, have already been discussed. 
A subtlety is that the interaction vertices in a time-dependent formalism 
represent components of the Lagrangian, while the interaction vertices in 
a time-independent formalism represent components of the Hamiltonian. 
The topological equivalence is assured with the realization that the basic 
interaction in both versions is the entering and exiting of a spinor line 
together with the emission or absorption of a photon. Hence, the efficient 
symmetry rules set out by Bogoliubov and Shi rk~v*~ can straightfor- 
wardly be used in a time-independent formalism. 

RULE 4. Generate the algebraic expressions corresponding to the non- 
canonical diagrams directly from the algebraic expressions for the canoni- 
cal diagrams by applying permutation operators. 

The generalized time-independent Wick theorem [cf. Eq. (92)] re- 
quires that all sets of contractions between operators (from different N 
products) be included in the summation. The inclusion of only canonical 
diagrams, as defined earlier, can be seen to represent all possible contrac- 
tions between the Hamiltonian and the wave operator but restricted con- 
traction between the bra configuration and these combined operator prod- 
ucts. The noncanonical diagrams then complete the set of all possible 
contractions between operator expressions. A noncanonical diagram is 
characterized by crisscrossing external lines or equivalently (i.e., fermion 
operators anticommute) noncrossing external lines with permuted indices 
with respect to the canonical ordering. 

Consider a permutation operator that generates all topologically dis- 
tinct noncanonical diagrams from a given canonical diagram; essentially, 
this operator just relabels external lines. Since the noncanonical diagrams 
are structurally the same as their parent resulting diagram, the algebraic 
expressions for the noncanonical diagrams must be the same as the alge- 
braic expression for the parent diagram up to a reordering of external 
indices. It can be seen then that the permutation operator acting on the 
algebraic expression for a canonical diagram will produce algebraic ex- 
pressions corresponding to noncanonical diagrams permutationally re- 
lated to the parent resulting diagram. 

Two properties of the permutation operator, spin statistics and topo- 
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logical distinctness, warrant further discussion. As pointed out by 
Paldus,I2 the phase factor of a noncanonical diagram must include the 
contribution (- l )p,  where p is here the parity of the permutation yielding 
the canonical labeling of external lines. The origin of this term is the 
anticommutation of fermion field operators [cf. Eq. (43)l. So, in order for 
the permutation operator to generate algebraic expressions for noncanon- 
ical diagrams with the correct overall phase, the contribution to the phase 
factor from the ordering of external indices must be included in the per- 
mutation operator. A second major concern is that the sum over resulting 
diagrams include only topologically distinct diagrams. Hence, we require 
that the algebraic expressions generated by the permutation operator cor- 
respond to topologically distinct noncanonical diagrams. 

Since both the particle and hole labels are in general permuted, and it 
is often the case that the permutations are independent, it is efficacious to 
(always) write the permutation operator as the binary product of opera- 
tors acting on the disjoint sets, 

In Eq. (96), the ui and Pi represent hole and particle labels, respectively, 
and P and P’ denote single-index set permutation operators. In the cases 
that the particle and hole permutations are dependent, the decomposition 
of the permutation operator into single-index set permutation operators is 
ambiguous; i.e., two correct descriptions exist, 

(97) ~ ( u i ,  P i )  = P(ui)P‘(Pi) = P”(ui)P”’(Pi) 

It is found that for such permutations, any correct description is ade- 
quate. 

The particular form of the single-index permutation operators we will 
use is an antisymmetrized generalization of Bogoliubov and Shirkov’sZ9 
(symmetric) permutation operators used in the power series expansion of 
the scattering matrix. Vertical lines demarcate topologically distinct envi- 
ronments and hence define the permutation patterns. It should be noted 
that a null intersection between external lines of a given index set and a 
topologically distinct environment is suppressed in the notation. Under 
the action of the permutation operator, the labels in the algebraic expres- 
sion lose their original significance (e.g., they become placeholders or 
“dummy variables”), but the ordering in the parent resulting diagram is 
preserved by the list of labels in the permutation operator. Hence it can be 
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seen that the list of labels, which specifies the identity permutation, to- 
gether with the placement of vertical lines completely specify the single- 
index set permutation operators. 

There are four types of nontrivial single-index set permutation opera- 
tors required in a CCSDT model; i.e., 

and 

or 

In Eqs. (98)-(102), cyclic notation was used, with I denoting the identity 
permutation and xi representing either particles pi or holes u;.  The trivial 
permutation operator, P = I, will not be explicitly used. It should be 
noted that the signs are in agreement with the parities of the permutation 
cycles, so that the criterion of correct phase for noncanonical diagrams is 
implemented on the single index set permutation operator level. 

Application of an appropriate single-index set permutation operator on 
the algebraic expression corresponding to a canonical resulting diagram 
produces only algebraic expressions corresponding to topologically dis- 
tinct nonc anonical diagrams, since indices are switched between topologi- 
cally nonequivalent environments. However, subsequent application of 
the complementary (e.g., particle-hole) single-index set permutation op- 
erator may produce algebraic expressions corresponding to topologically 
indistinct resulting diagrams, because the action of the first operator ren- 
dered two distinct topological environments equivalent. Effectively, a 
specious vertical line exists in the second operator, the removal of which 
correctly reflects the physical situation and leads to the correct number of 
topologically distinct noncanonical diagrams. It is to be emphasized that 
the recognition of topologically .distinct environments is relatively 
straightforward diagramatically and is actually a strong recommendation 
for a diagrammatic approach. 
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In summary, the rules for the construction and subsequent evaluation 
of diagrams corresponding to matrix elements in the CCSDT model have 
been given. The adaptation of certain features from time-dependent dia- 
grams, not usually found in time-independent approaches, have been seen 
to clarify and/or expedite time-independent diagrams. 

V. Matrix Elements 
The equations for the cluster coefficients and the correlated energy in 

a CCSDT model were given in operator form in Section 111 [cf. Eqs. (80)- 
(83)]; this form is, of course, not amenable to calculations. In Section V 
the time-independent techniques discussed in Section IV are applied to 
evaluate the requisite matrix elements in terms of cluster coefficients and 
one- and two-electron integrals over the spin-orbital basis. 

Table I lists all possible nonvanishing matrix elements arising from the 
projection of the Schrodinger equation onto the reference, singly, doubly, 
and triply excited spaces. The matrix elements are assigned an ordinal 
number. The diagrams generated in the application of Rule 1 from the 
preceding section to a given matrix element are listed on the right-hand 
side of the table, below the particular matrix element. Multiple diagrams 
from a given matrix element are distinguished by lowercase roman letters. 
Algebraic expressions, up to phase and symmetry, corresponding to a 
given diagram are evaluated by using Rule 2; they are designated with the 
letter d, and the subscript associated with the diagram. Contributions to 
the symmetry and phase factors are also listed if they are different from 
the following default values: 1 = 0, h = 0, cp = 1, Ch = 1, Cph = 1. The 
prefactor corresponding to a given diagram is then evaluated by using 
Rule 3; it is symbolized by the greek letter 4 and the subscript of the 
diagram. The permutation operator generating all noncanonical diagrams 
related to a given diagram (cf. Rule 4) is listed, provided that either the 
hole or the particle permutation operator is different than the identity. 
The permutation operator is symbolized by the letter p and the subscript 
of the diagram. Hence each diagram has between two and four lines of 
text written opposite to it (e.g., left-hand side) in Table I. 

The expression for a given matrix element m without reference to field 
operators is then given by 

[ml = 2 Pm&m&b (103) 

where the summation runs over all valid (canonical) diagrams derivable 
from rn. 

I 
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TABLE I 

DIAGRAMMATIC EVALUATION OF ALL NONVANISHING MATRIX ELEMENTS OCCURRING 
IN THE CCSDT MODEL" 

[31 = 

d3 = 

I =  

43 = 

See text for explanation of symbols. 
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TABLE I (Continued) 
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TABLE I (Continued) 

1 = 1 ,  h = l  

$lob = 1 
3 U 

T2 

T l  
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TABLE I (Continued) 

[14] = 

d14a = 

h =  

414a = 

P14a = 

>T2 v 

Y 
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TABLE I (Continued) 
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TABLE I (Continued) 
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TABLE I (Continued) 

cp = 2 

41% = B 
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TABLE I (Continued) 

V $+ a 

, 

1 = 1 ,  h = 2  

4 2 2 c  = - 1 

P22c = P(P I Y)P(U I u )  
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TABLE I (Continued) 
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TABLE I (Continued) 
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TABLE 1 (Continued) 

h = 2 ,  c p = 2  

4 2 %  = t 
P25c = P ( u  I u )  

e’ 
T2 

Y 

T2 

Y T2 3 V 
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TABLE I (Continued) 
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TABLE I (Continued) 

h = 2 ,  c , = 2  

42ad = B 3 Y 

T2 
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TABLE I (Confinued) 
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TABLE I (Continued) 

249 

ia 
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TABLE I (Continued) 

a 

?T2 W 

W 

t 
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TABLE I (Continued) 

3 W 

e 

W 
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TABLE I (Continued) 

3 
W 

y 
t 
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TABLE I (Continued) 
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TABLE I (Continued) 
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TABLE I (Continued) 
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TABLE I (Continued) 
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TABLE I (Continued) 

257 

T3 

Y 

e T2 

3 
w 
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TABLE I (Conrinued) 
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TABLE I (Confinued) 

259 

h = 2 ,  c , = 2  

437g = t 
P37g = P(uu I w) 

a .I I 

3 
c 



260 Mark R. Hoffmann and Henry F. Schaefer, 111 

TABLE I (Continued) 
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TABLE I (Continued) 
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TABLE I (Continued) 
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TABLE I (Continued) 
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VI. Final Equations 

The expressions for the matrix elements obtained in the preceding 
section, together with Eqs. (80)-(83), enable us to write implicit equations 
determining the cluster coefficients and the correlated energy in terms of 
the cluster coefficients and the one- and two-electron integrals over the 
spin-orbital basis. We may write Eq. (80), the projection of the Schro- 
dinger equation for the CCSDT wave function on the singly excited space, 
as 

13 

o = 2 [ml (104) 
m=4 

Similarly Eq. (81), the projection on the doubly excited space, can be 
written 

o =  c [ml (105) 

and Eq. (82), the projection on the triply excited space, can be written as 

o =  c [ml ( 106) 

The equation for the correlated energy [Eq. (83)] may similarly be written 
as 

21 

m=14 

40 

m=28 

3 

AE = 2 [m] (107) 
m= 1 

where [m], the symbol for a possibly nonvanishing matrix element, is 
related to entries in Table I by Eq. (103). The preceding equations are, 
however, of dubious computational value: Practical random access is 
restricted by the size of core memory, and sequential access is limited by 
the size of disk storage. For small polyatomic molecules, these limits 
translate to O(n2) and O(n3) matrices, respectively, where n is the dimen- 
sion of the binary direct product space of spin-orbitals, i.e., n = (number 
of spin-orbitals)2. We will show that the judicious choice of the order in 
which cluster coefficients and integrals are combined in a multiple prod- 
uct (i.e., the “vertical” factorization3) results in a procedure that satisfies 
the preceding computational constraints at all stages, 

Individual cluster coefficients, as well as integrals, cannot in general 
be freely reordered in expressions for matrix elements. In particular, the 
rearrangement of coefficients can be seen to correspond to a topological 
deformation of a diagram that alters the sequence of topologically distinct 
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environments (cf. Rule 4); it is hardly surprising that the permutation 
operator, which is partially defined by the sequence, must reflect the 
change. To examine the specific effect of rearrangement, let f(xi) and 
g(xJ be arbitrary single-index functions, which may, however, depend 
parametrically on other variables, and let P(xl I x2) be the single-index set 
permutation operator defined in Eq. (98); then 

mt I Xz)f(Xt)g(Xz)  = f (Xl)g(XZ) - f ( x 2 ) g h )  (108) 

= g(x2)f(xd - g(xl)f(xZ) ( 109) 

= &2 I Xt)g(X2)f (XJ (110) 

= w 2  I Xl)g(Xt)f(X2) (1 11) 

Equation (1 11) can be obtained from Eq. (1 10) because the action of the 
permutation operator renders the argument index set dummy. Consider 
next the permutation operator P(xIx2 1 x3), defined in Eq. (99), and let 
h ( x l ,  x2) be an arbitrary, antisymmetrized two-index function; then 

p(xtx2 I X3)h(XI 7 x2)g(x3) 

= h(xl, xZ)g(X3) - h(x3 9 xZ)g(xI) - h(xl 9 x3)g(x2) (112) 

=g(x3)h(~i , XZ) - g(xdh(x3, xz) - g(x2)h(~i , x3) (1 13) 

(1 14) 

Note that P(x3 I x I x z )  is the single-index set permutation operator defined 
in Eq. (100). 

A complication arising through the switching of coefficients and the 
necessary corresponding switching of permutation operators is the gener- 
ation of permutation operators with noncanonical index lists [e.g., if xI , 
x2, x3 in Eq. (1 12) represents a canonical list, then x3, xI , x2 in Eq. (1 14) 
certainly cannot]. Hence, we must examine the symmetry properties of 
the permutation operators. As before let us first consider the simplest 
single-index set permutation operator, P ( X I  I x ~ ) ;  

(115) 

(1 16) 

(1 17) 

= P(x3 I XIX2)g(xl)h(x2 9 x3) 

m z  I Xl) f (Xl )g (Xz)  = f(XZ)g(XI) - f(xl)g(Xz) 

w 2  I Xl) f (XlMX2)  = -m1 I xz)f(x1)g(x2) 

P(X2 I XI) = -ml I x2) 

= -{-f(xz)g(xt) + f (Xl)g(Xd) 

i.e., functionally, 

(1 18) 
Next, consider the permutation operator P ( x I x 2  I x3). One can imagine 
two kinds of permutations: within a topologically distinct region and be- 
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tween topologically distinct regions. We now examine the first kind: 
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i.e . , functionally, 

Equation (121) was obtained from Eq. (120) by use of the antisymmetry of 
the test function h. Now let us consider the permutation of indices be- 
tween topologically distinct regions: 

i.e., functionally, 

The symmetry properties of the permutation operator P(x l  I xzx3) need 
not be separately considered in light of the relation between P(x l  I x2x3) 
and P(XIXZ I x3) [cf. Eq. (1 14)]. The remaining permutation operator used 
in Table I but thus far not discussed in this section is P ( x l  1 x2 1 x3) ,  de- 
fined in Eq. (102). We now show that P(x1 I x2 I x3) is the composite of two 
single-index set permutation operators already examined. In addition to f 
and g,  let k(xi) be an arbitrary single-index function, which may depend 
parametrically on other variables; then 
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= f(x1 )g(x2)k(x3) - f (x2)g  (x I )k(x3) 

-f(x3)g(xZ)k(xI) - f(xl )g(x3)k(x2) 

+f(x2)g (x3)k(xl) + f(x3)g(xl)k(x2) (131) 

(132) = ml I x2 I x3)f(x1)g(xz)k(x3) 

p(xIx2 I x3)p(xl 1 x2) = p(xl I x2 I x3) 

i.e., functionally, 

(133) 

Hence the symmetry and argument exchange properties of P ( x l  I x2 I x3)  
can be understood in terms of the already-examined permutation opera- 
tors P(x1x2 I x3) and P(XI I x2). 

We have shown that although the cluster coefficients and the integrals 
do not in general commute, the commutation relations can be understood 
in terms of changes in the permutation operator. Furthermore, the sym- 
metry properties of the permutation operators found in a CCSDT model 
have been characterized. The symmetry properties enable a canonical 
ordering of (external) indices regardless of the ordering of the cluster 
coefficients and integrals. 

We now show that the projection of the Schrodinger equation for the 
CCSDT wave function on the triply excited space [cf. Eq. (106)] can be 
written in terms of (at worst) products of unmodified rank 3 cluster coeffi- 
cients and modified rank 2 integrals. Tensor notation with repeated index 
summation convention will be used, except, of course, for the permuta- 
tion operator. 

Consider breaking the sum in Eq. (106) into eight parts, designated by 
roman numerals, 

(1 34) 

(135) 

(136) 

(137) 

(138) 

(139) 

[I] = [28a] + [29b] + [34f] + [37g] + [38b] 

[II] = [28b] + [29a] + [34e] + [37f] + [38a] 

[III] = [32a] + [34a] + [34c] + [37c] + [38c] 

[IV] = [32b] + [34d] + [37d],+ [38e] 

[V] = [32c] + [34b] + [37e] + [38d] 

[VI] = [30] + [39a] 

[VII] = [31b] + [33b] + [33c] + [35b] + [36b] + [35c] 

+ [36d] -k [37a] + [39c] + [39b] + [40b] 

+ [36a] + [37b] + [39d] + [39el + [40al 

(140) 

[VIII] = [31a] + [33a] + [33d] + [35a] + [36c] + [35d] 

(141) 
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Let us examine each of these partial sums in turn: 
i j  &E D [I] = -P(u I uw)fLtE -fLP(uu I w)tg:t;  - P ( u  I U W ) U u a t , , ; t j  

+ u ! b P ( u V  I w){$ffji:f$ + fg:l;fz} ( 142) 

where u:b = (ijllub). Equation (142) can be rewritten 

[I] = P(UU I w > t ~ , ~ { - f ~  - (ftl)& - ( v t l ) E j  + ( U t ; ) z ; , }  (144) 

where t i  = i f 2  + t l t l I  The ambiguity in removing paired indices, when 
multiple pairs exist, can be eliminated if we adopt the convention that the 
first covariant summation index is implicitly paired with the first possible 
contravariant summation index, etc. [N.B.: The cluster coefficients and 
the integrals are irreducible tensors of the appropriate rank (cf. Section 11) 
and contractions between different cluster operators also cannot occur 
(cf. Section IV).] It should also be noted that the ranges of the contrac- 
tions are preserved by the tensor notation since covariant indices of clus- 
ter coefficients must be elements of the Fermi sea and contravariant indi- 
ces cannot be elements of the Fermi sea. Then 

[I] = P(uu I w)tg;(f'")i, (146) 

( f '3 ' ) iw = -f' W - ( f t , ) iw  - ( U t , ) ' ,  + ( U t i ) ' . . ,  

where the modified one-electron integral ( f 3 ) ) ;  is defined as 

(147) 

Similarly, the second partial sum 
pi yea b 

[I11 = P(P I y&)f!t:zi - fLP(Py I &)t$it:  + P(P I Y & ) U , b t u u w t i  

+ v y b P ( p y  I &){$?&;iff + t ~ ~ f ~ r , " }  (148) 

where 
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( u ( 3 ) ) E i  - - -u:, + (~tl);," - (utl);, + (~ t2 ) : :  + ( U t l t l ) a i E w  (153) 

Note that the required inner multiplication of the three-tensor product 
( u t l t l )  is rank 2 at all stages; i.e., 

Although a more symmetric formulation is possible, the following suf- 
fices: 

( 162) PY (3') i E  [VII = ~ ( p y  I & ) P ( u  1 uw)t,i ( v  
with 

(U(3'9Fw = (f?2)iiW + (ullt*)"'E,, (163) 

The required inner multiplication of the three-tensor product (utl  t 2 )  is 
rank 2 or less at all stages; i.e., 

(164) (ut 1 t*) "'i, = (ut I )  ' j U  t ;; 
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can be written as 

[VIII] = ~ ( p  I ~ . Z ) P ( U U  I w) t : ; (d3 ) )g  

( U ( 3 ) ) F  - - u: - P(Y I E)(w: ;  + (Vtl),Y", - P(Y I E ) ( u ~ ~ ) : . ;  

- P(Y I E)(utltl):.,E - (Uf;),aYE - i(w).,vw. 

(171) 
with 

+ P ( y  1 E)(utztl).,Y,'E - ( u f ; t , ) . ~ ,  (172) 
The required inner multiplications of the three-tensor products ( u t ~ f  1)  and 
(u t ; r , )  are rank 2 at all stages; i.e., 

(ut2tl).(1Y,'E = ( ~ t ~ ) & , r ;  (173) 

(Ut;tl).,YE, = (ut;) , ,yEt6,  (174) 

We next show that the projection of the Schrodinger equation for the 
CCSDT wave function on the doubly excited space can be written in 
terms of (at worst) products of unmodified rank 3 cluster coefficients and 
modified rank 2 integrals. We consider breaking the sum in Eq. (105) into 
eight parts; the first six being 

(175) 

(176) 

[IX] = [14a] + [16b] + [22b] + [25c] + [26b] 

[XI = [14b] + [16al + [22a] + [25d] + [26a] 

[XI] = [lS] + [24a] 

[XIII = [25a] + [26cl 

[XIII] = [25b] + [26d] + [26e] + [27] 

[XIVI = [171 + [18al + [18b] + [19a] + [19b] + [20c3 

( 179) 

+ [20a] + [19cl + [20b] + [21al + [21b] + [22c] 

+ [22d] + [22el + [23b] + [22fl + [23a] ( 180) 

the remaining two partial sums are the single diagrams [24b] and [24c]. 
Aside from satisfying the computational constraints, the partial summa- 
tions were chosen (1) to expose (double) cluster coefficients one index 
removed from the (El component of the external space [cf. Eq. (Sl)] and 
(2) to utilize tensors already required for the triply excited space. The first 
consideration facilitates the solution of the coupled-cluster equations by 
the method of iteration (i.e., successive s~bst i tut ion) .~~,~ '  The second ob- 
viously reduces the computational effort. The appropriate forms of the 
preceding two considerations were used in the choice of partial summa- 
tions for the triply excited space and will be used for the singly excited 
space, although it should be noted that the constraints imposed by rank 
seriously restricted the options in the triples case. 
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where 

(fq = -fu - (ft,)'" - (ut , ) ;  + ( U t i ) ' . . "  ( 183) 

Observe that the modified one-electron integral, with both indices from 
the Fermi sea, for the projection on the doubly excited space ( f ( 2 ) ) ;  is 
identical with the corresponding integral for the triply excited space ( f ( 3 ) ) ;  
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( U ( 2 ) ) Z  = ( U t 2 ) . 2  (192) 

Similarly, the fifth partial sum 

[XIII] = ~ u ~ b t E : t ~  + $uybt$tftjY + ~ u y b t ~ t ~ t :  + u$,t;tft:tjY (193) 

can be written as 

[XIII] = ( t ; ) ; : ( u ( q %  (194) 

where 

(u(2) )Z  = ( U t i )  ob pr (195) 

The fourth and fifth terms, [XII] and [XIII], are anomalous in that modi- 
fied cluster coefficients (e.g., rank 2) are used in the final tensor products. 
The particular modified cluster coefficients involved, t i ,  have already 
been used in several intermediate tensor products [cf. Eqs. (145), (157), 
(160), (1691, and (17411. 

The sixth partial sum is 

[XIV] = ug - P(p I y)u::t: + P ( u  I u)ugtt:  - P(p I y ) P ( u  1 u)u~Ut;; 
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1 

The seventh partial sum consists of only one term, which may be 
written 

Likewise, the eighth partial sum may be written as 

with 

( u ( 2 ) ) z  = (Uf3 ) , . f jY  

We next show that the projection on the singly excited space can be 
written in terms of (at worst) products of unmodified rank 3 cluster coeffi- 
cients and modified rank 2 integrals. We consider breaking the sum in Eq. 
(104) into four parts: 

[XV] = [5a] + [7] + [lOa] + [12b] + [I31 

[XVI] = [5b] + [7] + [lob] + [12c] + [13] 

[XVII] = [4] + [6] + [8] + [9a] + [9b] + [ l l ]  + [12a] 

[XVIII] = -[7] - [13] 

.. 3 have added to and subtracted from the sum in order to use t..e same 
modified one-electron integrals for the projection on the singly excited 
space as for the doubly and triply excited spaces [cf. the text following 
Eqs. (183) and (186)l. Let us consider each of the partial sums in turn: 

i a P  i j  p a  i j  a6 p i j  b a p 
[xv]  = - f L f f  - f o f , , f ;  - U,,,?; f j  - gv,bf , , j f ;  - U,bf , , f ; f j  (207) 

which can be written 
[XV] = f g ( f " ' ) : ,  (208) 

where 

<f(*)>L = -f; - (ft,). - (ut1)L + (ut;)'.., (209) 

Comparison with Eqs. (147) and (183) shows that the same modified one- 
electron integrals, with both indices from the Fermi sea, can be used for 
all projections; i.e., 

(2 10) (f'); = p);, = (f'*');, = (f'3')[, 
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Similarly, for the second partial sum, 
/3 - i o / 3  i s o b  1 ij p h a - , , i j t h t o t p  [XVI] = f ,tz f ,tUti + vobti tu  - svuhlij tu u 1 j (21  

where 

As before, comparison with the modified one-electron integrals for the 
doubly and triply excited spaces [Eqs. ( 1 5 0 )  and (186)l gives 

( f  I)! = ( f  ( 1 ) ) :  = ( f ' 2 ) ) :  = ( f  ''9: (214) 

The third partial sum 
, pi oh [XVII] = f f + f L f f l u  - u!;,tY - f ~ y ~ f r  + ~ V o b t l r i  

+ 1 ij p h  ij pu h 
4vobt~rij + vahtrri ' j  ( 2  15) 

can be written as 

The fourth partial sum, which compensates for the added terms, is 

IXVIIII = f:t:ta + v;ht:t;t; ( 2  18) 

which we can rewrite as 

where 

( f  (")I; = ( f t , I i u  - ( ~ t , t , ) ~ . . ~  (220) 

Finally, the projection of the Schrodinger equation for the CCSDT 
wave function on the reference determinant [Eq. ( 1 0 7 ) l  may be written as 

AE = f i  t~ + 1 ij tp.h + I ij u h 
u r 4Uob IJ zvuhti (22 1) 

Hence the correlated energy can be expressed in terms of contractions of 
modified one- and two-electron integrals 
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VII. Discussion and Conclusions 
The algebraic expressions obtained from a diagrammatic evaluation of 

the coupled-cluster equations for a CCSDT model are resolvable into 
products of unmodified cluster coefficients (or trivially modified in the 
case oft;) and modified one- and two-electron integrals. At no stage of the 
calculation are tensors of rank greater than 2 required, except for the 
initial contraction and final expansion of the rank 3 triples cluster coeffi- 
cients. 

The coupled-cluster equations for a CCSDT model are linear in the 
triples coefficients, even though the wave operator is full with respect to 
the logarithmic wave operator truncated at rank 3. This suggests that a 
single sequential pass of the triples cluster coefficients suffices for each 
iteration. The algorithm for the determination of the cluster coefficients 
would appear to be divisible into three parts: construction of the modified 
integrals [except (ut3)], list-directed multiplication of the triples coeffi- 
cients and the modified integrals, and final contraction with t l  , t 2 ,  and t ;  . 
The final forms of the coupled-cluster equations derived in the preceding 
section are eminently compatible with this algorithm. 

A key aspect in the implementation of a full coupled-cluster method is 
the rearrangement of the cluster equations to enable a solution by the 
method of iteration or successive substitution. As discussed by Purvis 
and Bartlett in their paper16 on a full coupled-cluster method including 
single and double excitations (CCSD), a convergent solution can usually 
be obtained by casting the equations in a form reminiscent of perturbation 
theory (Le., factor the appropriate diagonal elements of the Fock matrix). 
The analogous rearrangement from implicit to iterative forms can be done 
for the cluster equations in the CCSDT model presented in the preceding 
section. 

An interesting variant iterative scheme is motivated by the near invari- 
ance of the intraset modified one-electron integrals to external space exci- 
tation level in the cluster equations. Consider that the cluster equations 
for arbitrary external space rank r ( > O )  may be written as 

where P is the single-index set permutation operator, R, represents terms 
that are currently not of interest, f' is an intraset modified one-electron 
integral, and the repeated index summation convention is used with the 
appropriate modification (cf. Section IV) when an argument of the permu- 
tation operator is involved. Equation (223) may be rewritten 
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+ P(PI P r - 1  I P r ) l t t , . , . , , ,  P ~ . . . P r - l u ' ( f r $  + R,} (225) 
as iterative forms of the coupled-cluster equations. In Eq. (225), the 
index sets are given by p E { u I ,  ..., ur ,  P I ,  ..., f i r ) ,  i' E {a) A {FS) ,  and 
a' E (6) A {m}. We have just shown that a modification to the final 
(implicit) equations to obtain iterative equations in a CCSDT model can 
be found that localizes changes to the contractions of the intraset modified 
one-electron integrals and the appropriate cluster coefficients. Specifi- 
cally, unrestricted sums in Eqs. (1461, (149), (182), (185), (208), and (212) 
are replaced by the appropriate restricted sums. It must be emphasized 
that the conclusions concerning algorithm structure and required tensor 
ranks are equally valid for the iterative and implicit forms of the final 
coupled-cluster equations. 

The CCSDT model has been shown not to make excessive demands 
on either the core memory or the disk memory of modern computers 
when applied to small polyatomic molecules. A complementary concern 
in assessing the potential usefulness of the method is the central process- 
ing unit (CPU) requirement relative to other techniques in computational 
chemistry. The bulwark methods, configuration interaction including all 
single and double excitations (CISD) and fourth-order perturbation theory 
(PT4), have computational complexities of O( m6) and O( m7), respec- 
tively, where m is the number of orbitals. Including triples in the CI wave 
function increases the algorithm to O(m8), quadruples to O(mIo), etc. The 
portions of MCSCF calculations dealing with the orbital rotations are 
O(rn6); hence, the overall order of an MCSCF procedure is the same as 
the order of the corresponding configuration interaction calculation. The 
computational complexity of the CCSDT model, as presented in this 
work, is easily found to be O(m8);  that of the CCSD model is O(m6).  
Since the CCSDT model includes all (connected) single, double, and triple 
excitations and the dominant (connected) quadruple and quintuple excita- 
tions, it ought to be compared in reliability with CISDTQQ. Hence, the 
CCSDT model appears to be a computationally viable, size-extensive 
method for the very high level description of electron correlation, at an 
only moderately high cost. 
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I. Introduction 
The coupled-cluster (CC) method has been recognized in recent years 

as a very powerful method for the calculation of correlation effects.l-I4 It 
became an attractive alternative to more common configuration interac- 
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tion (CI) approaches owing to the so-called "size extensivity" p r ~ p e r t y ~ , ~  
that ensures correct scaling with size for large molecules and owing to 
some computational advantages in the inclusion of higher-order excitation 
effects that are normally not possible to include fully in CI. 

Foundations to the CC methods were laid by Coester and Kuemmel,' 
Cizek,2 H ~ b b a r d , ~  Sinanoglu,4 and  prima^,^ while Cizek2 first presented 
the CC equations in explicit form. Also Hubbard3 called attention to the 
equivalence of CC methods and infinite-order many-body perturbation 
theory (MBPT) methods. From this latter viewpoint, the CC method is a 
device to sum to infinity certain classes of MBPT diagrams or all possible 
MBPT diagrams when the full set of coupled-cluster equations is solved. 
The latter possibility would require solving a series of coupled equations 
involving up to N-fold excitations for N electrons. Practical applications 
require the truncation of the cluster operators to low N values. 

Following the pair correlation approach of Sinan~glu,~ Cizek2 intro- 
duced the coupled-pair many-electron theory (CPMET) method, which 
takes into account only double excitation clusters T2. In the present paper 
we prefer our more systematic nomenclature for different versions of the 
CC method, consistently used in our previous papers. Thus the original 
Cizek approach will be denoted CCD (CC doubles), while its linearized 
version will be denoted as LCCD. By including in the CC equations single 
excitation clusters TI, we arrive at the CCSD method, exploited in a 
series of papers by Bartlett and co-workers.sll We will also consider the 
linearized version of the CCSD method, LCCSD,I5 the full CCSDT model 
that includes effects of triple excitation clusters T 3 ,  and the CCSDTQ 
model that also considers T4. 

One of the unattractive characteristics of MBPT is the rapidly growing 
number of diagrams in higher order. For the HF-SCF reference state 
there are 1, 3, and 396,7 antisymmetrized diagrams in the second, third, 
and fourth order, respectively. According to our analysis, in fifth order 
there are 840 such antisymmetrized diagrams. However, in order to calcu- 
late the fifth-order energy we do not necessarily need to approach the 
problem in a diagram-by-diagram manner. A more efficient way to do this 
would be to follow the CC scheme, from which we can obtain the wave 
function at a certain order without explicit consideration of its lower- 
order structure. In this way, the number of diagrams to be considered is 
reduced to the much smaller set of CC diagrams. We have shown else- 
where in high-order MBPT studies that fifth-order MBPT coupled with 
the [2, 11 Pad6 approximant extrapolation has prospects of being an 
attractive model for electron correlation.16 It is also possible that for other 
properties than the energy, MPBT(5) might offer important correc- 
tions.'7-20 
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The aim of the present paper is to present the fifth-order terms gener- 
ated by several different CC approaches and to compare them with all 
fifth-order MBPT diagrams. This will enable us to analyze the steps re- 
quired to compute these terms. Several simplifications are identified. In 
particular, all the fifth-order diagrams arising from T4 may be obtained 
with only an n6 algorithm. To enumerate the fifth-order terms, we also 
introduce a modified type of diagram that reduces the overall number of 
fifth-order diagrams to 210. 

11. Review of the Rayleigh-Schrodinger Theory 
The nonrelativistic Hamiltonian within the Born-Oppenheimer ap- 

proximation is given as 

1 
H = 2 h(i) + 2 - 

i i>j rij 

where the one-electron operator is defined as 

In the formalism of perturbation theory we assume the exact Hamiltonian 
H to be composed of two components: the zero-order Ho and the pertur- 
bation V 

H = H o + V  (3) 

In the MPler-Plesset type of perturbation theory, we define HO as 

H~ = C f(i) (4) 

f(i) = h(i) + u(i)  (5 )  

f + r  = Er+r (6) 

and H@o = Eo@o, with @O the antisymmetrized product of spin orbitals 
{c#+}. Here u(i)  is an effective one-electron operator. The perturbation 
operator then becomes 

1 v = - - 2 u(i) 
i>j ru i 

(7) 

In order to develop a diagrammatic approach to perturbation theory, it 
is convenient to work within a second-quantized formalism. The expres- 
sions for Ho and V then become 
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H~ = C E,rtr 

and (pqllrs) = s d71 s d72 &X1)+~(2)r;1(1 - P12)4r(l)+s(2), the antism- 
metrized integral. We use our normal convention that the indices i, j, k, 1, 
, . . represent spin orbitals and associated operators corresponding to or- 
bitals occupied in some reference function while the indices a, b, c ,  d ,  ... 
correspond to unoccupied spin orbitals and operators, with p, q,  r, s 
unrestricted. The Schrodinger equation for the zeroth order and the exact 
problem are then 

HOlQr) = @l@J (10) 

f-44) = 4 4 )  (1 1) 

with {Qr} the set of determinants composed of the spin orbitals in Eq. (6). 
The form [Eq. (3) ]  of the perturbation operator points out that formally 

we obtain a double perturbation expansion with the two-electron V2 and 
one-electron V1 perturbations. However, in the case of a Hartree-Fock 
potential the one-electron part of the perturbation is exactly canceled by 
some terms of the two-electron part. This becomes more transparent 
when we switch to the normal product form of the second-quantized 
operators2$21 indicated by the symbol {...}. We define normal orders for 
second-quantized operators by moving all a (“particle” annihilation) and 
it (“hole” annihilation) operators to the right by virtue of the usual anti- 
commutation relations [at, b]+ = S o b ,  [it,j] = 60 since al@O) = 31%) = 0. 
Then 
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where HN , H k  , V y ,  and V y  are normal-ordered operators corresponding 
to the operators in Eqs. (8) and (9). This operator form is accomplished by 
Wick's theorem, which says that for a string of rn second-quantized 
operators, ABC... = {ABC...} (the normal product) plus all single, double, 
... up to m-fold contractions,21 or symbolically, ABC...  = {ABC...} + 

{ABC...} ..- + {ABC.. . }  + -.. + {ABC....} . Furthermore, the only nonvan- 

ishing contractions are i? = tiu and ab' = 8 o b .  Hence, the (plwlq){ptq} 
term is a component of the V2 operator (9b) containing one contraction 

n rF= F 
n n 

( P l W l d  = c ( P W )  (16) 
i 

If the one-electron potential u(i)  used to generate one-particle states ac- 
cording to Eq. (6) is the usual Fock potential, then the one-electron per- 
turbation (15a) vanishes. With the preceding definition of the Hamiltoni- 
ans, the Schrodinger equations (10) and (1 1) take the form 

H\IW = A E : l w  (17) 

W$) = AEl$) (18) 

where 

AE: = E:  - EO 

AE = E - Eo 

The RS formulas for the energy expansion are well known and are 
given in many places (e.g., Ref. 22). A thorough development of the 
wave-reaction operator perturbation theory has been presented by Low- 
din.23 Using conventional first quantized operators, we may write down 
the expressions for the nth-order energy for instance, as 

E(") = (QJppP-')) (19) 

and 

where 
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By recursive iteration of Eq. (20) we may obtain explicit formulas 
for E(”), which in general would look like 

E(n) = ( Qo1 V(Ro V)”-’  I a,,) + renormalization terms (22a) 

Thus, the RS energy expression consists of two parts: the first one, which 
will be called the principal part, is given explicitly in Eq. (22a), and the 
second one, called the renormalization part, involves many terms, the 
number of which rapidly grows with the order of perturbation. For exam- 
ple, at the third order there is 1 such term; at the fourth order, 4; at the 
fifth order, 13; etc. Perhaps the easiest procedure for generating these 
terms is the “bracketing technique” of Br~eckne r .~~  

One of the virtues of the diagrammatic expansion lies in the fact that 
we do not need to consider the renormalization part, but, formally, we 
can limit ourselves to the principal one. The other terms are automatically 
accounted for by (a) eliminating from the diagrammatic expansion all the 
unlinked terms [by virtue of the linked diagram theorem (LDT)24-27] and 
(b) admitting to the expansion the so-called exclusion principle violating 
(EPV) The EPV diagrams, which have been called the 
“conjoint” part of the renormalization terms,6 are very convenient from a 
computational point of view, since they allow an unrestricted summation 
over the “particle” or “hole” orbital labels. Of course, invoking the 
linked-diagram theorem also ensures the size-extensive property.6 

Hence, a statement of the linked diagram theorem is that 

and that 

where the L indicates the limitation to “linked” diagrams. Computational 
methods based on MBPT were introduced into chemistry by Bartlett and 
c o - w o r k e r ~ ~ ~ ~ ~ ~ ~  with the current state of the art being the evaluation of 
all diagrams through fourth-order perturbation theory. 

The analogous expansion may be developed for the nth-order per- 
turbed wave function Wf in Eq. (22b), but they must be expressed in 
terms of open diagrams, i.e., those in which all the lines are not closed 
into loops. Strictly speaking, such diagrams occur in the expansion of the 
wave operator, a concept studied at length by L o ~ d i n , ~ ~  since their alge- 
braic equivalents are second-quantized operators. The nth-order wave 
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operator that takes @,, into Wn) is defined as 

I*(”)) = a(n) I @o) (23) 

We express contributions to diagrammatically, but they can be auto- 
matically identified through Eq. (23) with contributions to the *(“). These 
are shown for the first- and second-order MBPT wave function in Fig. 1. 
In the wave operator expansion, we encounter disconnected but linked 
diagrams, i.e., diagrams that are composed of two or more separate parts 
like 

and, of course, all wave operator diagrams are “open” (since they have 
external lines). The LDT, of course, holds for this case, since no unlinked 

(2) 

‘MBPT 
4- 

+ v:: +Y.: + \l..,”--x 
Fig. 1. MBPT wave function diagrams for first and second order. 
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terms are allowed, where unlinked means composed of two or more dis- 
connected parts in which at least one is closed like 

(closed means no external lines). The diagram 

is connected and linked. Illustratively speaking, the presence of the dis- 
connected terms prevents us from obtaining the higher-order wave func- 
tion *("+I) by merely operating with V on W), since such a procedure 
would lead also to an occurrence of unliked terms in the W + I f  expansion, 
which would be compensated by an addition to VIW))  of renormalization 
terms. This, however, would be equivalent to (VIW"))L, where L means 
linked diagrams only. 

The same observation refers also to the different energy formulas. We 
can express the nth-order energy given in Eq. (19) as 

(244 

= (*(2)[EO - Hl)l?w2))L (24b) 

= ( w ~ ) I E ~  - ~ ~ 1 w - 3 ) ) ~  (24c) 

E(") = (@oplpp("-~)) = ( q q E o  - Hopp("-l)) 

= (*(l)lVIq("-2)) + A = (*(2)1E0 - Holq("-2)) + A 

= (W2)lV"4f(n-3)) + B (W3)IEo - H,-,lWn-3)) + B 

where A,  B, ... are the renormalization terms that must be added when 
changing the order of the wave function occurring in the expression of E(") 
and that account for the different unlinked terms arising from the modified 
first term. 

It turns out to be very convenient to separate contributions to the 
wave operator Q(") [and by Eq. (23) to the wave function Wn)] into several 
classes 

(25) 

where at) refers to that part of that involves only k-tuple substitu- 
tions in the reference determinant I@o). The & contributions can be fur- 
ther analyzed by expressing them in terms of a cluster operator Ti, 

a(") = + a(") + ... + fig) I 2 
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where the summation runs over those ni and i values that fulfill the condi- 
tion xf’=, nii = k ,  1 5 ni 5 k ,  p < k. The T/ cluster operator is given as 

i jk.  

and are naturally in normal product form 

i>j> k 

where the number of creation (annihilation) operators equals 1. We also 
assume that t$;- is antisymmetrized. 

Another way of introducing cluster operators is to define the operator 
2‘1 to sum only “connected” 1-fold excitation diagrams in ~ \ I I B ~ T ,  and by 
virtue of defining R = exp(T) the “disconnected” but “linked” ~ M B ~ T  

diagrams are summed as the quadratic and higher terms in the exp(T) 
expansion. This is the essential relationship of MBPT to coupled-cluster 
theory. 

111. Synopsis of Coupled-Cluster Theory 
In the coupled-cluster theory1*2*6 the perturbed wave funtion may be 

expressed in terms of cluster operators T as 

1%) = eTl@o) (28) 

where 

Similarly the CC correlation energy A E is given by 

A E  = (@olVTil@o) + (@olVT:(@o) + ( @ o I W I @ o )  (29) 

which simply corresponds to inserting Eq. (28) into the Schrodinger equa- 
tion and projecting by the reference function @ o .  

The Ti coefficients are solutions of the CC equations, which may be 
generally formulated as 

(30) ( @ $ ; . ~ ( E O  - Ho)eTI@o) = (@$b::.l(V - AE)eTIQ0) 
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by projection of the Schrodinger equation onto the other possible excita- 
tions, although a simpler procedure is possible. 

As already stated, the T operators are in normal-ordered form. Hence, 
by introducing HN from Eqs. (13)-(15) into Eq. (30), we have 

exp(- T)HN exp( T) I @o)  = @ o )  (3W 

The Campell-Baker-Hausdorff commutator formula tells us that the 
quantity 

(31b) 

where C indicates the limitation to “connected” diagrams. It is important 
to distinguish connected from linked as discussed earlier. The MBFT 
wave function consists only of linked diagrams, but some are discon- 
nected. By virtue of defining T to sum only connected diagrams, its inser- 
tion into exp( T) introduces the remaining linked but disconnected dia- 
grams of the MBFT wave function via the exponential expansion. 

exp(-T)HN exp( T) I @O) = H N  exp( T) I @ O h  

Projecting Eq. (32) on the left by (ao[ gives A E ,  

A E  = ( @ o  I H N  exp( T) I @o)c (32) 

while projection onto some excitation (@$b;;.[ provides equations for the T 
amplitudes, 

(33) 

Limiting ourselves up to triple excitation clusters TI, Tz, T3, where 
T4 = T5 = = 0, we obtain the operator equations for T1 from projection 
by single excitations, TZ from projection by double excitations, and T3 by 
projection by triple excitations. Hence, 

(@$b::, I HN exp( T )  l90)c = 0 

n n n m n  n 
0 = (@?Ivy + {HNT2} + {HNTI} + {HNT3} + (HNTIT21 + {HNT:}/2 + {HNT:}/3 

1 2 3 4 5 6 7 (34a) 
n n n n  m 

0 = (@tblvr + {HNT*} + {HNTI} + {HNT3} + {HNT:}/2 + {HNTlT2} 
1 2 3 4 5 6 

n 
(34b) 

n r n r - n  n 
+ {HNT:} + {HNTIT3} + {HNT:T2}/2 + {HNT:}/3 ! + {HNTf}/4 ! (0)c 

7 8 9 10 11 
n n  n m m m  

1 2 3 4 5 6 
0 = (@$l{HNT2} + {HNT$}/2 + {HNT3} + {HNTIT21 + {HNT2T3} + {HNTIT3} 

m m m m 
+ {HNT:T2}/2 + {HNTIT:}/2 + {HNT:T3}/2 + {HNT:T~}/~ !Io)C 

7 8 9 10 (34c) 

The symbol {ABCD. . .} indicates all possible contractions among the 
m 
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different normal-ordered operators. There are no contractions within a 
normal-ordered operator. The easiest way to work out explicit spin-or- 
bital formulas for the amplitudes in the operator is to use diagrammatic 
techniques. This is done in Section IV,B. 

Limiting ourselves to the HF reference case for convenience, by com- 
bining a cluster-type expansion of a given in Eq. (26) and its order-by- 
order series, the low-order contributions to the wave operator may be 
expressed as 

f p l )  = T(') 2 ( 3W 

n c 2 ,  = + q) + p + Ty""/2 (333) 

+ ~ 5 1 ) ~ ( 2 )  2 + p ~ ( 2 )  2 3  + p p ) p / 3  2 2 2  ! (35c) 

a ( 3 )  = T ( 3 )  + T ( 3 )  + T ( 3 )  + T(2)T'I) + 7"3) 
I 2 3 1 2  4 

where we took into account the fact that 
T p  = T'" = 7-0) = 0 

4 4 

and similar conditions for low-order T 5 ,  T6 ,  etc. Also due to the Brillouin 
theorem 

TI') = 0 

Diagrammatic expressions for the operators to an3) are presented in 
Fig. 2, in which the diagrams appear in the same order as in Eq. (35). The 

I 

I 2 3 4 

5 6 7 

8 
Rg. 2. Diagrammatic representation of the wave operators (a) W, (b) W, and (c) i l l 3 ) .  

A Hartree-Fock reference state is assumed. 
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meaning of these diagrams will become clear after the discussion in Sec- 
tion IV,B. 

IV. Diagrammatics 
A. Many-Body Perturbation Theory Diagrams 

The second-quantized form of the perturbation operators given by 
Eqs. (9) or (15) is most suitable for the transformation of the algebraic 
expansion into a diagrammatic one. In this section we will briefly discuss 
the relationship between algebraic Rayleigh-Schrodinger perturbation 
theory (RSPT) terms and the MBPT diagrams they generate without going 
into details of the proof of the linked diagram t h e ~ r e m . ~ ~ - ~ ~  As was men- 
tioned in the preceding section, to obtain a diagrammatic expansion we 
need to consider only the lead term in the expansion of Eq. (22a). In order 
to have in this expression a sequence of second-quantized operators with- 
out any restrictions, we will replace the projector Q in the resolvent by 
the operator 1 - Po,  where PO = IQO)(@oI. In this way we obtain 

2 (Qol V ( - Po V)" - ' I@) + renormalization terms (36) 
n Eo - Ho 

Now we can divide all the terms in the preceding equation into three 
groups: (a) leading term EF),  (b) terms originating from the first term of 
Eq. (36) but containing the PO operator, and (c) the original renormaliza- 
tion terms. We can now single out the term El"', which is 

and in this way we have obtained an expression analogous to that ob- 
tained by Goldstone in the time-dependent (TD) proof of the linked dia- 
gram theorem.25 The unlinked terms generated by Eq. (37) are in analogy 
to the TD scheme: (1) The first group contains those diagrams that are due 
to the inclusion of PO into the resolvent and that are canceled by the terms 
of group b. They always have one or more vacuum states between adja- 
cent vertices. (2) The second group includes unlinked diagrams in which 
unlinked parts overlap each other and that are canceled by the renormali- 
zation terms present in the RS expansion. 

As we develop the diagrammatic procedure, it is interesting to exam- 
ine how enormous numbers of diagrams are initially reduced by the intro- 
duction of more sophisticated graphic representations. Assuming, for in- 
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stance, that the perturbation operator is of two-electron character only, 

in the nth order we will have a sequence of 4n creation and annihilation 
operators 

(39) 

This can be presented diagrammatically as n vertices not yet connected 
together: 

2-" C ( n p l q r )  ntptrq ... (st luu)sttfuu ... (wxl y z )  wtxtzy 

>-----< T 
>-----< 1 
2--- - - c : 

Then we use Wick's theorem, which states that nonvanishing contri- 
butions to the energy come only from fully contracted terms. A contrac- 
tion between two operators in diagrammatic language means that two 
lines corresponding to two operators being contracted must be tied to- 
gether. Thus Wick's theorem in diagrammatic language states that in 
order to have a nonvanishing contribution to the energy all the lines in the 
diagram must be connected into loops and no diagram with an open line 
survives. It is straightforward to see that n sets of the operators of the 
type p t q  tsr can be fully contracted into (2n) ! ways. This can be illustrated 
with the second-order expression in which we have the sequence of oper- 
ators 

p tqtsrttutwu 

We can assign to the creation operators the numbers 1, 2, 3, 4, and 
contracting them in all possible ways with operators srwu will be equiva- 
lent to taking all the permutations of the latter ones. On the other hand, it 
may be observed that to each permutation of 2n numbers we can assign an 
nth-order diagram. For instance, taking n = 3 we can pick at random a 
permutation, say, 241653, and assign to it a diagram 
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in which we have numbered the ends of each vertex with the numbers 1 to 
6 and have drawn the diagram according to the prescription that the 
numberj placed in the i th position means that we ought to draw the line 
directed from the point j to the point i. The number of cycles in the 
permutation is equal to the number of loops in the diagram. In this way we 
would obtain 2 diagrams in first order, 24 diagrams in second order, 720 
diagrams in third order, etc. (cf. the first row of Table I). 

These enormous numbers of diagrammatic terms are obviously use- 
less, and there are methods to reduce them substantially. This can be 
done in several steps: 

Step 1: Zntroduction of the linked diagram theorem. The diagrams 
obtained so far are generated by the expression in Eq. (37), which is the 
leading term in the expansion of Eq. (36), the remaining terms of which 
are ignored. Introduction of the LDT in our scheme is equivalent to the 
inclusion into the diagrammatic expansion all the remaining terms in Eq. 
(36), whose role will be to cancel all the unlinked terms originating from 
the leading one. Actually, the LDT should not be considered just a 

TABLE I 

NUMBER OF VARIOUS TYPES OF DIAGRAMS FOR THE FIVE LOWEST ORDERS 
OF PERTURBATION THEORY 

Order of perturbation theory 

Type of diagrams 

Topologically equivalent 
Linked 
Topologically distinct (Goldstone) 
Antisymmetrized 
Hartree-Fock reference state 
Antisymmetrized skeleton 
Hugenholtz skeleton 

1st 2nd 3rd 4th 5th 

24 
20 
6 
2 
1 
1 
1 

720 
592 
76 
14 
3 
1 
1 

40,320 
33,888 
2,124 

20 1 
39 
15 
12 

3,628,800 
3,134,208 

97,968 
4,704 

840 
210 
148 
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method of reducing the number of diagrams, since this is just a “side 
effect,” although a desirable one. The LDT itself ensures that all non- 
physical terms, i.e., the unlinked diagrams that are size inextensive, are 
eliminated. The number of terms left after applying the LDT in the second 
and third order, respectively, is 20 and 592. See the second row of Table I 
for higher-order terms. It follows from the derivation that with each nth- 
order diagram we have to attach a factor 2-”. 

Step 2. In this step we introduce so-called topologically nonequivalent 
or Goldstone diagrams.25 Each group of topologically equivalent diagrams 
contains all those terms that can be obtained one from another without 
cutting any line, i.e., by turning one or more vertices around the vertical 
axis. It follows from this that there are 2” topologically equivalent dia- 
grams in one group (or 2”-* when there is a vertical symmetry plane in the 
diagram). Replacing such a group with a single diagram will be equivalent 
to removing the factor 2” from the corresponding algebraic expression. 
This is visualized in the following figure, in which two groups of topologi- 
cally equivalent diagrams are presented for the second order: 

Group (a) consists of four diagrams and group (b) consists of two dia- 
grams (there is a symmetry plane in this group). In (b) the factor 2-” is not 
entirely canceled, and so we attach with the resulting Goldstone diagram 
a factor 4 (in accordance with the Goldstone rule). The procedure of 
taking only topologically nonequivalent diagrams, which, of course, also 
adds the “exchange” diagrams of those above, reduces the overall num- 
ber of terms to be considered to 2 , 6 ,  and 76 for the first to third order (cf. 
Table I, third row). 

Step 3. The next decrease in the number of diagrams is realized by the 
introduction of antisymmetrized diagrams, which arise when replacing a 
Goldstone vertex by an antisymmetrized one, which is our normal con- 
vention for MBPT36 and CC6 methods. The difference between the two is 
revealed in the integral attached with the vertex. In the Goldstone dia- 
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gram we have the relation 

whereas for the antisymmetrized diagram 

This means that switching outgoing or incoming lines that are not a 
topological transformation in the case of Goldstone diagrams leads to a 
new diagram (i.e,, exchange diagrams), while in the case of antisymme- 
trized diagrams this results in the same diagram. Therefore, a group of 
Goldstone diagrams then can be obtained one from another by switching 
pairs of incoming or outgoing lines at any vertex corresponds to the same 
antisymmetrized diagram. Any member of the group may be selected, but 
it is convenient to take those that contain a maximum number of 
loops. 36v37 

The number of Goldstone diagrams corresponding to the antisymme- 
trized one is determined by the number of pairs of equivalent lines accord- 
ing to the formula 2” - N p  + 8Npn,  where n denotes an order of perturba- 
tion, Np is a number of pairs of equivalent lines, and 8 ~ ~ ”  is the Kronecker 
delta. Two lines are said to be eq~ivalent’~ if they go in the same direction 
and both of them begin at the same interaction line and end at the same 
interaction line. After antisymmeterization we obtain, respectively, in 
first through fifth order 1, 2, 14, 201, 4704 antisymmetrized diagrams. 

Step 4 .  When we happen to develop a perturbation expansion with 
respect to the Hartree-Fock reference state, the number of diagrams is 
further reduced. In this case, all diagrams produced by a contraction 
within an operator, which results in Goldstone terminology to a “bubble” 
line I---O, are canceled (with an exception of the first order) by the 
negative of the Hartree-Fock one-particle potential I---x. This is clearly 
seen when one uses the normal-order form of the perturbation operator, 
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since then the V y  operator [Eq. (15a)l vanishes. [In our notation used in 
all figures I---x = I---@ = I---O + I---x (Goldstone) unlike the 
Goldstone convention.] By assuming an HF  reference state, the number 
of diagrammatic terms goes down to 1, 1, 3,  39, and 840 from first to fifth 
order (see Table I). Also in Fig. 1 once our I---x = 0, the second term in 
Y'LLm and 1 1 of the terms in *ELpT would disappear. 

Step 5.  The preceding numbers point out that up to fourth order, the 
diagrams are manageable. To make them more manageable in fifth order, 
it is convenient tc introduce a further reduction by ignoring arrows in the 
antisymmetrized diagrams. In this way we obtain antisymmetrized skele- 
ton diagrams (or just skeleton diagrams) to distinguish them from the 
ordinary antisymmetrized diagrams. The skeleton diagrams carry practi- 
cally as much information as the antisymmetrized ones, since providing 
the arrows is an automatic procedure and assigning the algebraic formula 
to them is as straightforward as for the antisymmetrized diagrams. How- 
ever, as is explained in Appendix A, not every one of a group of equiva- 
lent antisymmetrized diagrams may be selected as the skeleton, and this 
requires some attention. By introducing skeleton diagrams we reduce the 
number of SCF graphs in the third order from 3 to 1, in the fourth order 
from 39 to 15, and in the fifth order from 840 to 210. See Ref. 10a for a 
similar analysis for the CCSDT equation. 

Step 6. Another option would be to use Hugenholtz skeletons, i.e., 
those obtained by ignoring the arrows in the Hugenholtz diagrams.38 In 
this way we can achieve another reduction (see the last row of Table I). 
However, as we discuss in Appendix A, the loss of information when 
going from antisymmetrized skeleton to Hugenholtz skeleton diagrams 
does not correspond to the reduction in the number of terms. Hence, in 
this paper we will mostly use the directed and skeleton diagrams that 
combine the Goldstone form with antisymmetrized vertices as popular- 
ized by Bartlett and co-workers.6-11 Assigning an algebraic expression 
(usually more than one) for a skeleton diagram is as trivial as for the 
antisymmetrized directed diagrams (this is also discussed in Appendix A), 
but their number is much smaller. For example, in fifth order, it is four 
times less. Moreover, when reproducing MBPT diagrams by diagram- 
matically performing CC iterations, we can also use the CC equations in 
arrowless form, which makes the generation of the perturbation terms 
transparent. 

None of the foregoing states how to actually generate all possible 
MBPT energy diagrams in each order. Such a procedure is presented in 
Appendix B. 



298 Stanislaw A. Kucharski and Rodney J. Badett 

B. Coupled-Cluster Diagrams 
The diagrammatic equations for CC theory are in many respects easier 

to generate than are those of MBPT. It is apparent from the foregoing 
discussion that using fully antisymmetrized integrals is preferable to other 
possibilities. Once we have the CC diagrammatic expressions we can then 
make the transition to MBFT by iteration of the CC equations. 

Returning to Eqs. (32)-(34) and temporarily suppressing the external 
indices on the configuration @:!;:., we can quickly diagram the HN 
exp(T) I @& part for the T amplitudes. This is accomplished as follows: 

1. Pick an excitation level of interest (zero, single, double, etc.). This 
specifies the number of unpaired lines in the resultant diagrams. 

2. Symbolize TI by Y , T 2 b Y “ G / ,  

Upward arrows represent “particle” lines and downward “hole” lines. 

w w. Hence, Ti = 

3. Symbolize H N  = H k  + V y  + V y  as 

0 0 - 1  + 1  

0 0 0 - 1  -1 

+1 +1 -2 +2 

The interaction 1---X stands for the operator eP{ptp} + ( p ( w  - ulq) 
{ptq), while >---< stands for the antisymmetrized operator (pqllrs) 
{ptqtsr} .  The labels at the bottom of the H i  + Vf” and V y  operators refer 
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to the change in excitation level caused by that form of the operator. 

Hence, A--/ reduces the excitation level by 1. 

4. Construct the quantity H N  exp(T)I@&. First we expand exp(T) 
subject to the limitation on the excitation level in step 1 above. Then we 
add the correct components of H N  to each T vertex or combination of T 
vertices to retain the correct excitation level and the connected require- 
ment on the diagram. This procedure exploits the fact that the only con- 
tractions that need to be considered are those among different normal- 
ordered operators. 

The simplest example is the energy in Eq. (29). Diagrammatically this is 

AE = +[-I + a 
since only the third term in H L  + V y  and the penultimate term in V r  
“close” the diagrams from the Ti and Tz contributions to result in a net 
zero excitation. 

To illustrate the amplitude equations, consider the Ti equations in CC 
theory. Since our net excitation level is a single, we have Eq. (34a), which 
is arranged by orders in HN . The seven terms from Eq. (34a) generate the 
following diagrams: 

1 2a 2b 2c 3a 3b 3c 

4 5a 5b 5c 6a 6b 

6c 7 

The first term in Eq. (34a), V y ,  has only one term (diagram) that corre- 
sponds to a single excitation, the fourth in number 3 above. The next 

term, { HN T2}, has contributions from both V y  and V y  . Each must reduce 
the double excitation quantity T2 by one excitation; hence the third term 

n 
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from V y  and the fourth and fifth from V,” are required. The resulting 
diagrams are shown as 2a, 2b, and 2c above. Because of the antisymmet- 
ric vertices, there is only one distinct way each of the perturbations can 
be connected to the T2 vertex. We can make this clear with an example 
that serves to illustrate a combinational convention we have developed 
that is guaranteed to generate each distinct diagram and will generate it 
only one time, so that there can be no question about redundancy or 
topological equivalence. 

Consider the {mz} term. Label each vertex with a plus sign for an 
upward-going line and a minus sign for a downward-going line. Since TI  T2 

corresponds to , we have + - I + + -- for the two 

vertices. Notice that the order of the pluses and minuses is irrelevant 
since all lines going in the same direction and originating from the same 
vertex are equivalent. Since this corresponds to a triple excitation, we 
require the (-2) de-excitation operator from HN to reduce to a single 
excitation, and this can only come from V,”.  We can similarly label this 
perturbation as + + - - . The combinations are generated by taking two 
pluses and two minuses from the available vertices to satisfy the perturba- 
tion. We may do this in three distinct ways that lead to connected dia- 
grams, namely, + - I + - , + I + - - , - I + + - , where the vertical separates 
the two vertices. This may be systematized into the following table: 

Vertices Perturbation Combinations Diagrams 

+- I++- -  ++-- +- I+-  0-0-Y 

+I+--  M 

Hence, we have the three distinct TI  amplitude diagrams. 
To interpret the diagram algebraically, we have the following rules. 
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1. Each upgoing line is labeled with a “particle” label a, b, c ,  d, ... 
and each downgoing line with a “hole” label i,j, k, 1 .. . . Open lines should 
be labeled in sequence as a,  i ;  b , j ;  c, k ,  etc. 

2. Each one-particle vertex should be interpreted as the integral (left 
outloperatorlright in). Hence 

3. Each two-particle vertex corresponds to the antisymmetrized inte- 
gral (left out, right outllleft in, right in), and so x----< = (ckllbj)  

4. Cluster vertices correspond to i L/ = ty ,  i‘\/’.jv = 

etc., and are antisymmetric as well; hence tGb = -t$’ = -$a = f: and 
similarly for t $ .  

5 .  All the orbital labels are summed over “internal” lines, i.e., lines 
terminating below the last HN . 

6. The sign of the diagram is obtained from (- 1) raised to the power of 
the sum of hole lines and loops. For the purpose of getting the sign, open 
lines are closed into fictitious loops by pairing i, a ;  j, b ;  etc. In the 
preceding example, in the first diagram we have three loops and three hole 
lines, giving a positive sign. In the second and third diagrams we have two 
loops and three hole lines, giving a negative sign. 

7, The weight factor for the diagram is specified by (1/2)”, where rn is 
the number of pairs of “equivalent” lines. A pair of equivalent lines is 
defined as being two lines originating at the same vertex and ending at 
another, but same vertex, and going in the same direction. In the preced- 
ing example, there is one pair of equivalent lines in the second and third 
diagrams. 

8, To maintain full antisymmetry of an amplitude, the algebraic ex- 
pression for a diagram should be preceded by a permutation operator 
permuting the open lines in all distinct ways, &(-1)PP. 

The final rule pertains to the number of distinct permutations that are 
possible among the open lines. For any single excitation diagram there 
can only be one. However, for double excitations and higher, there is 
normally more than one distinct way for a double a$, triple a$, etc., 
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excitation to label the diagram. As an example consider the T: contribu- 
tion, to the T2 amplitude. Using our convention, in which implies sum 
over all permutations and all internal hole or particle labels, such as &,k,i 

in the diagrams that follow, we have 
P 

Pertur- Combi- 
Vertices bation nations Diagrams Interpretation 

In the first diagram, interchanging a with b or i with j gives a distinct 
term, while interchanging both is indistinguishable since the vertical axis 
of a diagram is irrelevant. Hence, the preceding permutation is 
X p ( - l ) p P ( g )  = &(-1)PP(ab), where the symbol P( i j )  means that in 
addition to the identity permutation (parity factor +1) there is a single 
permutation of i with j (parity factor -1) in the succeeding algebraic 
expression. 

Note that one cannot always depend on the symmetry of the diagram 
to indicate such an equivalent permutation since the diagram may equally 
well be written as 

since it only requires that a plus-minus combination be taken from each 
T2 vertex. (Of course, in this form the diagram has a minus sign and a 
corresponding interchange in the t$ amplitude.) However, this should be 
evident immediately when the same combinations of plus-minus are be- 
ing taken from equivalent vertices in the diagram generation step. 
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When two lines from the same vertex are quasi-equivalent, that is, 
when they would be equivalent once the diagram was closed by a project- 
ing determinant, there can be no distinct permutations among those lines. 
Hence, the second diagram has P(ab)  since i and j are quasi-equivalent, 
while the third must have P ( i j ) .  The final diagram has no permutations. 
Here it is important to recognize the two continuous loops generated by 
connecting i with a a n d j  with b. 

In a more complicated case, such as the TiTz contribution to T3, we 
have 

~~ 

Combi- 
Vertices Perturbation nations Diagrams Interpretation 

+-I+-I++--  ++-(?---//) + [ - I +  

+ I + ) -  

+ --( t ---//) + I  -I - 

- I - I+  

w--w 

Here P(iljk1abc) means that i may be permuted withj or k, but n o t j  or k 
with themselves, while all permutations among abc are allowed. In the 
second diagram even though i a n d j  are from different vertices, they arise 
from taking the same line direction from equivalent vertices and so i t o j  
permutations are not distinct. 

The T2 and T3 CC amplitude diagrams are shown in Figs. 3 and 4 in 
which the labels, as in the preceding discussion for T I ,  indicate which of 
the terms in Eq. (34b,c) leads to the diagram. A little practice using the 
rules makes the generation of these diagrams automatic. Detailed inter- 
pretation of the triple excitation diagrams in CC theory is presented in 
Lee et a1.I0 
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5c 5d 60  6 b  6 c  

v4-v v%I w w-3l wn hi--y 
6 d  6 e  6 f  69 6h 70 

a-w M-i( M-fi w-w 
9 e  I00 Ob I I  

Fig. 3. Diagrammatic representation of the T2 coupled-cluster equation [Eq. (34b)l from 
CCSDT with directed lines. Henceforth referred to as the D equation. 

2c  2d 2e  

30 3b  3c 

Fig. 4. Diagrammatic representation of the Tj coupled-cluster equation [Eq. (34c)l from 
CCSDT with directed lines. Henceforth referred to as the T equation. 
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Fig. 4. (Coniinued) 
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V. Generation of the MBPT Diagrams by CC Iterations 
A. Relevant CC Equations 

In order to analyze how MBPT terms through fifth order are generated 
by the coupled-cluster iterations, we present in Fig. Sa-d the CC skeleton 
diagrams for single, double, triple, and quadruple amplitudes, respec- 
tively. These assume a Hartree-Fock reference state and include only 
those terms that contribute to the energy up to fifth order. Ordinary 
antisymmetrized directed diagrams as used in Figs. 3 and 4 may be easily 
obtained from them by providing arrows, which is a fairly automatic 
procedure. 

B. Second-Order MBPT Energy E2 
The CC energy is given by Eq. (29) or by the equivalent diagrammatic 

expression in Eq. (40). This means that up to fourth order only the last 
term will contribute, since the second one would involve first-order Ti’),  
which, by virtue of Brillouin’s theorem, is equal to zero. Thus, in order to 
obtain the second-order energy we need to plug Ti” in place of the bottom 
iteration line in Eq. (40). We say that 2’;’) is obtained in the zeroth-order 
iteration of the CCD equation, which means that it is merely computed by 

I 2 3 

Fig. 5. Terms in (a) S, (b) D, (c) T, and (d) Q amplitude equations contributing to the 
fifth-order energy ES . An HF reference state is assumed in all figures henceforth. 
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providing a denominator to the corresponding integral according to the 
formula 

$(I )  = (abllij) 
&i + &j - &a - &b 

This is even easier to see with diagrams since 

(the denominator is attached above the dashed interaction line according 
to MBPT wave function rules), and by using the CC correlation energy 
diagrammatic expression [Eq. (40)]. The first term never contributes in 
the HF case and the second only in fifth and higher order. Hence we have 
the term in Fig. 6a. 

Fig. 6. Antisymmetrized skeleton energy diagrams for (a) E 2 ,  (b) &, and (c) Ed.  These 
diagrams are labeled by the intermediate vertex as double excitation ( D ) ,  single excitation 
(S), triple excitation (T) ,  or quadruple excitation (Q) type. 
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C. Thud-Order MBPT Energy EJ 
It is well known that the third-order MBPT energy with an HF  refer- 

ence state can be obtained from the LCCD method.6 The LCCD equation 
is expressed when using skeleton diagrams by 

V V = V Y + W  
Y-Y Replacing the bottom interaction of the second term by Ti1), 

which is equivalent to carrying out one iteration, we obtain the second- 
order Ti2) amplitude. By inserting the latter into the third diagram of Eq. 
(40), we obtain the third-order energy, Fig. 6b. 

D. Fourth-Order MBPT Energy Ed 
In order to obtain the fourth-order energy we need first to generate T2 

amplitudes of one order lower, that is, T f ) .  This can be realized by doing 
the required number of iterations of the doubles (i.e., D )  equation, Fig. 
5b. (We use the terminology D equation to mean the T2 part of the full 
coupled-cluster equations to avoid any confusion with CCD, which means 
approximating T = T2 only.) It follows from this that only five terms in this 
equation will contribute to the third-order Tz , b( l) ,  b(2), b(4), b(5a), and 
b(5b). Other than b(l), which is only first order, the remaining terms 
generate higher-order T2 amplitudes and will contribute for the first time 
to the fifth-order energy. It is already a well-established procedure in the 
literature6 to classify fourth-order terms into four groups according to the 
type of diagram in the CC equation to which they correspond, i.e., sin- 
gles, doubles, triples, and quadruples as shown in Fig. 6c. Although their 
generation by the CC method is already well known,6 for the sake of 
completeness we will briefly discuss how they arise from the CC itera- 
tions. 

I .  Fourth-Order Singles ES 
In order to obtain the ES terms we need to put the T$ amplitude in 

place of the TI  vertex in diagram b(1) in Fig. 5 .  The second-order TY’, in 
turn, should be obtained from the S equation as given in Fig. 5a. It is 
obvious that to the second-order TI, only the term 5a(2) contributes. By 
substituting it into b(1) in Fig. 5 we obtain the diagrams in Fig. 7a. By 
inserting these diagrams into the third term of Eq. (40), we then obtain the 
two S skeleton diagrams presented in Fig. 6c, which may be converted by 
providing arrows into four antisymmetrized diagrams (see Appendix A for 
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Fig. 7. Third-order Tz diagrams: (a) single excitation type; (b) double excitation type; (c) 
triple excitation type; and (d) quadruple excitation type. 

the procedure for directing the lines in skeleton diagrams). Thus, to obtain 
this contribution we have to employ both the T2 equation-to obtain 
Ti3’-and the T I  equation-to generate T\”. The E: may be obtained then 
only in the CCSD method, by performing one iteration of the S equation 
and one of the D equation. 

2.  Fourth-Order Doubles EY 
This group of terms is obtained by substituting Ti” into the b(2) dia- 

gram in Fig. 5 .  In order to obtain the fourth-order contribution we have to 
carry out two iterations of the D equation: in the first iteration we obtain 
Tr’ given in Fig. 8b, and then by plugging T r )  again into the b(2) term, we 
obtain TY’ ( D )  shown in Fig. 7b. By adding the final ineraction, which is 
equivalent to substituting Ti3) into the third diagram of Eq. (40), we obtain 

a b C d 
Fig. 8. All possible second-order amplitu’des for an HF reference state. 
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all the fourth-order double excitation diagrams shown as 4 skeleton dia- 
grams in Fig. 6c, which are equivalent to 12 antisymmetrized diagrams. 

3 .  Fourth-Order Triples ET 
This is the largest group of fourth-order diagrams, obtained from the 

diagram b(4) in Fig. 5 by replacing the T3 vertex with the second-order T3 
coefficient. The latter, presented in Fig. 8c, may be considered as a result 
of a single iteration of the T equation (Fig. 5c) engaging only the first 
diagram c(1). The substitution of diagram c in Fig. 8 into b(4) of Fig. 5 
results in the six Ti3) skeleton diagrams given in Fig. 7c. They may be 
directly related to the 6 T diagrams of Fig. 6c or the 16 antisymmetrized 
fourth-order triple diagrams shown el~ewhere.~ The procedure used to 
obtain the ET diagrams requires a single iteration of the T equation and a 
single iteration of the D equation. Hence, they are generated by the sim- 
plest version of the CCSDT method, which is denoted as CCSDT-I.'O 

4. Fourth-Order Quadruples EY 
This class of the fourth-order MBPT terms originates from the dia- 

grams b(5a) and b(5b) in Fig. 5 .  In order to have third-order T2 we have to 
substitute two Ti') for both vertices. In this way to obtain the fourth-order 
energy we need to iterate the D equation only once. By inserting 
into diagrams b(5a) and b(5b) in Fig. 5 ,  we obtain the three Q contribu- 
tions to T2 in Fig. 7d, which once closed correspond to the Q diagram in 
Fig. 6c. The three skeleton diagrams presented in Fig. 6 may be trans- 
formed, after adding arrows, into the usual seven fourth-order antisym- 
metrized diagrams involving quadruple excitatiom6 

E. Computational Scheme for the Fourth-Order Energy Terms 
To conclude this subsection devoted to the generation of the fourth- 

order energy diagrams by CC iteration, it should be stressed that in the 
actual computations we use a different algorithm to compute the fourth- 
order energy. It turns out to be simpler to perform only a single iteration 
of the LCCSDT method and to obtain in this manner Ti2), Ti2), and Ti2) 
amplitudes. Then by using the 2n + 1 rule for the MBPT energy (or 
strictly speaking the 2n we can compute the fourth-order energy 
according to the formulas 
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The E: computations exhibit an n5 type of basis set size dependence, with 
EY, n6 and ET, n7. 

There is no convenient 2n + 1 rule to compute fourth-order quadru- 
ples. It is possible to create second-order Ti2) by taking all 18 distinct 
permutations of indices in the term. This, however, although easy 
to program, would require an  n8 basis set size dependence asymptotically. 
It turns out that the more efficient way to program the ( 7 ’ ~ ) ~  contribution 
to the energy is to use so-called vertical factorization of the diagram, 
which makes it possible to do the computations with still an n6 basis set 
size dependence. This was described in detail by Bartlett and Purvis.6 The 
more exhaustive discussion of the different types of factorization of the 
CC and MBFT diagrams will be presented in subsequent subsections and 
systematized in Appendix C. 

F. Generation of Fifth-Order MBPT Diagrams 
In analogy to previous examples, our starting point is Eq. (29) or 

its diagrammatic version, Eq. (40). It follows from this that for the Har- 
tree-Fock case in the fifth-order energy, two terms contribute: Ty’ and 
T‘2’ I * TP’, which is the connected and disconnected T f ’  contribution. 
Considering the connected term Ti4’ first, we need to go through all the 
terms, one by one, occurring in Fig. 5b, since it shows from which terms 
Ty’ receives a contribution. Thus the connected contribution to Es can be 
divided, according to Fig. 5b, into six parts, corresponding to the terms 1 
to 6 in Fig. 5b. This term can be classified by the type of excitation 
occurring below the top interaction line. Since this interaction line corre- 
sponds to one order lower in perturbation theory, below it we have third- 
order quantities. 

Hence, to the connected Ti4) we have contributions from 

1. Ti3)-first term in Fig. 5b-fifth-order energy diagrams originating 

2. T$3’--second term in Fig. 5b-these will be called doubles or EF; 
3. Ti’’ T\*’-third and fourth, i.e., 3a and 3b terms in Fig. 5b-these 

4. Ti3’-term 4 in Fig. 5b-this generates diagrams that will be called 

5. Ty’ * Ti2’-terms 5a and 5b in Fig. Sb-these will give rise to the 

6. Ti3’-the sixth term in Fig. 5b-these terms will be called con- 

from this term will be called singles or Eg ; 

terms will be called disconnected triples or ETds ; 

connected triples (or triples) or ET ; 

diagrams that are classified as disconnected quadruples or EYds ; 

nected quadruples (or quadruples) or EY.  
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In the following six subsections we will analyze each of the six types 
of terms contributing to E s ,  and in the last subsection we will give dia- 
grams that enter ES via T{2’ Ti2), i.e., from disconnected Ty’ .  

I .  Fifth-Order Singles E s  
All the E s  terms are obtained by substituting Tr’  into the first term of 

the D equation in Fig. 5b, but in order to obtain Ti3’ we need to use the 
equation in Fig. 5a. From this equation it follows that to have a complete 
T$3’ we need to consider three terms, numbered one to three in Fig. 5a, 
which correspond to the three amplitudes at the second-order level, 
namely, Ti2’, Tf’, Ti2’. Because of that we can further divide the fifth- 
order singles into three subclasses: Ess ,  EsD, and EST, in which the addi- 
tional superscripts refer to the type of second-order amplitude contribut- 
ing to Ti3). 

Figure 8a-c presents all possible second-order amplitudes in the form 
of skeleton diagrams. By providing arrows we obtain two antisymme- 
trized diagrams for T‘2’, three antisymmetrized diagrams for Ti2’, and two 
such diagrams for Ti2\. The remaining nonzero amplitudes at the second- 
order level arise from T$,  which, being composed of two Ti’) contribu- 
tions shown in Fig. 8d, is of disconnected character. By inserting the 
appropriate second-order diagrams given in Fig. 8 in place of the lower 
vertex in Fig. 5a(l-3) we obtain all possible T(,3) diagrams presented in 
Fig. 9. 

The next step to recover the fifth-order energy diagrams is to operate 
with VF on the Ti3’ amplitude in order to obtain Ti4’. Since at the third- 
order level we have a single excitation operator and at the fourth-order 
level we need a double excitation operator, we have to use the form of the 
V :  operator that increases the level of excitation, i.e., 1-v. When com- 

a 

Fig. 9. Third-order T I  amplitudes arising from (a) second-order singles T\3)(S), (b) sec- 
ond-order doubles T 3 D ) ,  and (c) second-order triples T$’( T). 
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Fig. 10. The fifth-order diagrams originating from the first term in the D equation in Fig. 
5b. (a), (b), and (c) correspond, respectively, to different subclasses of E s ,  i.e., E F ,  Ey, 
and EST. 

bining this V,” diagram with those given in Fig. 9, we obtain 9 Ty’  skeleton 
diagrams and the same number of E s  diagrams. All of the latter are shown 
in Fig. 10. In this way we obtain 4 Ess  diagrams (one skeleton diagram in 
Fig. lOa), 16 EsD diagrams (4 skeleton diagrams in Fig. lob) and 16 EsT 
diagrams (4 skeleton diagrams in Fig. IOc). 

2. Fifth-Order Doubles Ef’ 
This class of diagrams is obtained by substituting Ti3’ into the second 

term, Fig. 5b(2). In order to obtain Ti3’ we have to use again the same 
equation for Ti2’, but we do not need to pay attention to the terms in which 
the lower vertices must exceed the second order, i.e., diagrams b(3) and 
b(6) in Fig. 5 .  Thus, to obtain Tf’ we have to use diagrams from Fig. 8a-d 
and put them in place of the lower vertex in diagrams 1 ,2 ,4 ,  5 of Fig. 5b. 
The resulting new third-order diagrams are presented in Fig. 7a-d. They 
correspond to the full Ty’ ,  and the total number of the Ti3’ antisymme- 
trized diagrams must be equal to the number of diagrams occurring for E4 
(the final closing interaction line can be added in only one way to the 
corresponding Ti3) amplitude). Figure 7a generates 4 diagrams, which are 
termed Ti3’(S) since they are obtained by inserting Ti2’ into the first term 
of Fig. 5b. Figure 7b presents 12 antisymmetrized diagrams Ti3’(D). In a 
similar way the remaining 16 antisymmetrized triple excitation diagrams 
derive from Tf’( T )  in Fig. 7c, and Fig. 7d corresponds to the 7 diagrams 
obtained from Ti3’(Q). Thus the different types of Ty’ amplitudes corre- 
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spond to the number of different diagrams in the fourth-order energy 
expres~ion.~.~ 

In order to obtain Tr) (D)  and, consequently, EP we have to operate on 
T$3’ with the V,” operator. This time we have to retain the level of excita- 
tion so that we will operate with the V,” diagram of the form I---[. We can 
connect the V,” skeleton to each skeleton diagram in Fig. 7a in two differ- 
ent ways, thus obtaining the 4 skeleton diagrams shown in Fig. I la, which 
correspond to 16 antisymmetrized EYS diagrams. Operating with [---I on 
the skeleton in Fig. 7b, we obtain 16 EYD skeleton diagrams (Fig. Ilb), 
which correspond to the 56 antisymmetrized EYD diagrams. 

In an analogous way Fig. 7c will give rise to the 20 skeleton diagrams 
(presented in Fig. Ilc) corresponding to 80 antisymmetrized EFT dia- 
grams. Finally, the last class of the fifth-order doubles arises by operation 
with the above form of V y  operator on each of the skeleton diagrams 
presented in Fig. 7d. This gives the 8 skeletons shown in Fig. Ild. By 
providing arrows we can easily obtain the 28 antisymmetrized EFQ dia- 
grams. 

Thus, the second term in the CC equation in Fig. 5b generates the 
class of fifth-order diagrams classified as doubles, which, in turn, are 
further divided into four groups according to the origin of the Ti3’ ampli- 
tude into EYS, EYD, E$, and E F .  The number of antisymmetrized dia- 
grams in each subclass is, respectively, 16,56,80, and 28, which gives the 
total number of 180 EY antisymmetrized diagrams. 

3. Fifth-Order Disconnected Triples ETds 
Diagrams (3a) and (3b) in Fig. 5b contribute to the fifth-order energy in 

only one way. By taking the first-order T z ,  i.e., Ti’),  and combining it with 
the second-order T I ,  i.e., Ti’), we have a third-order Ti3) of disconnected 
character. Replacing then the TZ amplitude with Ti1) and the TI amplitude 
with Ti’) in Fig. 5b(3a) and closing the diagrams with an energy interaction 
on the top, we obtain the fifth-order skeleton diagrams presented in Fig. 
12a. Analogously, working in the same way on the diagram in Fig. 5b(3b), 
we obtain the skeleton diagrams given in Fig. 12b. The skeleton diagrams 
in Fig. 12a,b can be factorized into two and one, respectively. This comes 
from the observation that the first three diagrams in Fig. 12a are obtained 
from each other by switching the order of the lowest three interactions. 
The same refers to the second group of the three diagrams in Fig. 12a and 
to the diagrams in Fig. 12b. After factorization we no longer need a triple 
excitation denominator, i.e., a denominator involving three particle and 
three hole labels. Instead, we can write out the algebraic formula by using 
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b 

Fig. 11. The fifth-order energy diagrams arising from the third-order T2 amplitudes, i.e., 
the second term in the D equation in Fig. Sb. (a) E y  diagrams, (b) EyD diagrams, (c) Ey 
diagrams, and (d) Ey diagrams. 
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Fig. 12. The fifth-order energy diagrams Ey arising from disconnected triple excitation 
amplitudes. Diagrams in (a) derive from Fig. 5b(3a), and those in (b) are generated by Fig. 
5b(3b). 

only the TI and Tz denominators, i.e., in the way typical of the CC 
method. 

Thus, this group of fifth-order energy diagrams contains 9 skeletons 
corresponding to the 36 antisymmetrized diagrams for ET”. 

4. Fifth-Order Connected Triples ET 
This is the largest class of Es diagrams. It is generated by inserting a 

Ti3’ amplitude in place of the lower vertex in Fig. Sb(4), since Ti3’ can be, 
as it may be observed from Fig. Sc, obtained in three different ways. By 
employing the Ti’’ amplitude according to Fig. Sc( I ) ,  by employing Ti’) as 
it is in Fig. Sc(2), and by substituting a disconnected Ti’) operator into the 
third diagram in Fig. Sc, we can divide this group into three different 
subclasses: ETD, E F ,  and ETQ. Figure 13a-c presents these three types of 
Ti3) amplitudes, which can be denoted as Ti3’@), Ti3’(T), and Ti3’(Q). In 
order to obtain Ti3) we have to combine each diagram in Fig. 13 with the 

Fig. W. Third-order T3 amplitudes: (a) doubles, (b) triples, and (c) quadruples. 



Fig. 14. Fifth-order energy diagrams arising from connected triple excitations, i .e. ,  Fig. 
5b(4): (a) ET”, (b) E y ,  and (c) ETQ. 
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V r  operator of the form I---A, which decreases by one the excitation 
level; and as the second step, by adding the final interaction. The first step 
may be accomplished in many ways, which can be seen from Fig. 14, in 
which we have three groups of diagrams. The first group, in Fig. 14a, is a 
result of the operation with V,” on the diagrams shown in Fig. 13a and 
then closing. This gives 20 skeleton diagrams denoted as ETD, corre- 
sponding to 80 antisymmetrized ones. When applying the same procedure 
to the three skeleton diagrams in Fig. 13b, we can generate the 35 skele- 
tons shown in Fig. 14b, equivalent to 164 antisymmetrized diagrams of 
triple excitation origin. Repeating this for the TY’(Q) amplitudes from Fig. 
13c, we are able to create all the fifth-order triple excitation diagrams of 
quadruple origin, i.e., ETQ. There are 20 such skeletons that correspond 
to 80 antisymmetrized diagrams. 

Thus the total number of the ET antisymmetrized diagrams is equal to 
324. 

5 .  Fifth-Order Energy Diagrams Originating from the Disconnected 
Quadruple Contribution EPds 
The Eyds diagrams are generated by the b(5a) and b(5b) terms in the D 

equation in Fig. 5b. The combined order of the lower vertices in Fig. 
5b(5a,b) must be equal to 3, and so this can be realized by taking Ti’) and 
Ti2’ amplitudes. The V,” operator present in the CC equation, i.e., the 
upper vertex in Fig. 5b(5a,b) terms can be joined to the combined Ti*)  and 
Ti2’ in 84 ways. Thus, we will have 84 Eqds antisymmetrized diagrams, 36 

a 

b 

Fig. 15. Fifth-order energy diagrams arising from disconnected quadruple excitations, 
i.e., from (a) Fig. 5b(5a) and (b) Fig. 5b(5b). 
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of them due to the term (5a) and 48 due to  the term (5b). Both groups of 
diagrams are presented in the form of skeleton diagrams in Fig. 15a,b. 
Similarly, as  in the case of ETds we can avoid “long,” i.e., quadruple, 
excitation denominators by factoring each group of three antisymme- 
trized diagrams differing only by “time” order into one via the factoriza- 
tion t h e ~ r e m . ~ ~ , ~ ~  In this way instead of 84 we would have 28 “short” 
denominator diagrams, which are much simpler computationally. 

6.  Fifth-Order Quadruples EY 
This group of diagrams is generated by Fig. 5b(6), i.e., by replacing the 

bottom interaction line in this diagram by the Ti3) amplitudes given in Fig. 
16. Here Ti3) operators can be obtained with the help of the equation 
presented in Fig. 5d from T f )  and T!’) * T y )  operators. In the first case we 
would have the two T&)(T) skeleton diagrams presented in Fig. 16a, cor- 
responding to eight antisymmetrized diagrams, while the second term 
would result in the four antisymmetrized diagrams shown in Fig. 16b as 
one skeleton diagram. The substitution of T y )  into Fig. 5d would lead 
finally to the fifth-order energy diagrams pictured in Fig. 17. Figure 17a 
derives from Ty’(T) or ETQ, which are represented by 112 antisymme- 
trized diagrams or 28 skeleton diagrams. Figure 17b derives from the 
Ti3’(Q), i.e., EYQ, and represents 56 antisymmetrized diagrams or 14 skel- 
eton diagrams. 

The total number of EY diagrams produced by the connected Ti3) 
contribution amounts to 168. Adding the 84 fifth-order disconnected qua- 
druple excitation diagrams, EYds, results in a total of 252 antisymmetrized 
diagrams of quadruple excitation type. 

7. Disconnected Contribution to E5 
This kind of contribution originates from the second term of Eq. (29) 

or (40). As was mentioned at the beginning of this section, this term can 
contribute to  the energy only through TP’ * Tf’. The diagrams generated in 

b v--!/--u _ _ _  v 
Fig. 16. Third-order T4 diagrams: (a) diagrams arising from connected triples T r )  and (b) 

diagrams arising from disconnected T y )  . T:’). 
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Fig. 17. Fifth-order energy diagrams derived from Ty’ ,  Fig. 16: (a) diagrams from 
Ty’(T), E y ;  (b) diagrams from Ty’(Q) ,  Ey. 

this way are presented in Fig. 18. There are 12 antisymmetrized diagrams 
corresponding to 3 skeleton diagrams. It can be easily observed that the 3 
diagrams in Fig. 18 can be obtained by switching the “time orders” of the 
lowest three interactions. Analogous to the case of EYds we can factorize 
these diagrams; this would result in 1 skeleton diagram or 3 antisymme- 
trized diagrams with simpler denominators. 

VI. Remarks and Comments 
A summary of the analysis of the fifth-order terms is given in Table 11. 

The columns refer to all possible contributions to the fifth-order energy 
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Fig. 18. Fifth-order energy diagrams that arise from disconnected contributions of T i .  

ES , while the various CC approaches are placed in the rows. A crossmark 
indicates that the group of energy diagrams is generated by the relevant 
CC approach. 

In order to further clarify the generation of the fifth-order terms we 
demonstrate pictorally in Table I11 how, by the CC iterations, particular 
groups of Es are obtained. 

The simplest of all CC schemes, LCCD, generates 16/56 (skeleton/ 
antisymmetrized) diagrams, i.e., the whole EYD group (cf. col. 6 of Table 
11). Table I11 demonstrates that this can be achieved by straightforward 
threefold iteration of the T2 diagrams. 

Inclusion of the nonlinear terms in CCD, i.e., { H N T : } ,  results in an 
additional 112 terms, grouped in EFQ (col. 8 of Table 11) and EYds (col. 13). 
The latter are obtained (see Table 111) by combining Ti2), obtained from 
the first iteration and T t ) ,  calculated in zeroth iteration, to obtain in one 
more iteration Ti4). Similarly, the EYQ diagrams are obtained in two itera- 
tions: Tf' in the first and Ti4) in the second. 

Inclusion of the TI  coefficients results in the creation of several addi- 
tional groups of diagrams, depending on whether a linear or full CCSD 
method is considered. The former case provides 9/36 additional diagram- 
matic terms, compared to LCCD, while the full CCSD produces 69/252 
diagrams, i.e., 8 out of 15 classes. These are placed in Table I11 under S 
and D entries. It may be seen there what type of mutual interrelation 
between S and D leads to the fifth-order diagrams. In order to reproduce 
the fifth-order terms according to the CC scheme, we need to carry out 
two iterations of the S equation and three iterations of the D equation. 

The most dramatic improvement over former methods is obtained by 
an inclusion of triple excitation amplitudes. The simplest version of 
CCSDT, CCSDT- I ,  proposed elsewhere,'O reproduces an additional 44/ 
176 terms. It is possible to develop another approximation to CCSDT, 
denoted as CCSDT-2 (see Table 11), which is still computationally very 
efficient. It arises from including T:/2 into the CCSDT equations. In this 
manner we can account for an additional 20/80 diagrammatic terms. The 
full inclusion of T3 generates an additional 35/164 diagrams or 99/420 more 
diagrams compared to the CCSD method. In order to obtain that, we need 

n 
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TABLE 

SUMMARY OF THE DIAGRAMMATIC TERMS I N  FIFTH-ORDER ENERGY 

1 2 3 4 5 6  7 8 9" 9 b  

Figure 

Number of 
skeleton diagrams 

Number of 
antisymm. diagrams 

LCCD 
CCD 
LCCSD 
CCSD 
CCSDT-I 
CCSDT-2 
CCSDT 
CCSDTQ 

10a IOb 1Oc Ila I lb  I lc  Ild 

I 4  4 4 1 6 2 0  8 

4 16 16 16 56 80 28 

X 

X X 

x x  X X 

x x  X X X 

x x x x  X X X 

x x x x  X X X 

x x x x  X X X 

x x x x  X X X 

12 
9 

3 6  
36 

12 24 

See explanation in the text. 
* The first number refers to the number of skeleton diagrams; the second to the number 

to perform two T3 iterations, although some T:3) contributions are ob- 
tained already in the first iteration (see Table 111). 

An inclusion of T4 will generate the missing 42/168 diagrams. It may be 
seen from Table I11 that we need only one iteration of T4 to obtain EYT and 

It follows from the preceding presentation that the CCSDTQ method 
can reproduce all the terms occurring in the fifth-order energy expansion. 
It can be observed that many of the diagrams are equivalent to each other 
due to some sort of symmetry. This can be demonstrated by comparing, 
for instance, groups of diagrams denoted as EYS (Fig. lla) with those 
denoted as EsD (Fig. lob). The latter are just Hermitian conjugates of the 
former ones, or putting it in a more illustrative way, one group can be 
obtained from the other by turning it upside down. In terms of real orbitals 
the two sets are numerically equal. In general, we should obtain a Hermi- 

EYQ. 
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11 

EXPANSION GENERATED BY VARIOUS CC APPROACHES 

10 I I  12 13a 13b 14 15 16a 16b 

EPd” E p  
Basis set size 

‘ETD E F  ETQ EiQD’ Eiw’ a E Y  E Y  EiTS’ ErQ’ “Total dependence 

14a 14b 14c 15 17a 17b 18 
24 3 

20 3s 20 28 14 210 
8 16 1 2  

84 12 

28 56 4 8  
80 164 80 112 56 840 

16/56b n6 

X 481168 n6 
25192 n6 

X X 691252 n6 
X X X I331428 n7 
X X X X 1331508 n7 

X x x  X X 1681672 nu 
X x x  X x x  X 2 101840 n9 

of antisymmetrized diagrams. 

tian conjugate by switching superscripts in the Es symbol, for instance, 
EFT to ETD. This is true, however, only for two pairs of groups: EsD-EFs 
and EyT-ETD. This may be seen even by comparing the number of skele- 
ton or antisymmetrized diagrams belonging to each group and given in 
columns 3 and 5 or 7 and 10 in Table 11. When comparing other types of 
diagrams, e.g., E l Q  and EYT, the number of terms in each group is not the 
same. This is due to the inherent asymmetric nature of the CC equations 
and the formation of the special group of diagrams classified as discon- 
nected: ETds, Eyds,  and E:’, which is justified only from the CC point of 
view. 

From the perturbation viewpoint a more natural classification would 
refer rather to the level of excitation at each intervertex level, which is 
also much closer to the CI classification. The classification of diagrams 
based on this criterion would look slightly different. Out of four interver- 



GRAPHIC 

0th iteration 

I st iteration 

2nd iteration 

3 rd iteration 

Top (energy) 
interaction 

TABLE III 

PRESENTATION OF THE ITERATIVE SCHEME OF THE CCSDTQ METHOD IN A FIFTH-ORDER ENERGY CALCULATION 
S D T 0 EQUATION 

I 

E F  E F  E r  E F  E:' E r  EF E F  E F  EJ' E F  EY EZT E F  

I 2 3 4 5 6 7 8  9 10 I I  12 I3 14 15 

ES* 
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Fig. 19. General structure of the fifth-order diagrams. Intervertex levels a and d are 
always of double excitation type for an HF reference state. 

tex levels in each of the diagrams in Fig. 19, only two are of importance, 
namely, b and c, since a and d are always of double excitation character 
for a H F  reference. In analogy to the former notation we describe each 
diagram as E ( n c n b ) ,  where nc ,  &, stand for symbols S, D, T, and Q corre- 
sponding to single, double, triple, and quadruple types of excitation. 
Thus, for instance, diagram Fig. 10a may be described as EcSs), Fig. IOb as 
E(SD), etc. It is straightforward to see that all diagrams belonging to the 
group E t B  are contained in the group Ei””’. The latter, however, may 
contain also some terms absent in the former, namely, those classified in 
the group of disconnected diagrams, which now disappears, since in this 
classification it is irrelevant whether the diagram is of connected or dis- 
connected origin. This is why the relevant columns in Table 11, i.e., 9, 13, 
and 16, which refer to the disconnected diagrams bear double descrip- 
tions. Thus diagrams denoted as Egds (col. 9 of Table 11) are now reas- 
signed to the groups E$TS’ and EiTQ’, respectively, 3/12 and 6/24 diagrams. 
Diagrams Eqds (col. 13) are reassigned to groups EiQD) and EiQQ’, respec- 
tively, 8/28 and 16/56 graphs; and the last group of disconnected diagrams 
(col. 16) would belong now to the groups E$’ and EiTQ’, respectively, 1/4 
and 218 diagrams. 

Now the mutual Hermiticity of the corresponding diagrams is more 
transparent. In addition to the pairs EsD-Eys and EyT-ETD, we have 
Hermitian correspondence within pairs EiST’ (= EST in col. 4 of Table 11) 
and EiTS’ (col. 9a) and EcTS) (col. 16a); EiDQ’ (= EyQ, col. 8) and EiQD’ (col. 
13a); EiTQ’ (= ETQ, col. 12) and EiTQ’ (col. 9b); and EiTQ’ (col. 16b) and 
EiQT’ (= EqT, col. 14), so altogether 252 diagrams belonging to the groups 
EiSD’, 5 5 EiDQ’, and have their Hermitian equivalents in the 
252 diagrams, belonging to the analogous groups with interchanged super- 
scripts, i.e., ,TiDS’, EcTS’, 5 E(TD), 5 ,TiQD’, and EiQT’. Assuming that we are 
dealing with real one-electron functions, these two groups of conjugate 
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diagrams have the same value, and this would result in reducing the total 
number of computationally different fifth-order antisymmetrized energy 
diagrams to 840 - 252 = 588. In addition, within classes E S S ,  EDD, Err, 
and E(QQ), there occur pairs of hermitially equivalent diagrams, respec- 
tively, 1 ,  21, 65, and 38 pairs. This means that an additional 125 diagrams 
may be skipped, which further reduces the number of computationally 
distinct fifth-order diagrams to 463. This number includes 377 diagrams 
that possess a Hermitian equivalent and 86 that are symmetric with re- 
spect to the horizontal plane (by turning the latter upside down, the same 
diagram is obtained). 

The other important simplification in the fifth-order diagrammatics is 
due to the already-mentioned factorization theorem. As was mentioned 
before, the number of the nonlinear terms (from the CC point of view) 
may be substantially reduced by combining the various time orders to- 
gether, which results in a smaller number of diagrams to be considered, 
and a much simpler computational algebraic expression assigned to them 
due to the removal of some complex triple and quadruple excitation de- 
nominators. This refers to the diagrams classified as ETds, EYds, E$s al- 
ready described in previous sections, but also to the diagrams classified as 
EqT and EYQ given in Fig. 17a,b. All the diagrams presented in Fig. 17a 
can be paired in such a way that one of them can be obtained from the 
other by switching the two top interaction lines. This will result, as in the 
case of the nonlinear diagrams, in generating one factorized diagram in- 
stead of two regular ones. This leads to the reduction of the total number 
of diagrams by two and to something that is computationally much more 
important (n6 instead of n8) in eliminating quadruple excitation denomi- 
nators. 

The same treatment can be applied to the EyQ group (Fig. 17b). In this 
case we have two quadruple denominators, and to eliminate them we 
have to switch both top and bottom pairs of interaction lines, which 
reduces by 4 the number of diagrams. By switching the bottom interaction 
we obtain in some cases the same diagrams as those obtained by switching 
the top interactions. Thus in this case we obtain also a reduction in the 
number of diagrams by two, while we have to attach to the fully factorized 
diagram a coefficient of 4. The net total of computationally distinct fifth- 
order antisymmetrized directed line diagrams then becomes 328. 

The question arises whether we need T4 amplitudes in order to gener- 
dte all fifth-order diagrams. The answer depends on the approach. If we 
solve the CCSDT equations and obtain converged results, then we have 
the full fourth-order energy, but not the fifth-order energy, since we miss 
168 diagrams, denoted here as EYT and EYQ. We do include some other 
diagrams that are formally of quadruple excitation type that are termed as 
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EYds (or according to the other classification as EiQD) and part of ,TiQQ)). 
These quadruples are of the same nature as those in fourth order; i.e., 
they are generated by the inclusion of T i  into the CCD equation. Dia- 
grams EyT and E F  are of different character than E Y ,  and if we pursue a 
pure CC calculational approach, they can be included only by solving the 
CCSDTQ equations. 

On the other hand, it is possible to calculate these terms without 
employing the T4 coefficient, but in order to do that we have to write some 
additional code beyond the CCSDT approach. Diagrams EYT and EyQ can 
be calculated, because of the above-mentioned factorization theorem, 
with the help of only T2 and T3 coefficients. 

This problem may be approached in a more systematic manner. From 
the point of view of some intervertex level, the energy diagram may be 
considered as being of k-tuple character; i.e., there is a k-tuple excitation 
denominator required for that diagram. If the considered intervertex level 
divides an nth-order diagram into two parts of mth and (n - m)th order, 
m 5 (n - m), we can express it symbolically as 

(41) 

Now, in order for the considered diagram to be factorizable from the point 
of view of the considered intervertex level, we only need at least one of 
the wave function components in Eq. (41) to be of disconnected charac- 
ter. If the component (qt-m)l is disconnected, the diagram is factoriz- 
able, but in order to generate it by a CC iteration, the k-tuple type of the CC 
equation must be considered. If 19irn)) is disconnected, the diagram is also 
factorizable but is generated by the lower-rank CC equation. If both com- 
ponents of the wave function in Eq. (41) are connected, the diagram is not 
factorizable and the k-tuple CC equation is required. 

Thus in the case of fifth-order quadruples, according to this procedure, 
we obtain (Wi2’l and pi3)), or vice versa, and in both cases ?Pi2) is of 
disconnected character, so all fifth-order quadruples are factorizable 
(with respect to the quadruple denominator). 

The possibility of the factorization of all diagrams involving quadruple 
excitation denominators is essential since this permits the elimination of 
all quadruple excitation denominators from fifth-order energy diagrams. 
This reduces the computational dependence of such terms from n9 (n is 
the number of basis functions) down to n6 (n7 when triple excitation de- 
nominators are present). [In all asymptotic dependences it should be rec- 
ognized that the actual dependence is always far less since (1) the actual 
dependence is n&cn!i,., , not n P + Y ;  and (2) space and spin symmetry greatly 
reduce the number of distinct terms. When we say n P + 4  these additional 
simplifications are understood .] 

q) = ... + ( q ; - q E ( )  - &lqp’) + * . a  
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There is still another class of diagrams involving quadruple denomina- 
tors that appears in sixth order, which may be looked at as two diagrams 
from Fig. 16a put together as 

There diagrams may be obtained, from the CC point of view, only by an 
inclusion of T4, However, they cannot be obtained without T4 even if we 
would like to calculate them beyond the CC scheme since they are not 
factorizable. 

We can apply the same procedure to the diagrams involving triple 
excitation denominators. Again we can distinguish three categories of 
these diagrams: 

1. nonfactorizable-those in Fig. 14a-c-altogether 324 (antisymme- 
trized) diagrams and those in Fig. 1 lc-80 diagrams (computationally' 
equal to those in Fig. 14a). 

2. factorizable but generated by the T equation-diagrams in Figs. 
l0c-altogether 16 diagrams, and 

3. factorizable and generated by CCSD-diagrams in Figs. 12 and 
18-altogether 48 diagrams. 

VII. Computational Strategy in a Fifth-Order 
MBPT Calculation 

There are several different methods of calculating fifth-order dia- 
grams. One of the most straightforward would be to collect all the differ- 
ent fifth-order diagrams, to factorize them if possible, and to compute 
them one by one, some of them requiring multiplication by two to account 
for their Hermitian conjugates. According to the discussion in the preced- 
ing section, taking into account all the possible interdiagrammatic rela- 
tionships, we would wind up evaluating 328 directed antisymmetrized 
diagrams and the computational scheme would be rather time-consuming . 

The other obvious strategy would be that based on the CC equations. 
The most straightforward one would rely on coding the full CCSDTQ 
equations and on performing the required number of iterations, according 
to Table 111, in order to calculate Ti4) and then to obtain the fifth-order 
energy. This method, although probably more efficient than the former 
one, would require a substantial amount of computer time because of the 
simultaneous iteration of four types of equations: the D equation (three 
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iterations), the S and Tequations (two iterations), and the Q equation (one 
iteration) (cf. Table 111), and some of them would have a very high basis 
set dependence (see the following discussion). 

The efficient way of calculating the fifth-order energy terms would be 
by combining the CC scheme with Wigner's 2n + I rule. The 2n + 1 rule 
in MBFT calculations was effectively exploited in fourth-, fifth-, and 
higher-order calculations by Bartlett and co-workers. 16*32739 It is particu- 
larly suitable in fifth-order calculations. This method is effectively based 
on Eq. (24) according to which we can express the fifth-order energy as 

E~ = ( W I  E~ - ~ ~ 1 ~ 3 ) ) ~  

and take only linked terms. Further, following our previous consider- 
ations, we can divide the fifth-order energy into four parts corresponding 
to Ei'), EiD),  E P ,  and EiQ), 

+ ('Pf'lEo - Hol'Pt') + ('Pg'IEo - Hol'Pg')~ (42) 

Thus, going term by term in Eq. (42) the contribution to EiS) can be 
obtained by simply multiplying T{') corresponding to the diagram Fig. 8a 
by T\3) given by the diagrams in Fig. 9 and accounting for the excessive 
denominators according to the formula 

The basis set dependence of the computations is determined by the 
step leading to the tp(3) factor. Depending on what type of T\3' is consid- 
ered (cf. Section V,F,l), we will have an n5 dependence for Tr3'(S), n6 for 
7'\3)(D), and n7 for T(,3)( T). 

In an analogous way we can calculate EiD' by taking second- (Fig. 8b) 
and third- (Fig. 7) order T2 amplitudes; EiT) by using corresponding T3 
amplitudes; and EiQ', by using T4 amplitudes. It should be pointed out that 
the simple formula of the type given in Eq. (43) holds only if we have 
antisymmetrized t $;;. amplitudes, as discussed in Section IV,B. 

The antisymmetrized form of the T t )  coefficient may be obtained by 
taking all possible combinations of labels with respect to all nonequivalent 
lines. This can be visualized with the following example. 

In order to account for the terms denoted in Table I1 as ETds and E$S 
we have to use the expression 
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where @ ( d ~ ) ( ~ )  stands for the disconnected contribution to the third or- 
der, T3. Both Ti2’ and T3(ds)c3) must be in antisymmetrized form. The 
antisymmetrized form of Ti’’ may be obtained by switching labels among 
nonequivalent open lines in Fig. 8c [see Eq. (22) of Ref. lOa]. Similarly, 
the antisymmetrized form of T3(ds)(3) will be given as 

Inserting the preceding form of Ti3) and the form of Ti’’ given in Eq. 
(40) of Ref. 10a into Eq. (44), we obtain ETds + E P  contributions. We can 
skip the & factor in Eq. (44) by ordering the indices to a > b > c and I > 
j > k, which is also desirable from a computational viewpoint. 

Similar but not identical situations occur in the calculation of Eq . We 
also have to antisymmetrize the Ti2’ and Ti3’ coefficient. However, in this 
case it may happen that both components are of disconnected type ( Ti2’ is 
always disconnected; Ti3’ may be both connected and disconnected). This 
also creates by simple multiplication of Ti’) and Ti3’ unlinked contribu- 
tions that are nonphysical and must be skipped over [this is a reason why 
the last term in Eq. (42) bears the subscript L]. 

This may be illustrated diagrammatically as 

where denotes a quadruple excitation type denominator and all 
possible full connections of the open lines in the upper part with those of 
the lower part are considered. This would lead to the 24/84 linked dia- 
grams, presented in Fig. 15 and 6/18 unlinked ones. The latter are given in 
Fig. 20a. Since the diagrams in Fig. 20 differ from each other only in the 
time order of the interaction lines, they can be factorized as shown in Fig. 



Fifth-Order Many-Body Perturbation Theory 331 

a 

Fig. 20. (a) Unlinked diagrams in fifth-order MBPT; (b) illustration of factorization of 
unlinked diagrams. 

20b, to the quantity 

Eq(un1inked) = A2E3 + A3E2 (47) 

where E2 and E3 are the second- and third-order energy, respectively, and 
A2 and A3 are a sort of amplitude overlap analogous to that occurring in 
fourth order9  
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Thus, according to the preceding scheme, the formula for the calcula- 
tion of the fifth-order quadruple contribution would be straightforward to 
implement: first by calculating Ti3) according to the formula given in terms 
of diagrams in Fig. 16, and then by antisymmetrizing the Ti’’ - Ti2’ and 
Ti’) * Ti’) products, and finally by subtracting from the final energy value 
the unlinked quantity given by Eq. (47). 

The preceding procedure for obtaining ES by combining the 2n + 1 rule 
with the CC approach is convenient for implementation, but it is still 
inefficient with respect to the required computer time. This is due to the 
fact that Eq requires time that depends on the basis set size as n9. In 
addition, many of the terms that are identical are calculated indepen- 
dently, which contributes also to the overall cost of computations. 

TABLE IV 

COMPONENTS OF E5 SEPARATED FOR EFFICIENT COMPUTATIONS 

E5 
com- Basis set 

ponent Definition Computational formula dependence 

T3 E? + E: 

n7 

n7 

nh 

Formulas analogous to those used in the EY com- 
n6 

putations 
QI EPd” 

Diagram by diagram, see text 
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Fig. 21. Factorized fifth-order diagrams corresponding to the EyQ term. 

In order to avoid this difficulty we propose a more efficient approach 
to calculations. We separate out of the fifth-order energy several parts 
that are listed in column 1 of Table IV. They are defined in column 2 and 
calculated according to the formula given in column 3. The total fifth- 
order energy is then given as 

Es = S + D1 + 202 + T I  + 2Tz + 2T3 + Ql + Q2 

The last column of Table I11 gives an approximate estimate of the basis set 
dependence for the calculation of a particular term. We observe that most 
of the formulas given in Table IV rely on the 2n + I rule. The bottleneck 
of these calculations seems to be the ETT terms, which have an n8 basis set 
dependence, as well as some terms in the E F  expression. 

To avoid the n9 dependence of the EYQ terms, we propose calculating 
this contribution by doing a diagram-by-diagram calculation. This is possi- 
ble because of the fact that according to our assessments in Section VI, 
all the fifth-order quadruple contributions are factorizable. Figure 21 
presents all 56 energy diagrams in arrowless factorized form. The overall 
number of diagrams is greatly reduced to 6 skeleton or 21 antisymme- 
trized factorized diagrams. All the EYQ factorized diagrams may be de- 
composed into pieces in such a way that none of them requires higher 
than an n6 basis set size dependence. See Appendix C. 

VIII. Summary 
The results discussed in the present paper show that the calculation of 

the fifth-order energy is feasible and when carefully implemented may be 
applied to moderate-sized systems. The number of terms that must be 
considered may be substantially reduced by taking into account the fact 
that many of the diagrams have identical values and many are amendable 
to factorization. 
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The problem arises primarily with one contribution: E F ,  which in- 
volves 164 diagrams out of 840. Those 164 terms show an ns basis set 
dependence that makes computations for large systems difficult. A ques- 
tion persists as to how large this contribution might be. However, it 
should be noted that although the fourth-order triple excitation diagrams 
are asymptotically n7 (actually n:ccn$J, the CRAY implementation actu- 
ally evaluates these terms faster than some of the n6 (actually n:ccn?irt) 
steps.41 Also, it is always possible to restrict the number of T3 amplitudes 
to what is, it is hoped, a dominant subset. In addition, we may make other 
approximations that force denominator factorization as has been sug- 
g e ~ t e d ~ ~ ~  to diminish this asymptotic dependence, perhaps without intro- 
ducing significant errors. 

The analysis of the several different CC approaches in terms of the 
fifth-order energy contributions points out that within an n6 dependent 
scheme, i.e., LCCD to CCSD in Table I, the CCSD is much preferred 
since it accounts for nearly one-third of all terms and avoids potential 
singularities in LCCD.42 It may also be observed that it pays off to in- 
clude, even partially, the triple contribution, as was done in the CCSDT-1 
method.I0 In this model the number of terms is nearly doubled as com- 
pared to CCSD, and, of course, this method is correct through the fourth- 
order energy and the second-order wave function. Also, the connected T3 
contributions are numerically important. 11 ,34  

We may conclude that the recommended CC approximation would be 
CCSDT, which accounts for 80% of the fifth-order terms, but the basis set 
dependence is still n8. The inclusion of T4 in the coupled-cluster scheme 
would appear to cause a significant increase in computational time for 
what is normally considered to be a fairly small correction since T4 Q 4 T: 
for most nonmetallic cases. Of course, if a reference function is suffi- 
ciently poor, T4 and even higher clusters could be important. However, as 
was shown in the preceding section, the missing, i.e., beyond CCSDT, 
fifth-order MBPT energy terms that arise from T4 may be calculated by 
supplementing the CCSDT code with a few additional diagrams, the basis 
set dependence of which is n6 or less, to introduce most of the correction 

, due to T4. 

Appendix A. Choice of Skeleton Diagrams and MBPT 
Diagram Rules 

In this appendix we summarize the rules concerning the antisymme- 
trized skeleton diagrams. It was said in Section IV that in order to obtain a 
skeleton antisymmetrized diagram, we ignore the arrows. However, in 
order to do that we need first to have an antisymmetrized diagram in 
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correct form. Since any of the set of Goldstone diagrams that are obtained 
one from the other by switching pairs of incoming or outgoing lines can be 
chosen as an antisymmetrized one, we have several different antisymme- 
trized diagrams, all of them equivalent. Not all of them, however, can be 
used to create the skeleton diagram, since we can obtain the same anti- 
symmetrized diagram more than once. This may be illustrated more 
clearly with the following example. 

In the fourth-order energy expansion there are 12 diagrams that are 
classified as doubles. All of them can be restored by providing arrows to 
the four skeleton diagrams presented in Fig. 22. Diagrams a, b, c have two 
asymmetric loops, diagram d one. By an asymmetric loop we mean a loop 
that is connected with the rest of the diagram by three or more vertices. 
Thus, by providing arrows for each loop in a clockwise or counterclock- 
wise manner, we obtain for skeleton diagrams a and b in Fig. 22 3 + 3 
antisymmetrized diagrams; for skeleton diagram c, 4 antisymmetrized 
ones; and for the skeleton d, containing one asymmetric loop, 2 antisym- 
metrized diagrams. In diagrams a and b there is a vertical symmetry plane 
that reduces the number of antisymmetrized diagrams from 4 to 3. If we 
compare these diagrams with the full set of fourth-order diagrams, given, 
e.g., in Fig. 2 of Ref. 7, we see that skeleton a corresponds to the dia- 
grams D5, D6 and D13; skeleton b to D7, D8, and D14; c to D9, D10, Dl l ,  
and D12; and d to diagrams D15 and D16. It must be stressed that the form 
of skeleton diagram d in Fig. 22 is not accidental. If instead we used a 
skeleton diagram obtained by removing arrows from, e.g., diagram D15 or 
D16, then we would recover both missing doubles, i.e., D15 and D16, but 
in addition we would obtain also diagram D9 and Dl 1,  which are already 
generated by skeleton c. Thus in order to prevent doubling (tripling, etc.) 

a b C d 

Fig. 22. Fourth-order skeleton (A)  and Hugenholtz skeleton (B) diagrams of double 
excitation type. By providing arrows in all possible ways, all the fourth-order antisymme- 
trized and Hugenholtz doubles are restored. 
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of some diagrams when adding arrows we have to choose the form of the 
antisymmetrized diagram in a systematic manner. 

As was mentioned in Section IV, it is still possible to reduce the 
number of graphs to be considered by using Hugenholtz diagrams.38 In the 
case of fourth-order doubles we would have instead of four antisymme- 
trized skeleton diagrams, Fig. 22A, only three Hugenholtz skeleton dia- 
grams, Fig. 22B. However, adding rows to the diagrams is not automatic, 
and besides, there is an ambiguity concerning the sign factor that should 
be assigned to the diagram, although a rule has been suggested for the 
sign.43 The observation that adding arrows to the skeleton Hugenholtz 
diagram may cause some problems is illustrated by the example given in 
Fig. 23. Presented in this figure is one fifth-order Hugenholtz skeleton 
diagram (a) and three antisymmetrized skeleton diagrams that correspond 
to it (b). The arrows can be provided to the graph a in 24 ways, while there 
are 8 ways to add them to the b graphs. In both cases, the result is 24 
antisymmetrized directed diagrams. There is only one such situation in 
fifth order. Note that providing arrows to each of the antisymmetrized 
skeletons is trivial, while in the case of the Hugenholtz graph it requires 
some effort. 

When the antisymmetrized diagrams are restored in order to obtain 
the corresponding algebraic expression, we apply the rules, summarized 
in Section IV but now somewhat modified for MBPT diagrams instead of 
CC diagrams. We assign to each vertex an antisymmetrized integral, with 
the (left out, right out1 lleft in, right in) convention. We determine the sign 

Fig. 23. Example of fifth-order skeleton Hugenholtz diagram (a) and (b) skeleton dia- 
grams corresponding to it. Arrows can be added to (a) in 24 ways, to each diagram in (b) in 8 
ways. 
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according to the loop and hole rule. For each diagram we add a factor of 
2 - N ,  where N is the number of pairs of equivalent lines. Unlike the CC 
rules, to each intervertex level we assign a denominator factor according 
to the formula 

D u,b c. . .  
r J k / , , ,  = Ej + &j + &k * "  -Ea-Eb-EC . ' * 

where indices i, j, k ,  ... (a ,  b,  c, ...) refer to down (up)-going lines encoun- 
tered at the considered intervertex level. All the up (down)-going lines are 
summed over virtual (occupied) orbital levels. Since the MBPT diagrams 
are closed, there is no permutation of external orbital labels. 

Appendix B. Systematic Generation of MBPT 
Energy Diagrams 

One way of generating MBPT diagrams is to iterate the CC equations 
as has been discussed. The other option would be to generate them di- 
rectly at the given perturbation order without going through the lower- 
order terms. This approach has been analyzed in the papers of Paldus and 
Wong.44 Here we give a very short scheme used to generate fifth-order 
Hugenholtz skeleton diagrams, from which all other types of diagrams 
may be obtained. 

In the Hugenholtz approach each vertex is represented by a dot, with 
which four lines are attached ( V  is assumed to be only of two-body char- 
acter). We can first attach the four lines with the topmost dot, which has 
number 0 and then consider all the possibilities of connecting those four 
lines with the remaining dots numbered 1-4: 

To make it more systematic we can consider partitions of the number 4, 
which are 

We understand each partition as a number of lines connected with first, 
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second, third, and fourth dots. This is demonstrated graphically as 

4 .  . 
For instance, partition 2, 1 ,  1 ,  0 corresponds to the graph in which two 
lines outgoing from the 0th dot are connected with the first dot, one line 
with the second and third, and none with the fourth. 

It is obvious that in order to account for all the diagrams we have to 
consider all permutations within each partition. There are 12 distinct per- 
mutations in the partitions 3, 1 ,  0, 0 and 2, 1 ,  1 ,  0; 6 permutations in the 
partition 2 ,2 ,0 ,0 ;  and 1 in partition 1 ,  1 ,  1, 1 .  Our next step is to complete 
the preceding graphs to the full diagram in which to each dot four lines are 
attached. The graph corresponding to the partition 3,  1 , 0,O can be com- 
pleted in three ways; see Fig. 24a. This is valid for any permutation within 
this partition, since the permutation graphically corresponds to the differ- 
ent time ordering of respective indices. For instance, the exchange of the 
third and fourth interactions corresponds to the exchange of two zeros in 
the partition and hence does not lead to a new diagram. It holds also for 
the diagrams in Fig. 24a, since switching the two lowest interactions in the 
first diagram leads to the same diagram, the same operation for the second 
diagrams creates the third one, and vice versa. Any other switching of the 
interaction leads to a new diagram. Hence, for the partition 3, 1 ,  0, 0 we 
obtain 12 x 3 = 48 skeleton Hugenholtz diagrams. It is interesting that the 
diagrams presented in Fig. 24 contain important topological information. 
For example, for any diagram obtained from those in Fig. 24 by different 
time ordering, there is the same number of antisymmetrized and Gold- 
stone diagrams. Thus, on the basis of skeleton diagrams presented in Fig. 
24, we can calculate the total number of diagrams of the other types. The 
numbers in parentheses standing next to each diagram represent the num- 
ber of antisymmetrized diagrams and the number of Goldstone diagrams. 
In the whole class of diagrams generated by the partition 3, 1 ,  0, 0, there 
are 12 X 12 = 144 antisymmetrized diagrams and 12 x 112 = 1344 Gold- 
stone diagrams. 

Similarly, the graph corresponding to the partition 2, 2, 0, 0 may be 
completed in five ways (Fig. 24b), and we see that exchange of the inter- 
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d 

Fig. 24. Fifth-order skeleton Hugenholtz diagrams related to partitions: (a) 3, 1, 0,O; (b) 
2, 2, 0, 0; (c) 2, 1, 1, 0; and (d) 1, I ,  I ,  1. Numbers in parentheses refer to the number of 
antisymmetrized and Goldstone diagrams corresponding to the Hugenholtz skeleton dia- 
gram. All remaining fifth-order graphs can be obtained by taking all distinct permutations of 
vertices 1, 2, 3, and 4. That is, 1, 3, 0, 0 is a new partition that would,correspond to 
exchanging the first two vertices in the 3, 1, 0, 0 partition. 

action dots 1 and 2 as well as 3 and 4 does not lead to a new diagram, 
whereas exchange of any other pair of dots does. Analogously, we can 
deduce the number of antisymmetrized and Goldstone diagrams to be 
equal to 6 x 20 = 120 and 6 x 264 = 1584, respectively. 
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For the partition 2, 1, 1, 0 (Fig. 24c), we have 6 skeleton Hugenholtz 
diagrams that, when all 12 permutations are taken, results in 72 graphs. 
This, in turn, corresponds to 12 x 40 = 480 and 12 x 720 = 8640 antisym- 
metrized and Goldstone diagrams, respectively. 

The partition 1, 1, 1, 1 (Fig. 24d) is the most tedious to work out, and 
moreover, we do not gain anything by permuting dots since there is only a 
single permutation. It may be observed that switching any two dots (ex- 
cept for the topmost) does not lead to a new diagram. The number of 
antisymmetrized and Goldstone diagrams for this case is 96 and 2112, 
respectively . 

The total number of antisymmetrized and Goldstone diagrams 
amounts to 840 and 13,680, respectively. 

There is also a very simple relationship between the diagrams pre- 
sented in Fig. 24 and the antisymmetrized skeleton diagrams used 
throughout this paper. To all those graphs in Fig. 24 that correspond to 3 
or 4 antisymmetrized diagrams, 1 skeleton is related, while to those corre- 
sponding to 6 or 10 antisymmetrized diagrams, 2 skeleton diagrams are 
related. The fifth diagram in Fig. 24d, corresponding to 24 antisymme- 
trized diagrams, has 3 antisymmetrized skeleton equivalents. 

Appendix C. Diagram Factorization and Basis Set Size 
Dependence in MBPT-CC Computations 

According to the number of summations in the algebraic expression 
assigned to the MBPT diagram, the cost of computations should depend 
on the size of the basis set roughly as -n2N,  where n is the basis set size 
and N is the order of perturbation theory. Fortunately, for the orders 
higher than three this formula is no longer valid due to the possible factor- 
izations. In addition to the factorization mentioned in Sections V to VII, 
which will be called here denominator factorization, we, for pedagogical 
reasons, introduce two other types of factorizations that we call horizon- 
tal and vertical factorization. Both types are implicit in the computer 
codes that have been written,6-10 but these simplifying schemes have not 
been systematically presented. 

To illustrate the first type of factorization, i.e., horizontal, we pick at 
random a fifth-order diagram, which, after providing arrows and labels, is 
presented in Fig. 25 (leftmost). Since this is a fifth-order diagram, there 
are 10 lines and the same number of summation indices in the general 
algebraic formula. The factorization of the diagram is possible due to the 
fact that we can calculate independently some parts of the diagram. This 
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A 9 B b C C 

Fig. 25 

is pictured in Fig. 25, in which currently calculated pieces of the diagram 
are denoted as A, B,  C and corresponding “factorized” diagrams by the 
letters a, b, and c. 

Thus, in the first step, we calculate that part that involves the two 
lowest interaction lines and is denoted as A. It contains one internal line 
and six external. Thus, we compute the quantity A$ according to the 
formula 

and the sign is positive (three loops and three hole lines) and no equivalent 
lines. This has an n7 basis size dependence. In this way we obtain dia- 
gram a, which involves one “dressed” interaction (the lowest one). The 
second step is to calculate diagram B according to the formula 

where there is one set of equivalent lines and three loops and four hole 
lines. This is also of n7 dependence. The new factorized diagram is pre- 
sented as C in Fig. 25, which can be calculated directly according to the 
form u 1 a 

an n6 step, and finally the entire diagram is 

This kind of factorization can be performed for all diagrams from the 
fourth-order energy and up. It is obvious that these stepwise-type calcula- 
tions, presented in Fig. 25 are, in fact, exercised in the coupled-cluster 
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scheme. The overall basis size dependence is determined by the slowest 
step, which is that involving the highest number of indices. By selectively 
saving some of these intermediate quantities and using repeatedly, contri- 
butions of large classes of similar diagrams can be efficiently evaluated. 

The second type of factorization, the vertical one, is applicable only to 
those diagrams that are denominator factorizable. A set of diagrams that 
is denominator factorized is presented in Fig. 17. The essence of the 
vertical factorization lies in the fact that we can cut the diagram vertically 
into parts, which is possible only when each of the pieces has an indepen- 
dent denominator. This procedure is very convenient from the computa- 
tional point of view since we can lower the n dependence for all diagrams 
in Fig. 17 to n6 and lower. The details of factorization are presented in 
Fig. 26, in which at the leftmost side all E F  types of diagrams are pre- 
sented. Then column FI presents the pieces of the original diagram that 
are calculated first. Almost all of them (with the exception of Fig. 26b, 
which is n5 dependent) are of n6 dependence since they involve summa- 

Fig. 26. Factorization of the E p  diagrams into independently computed fragments with 
n6 and lower basis set size dependence. 
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A a B b 

Fig. 27 

tion over two internal lines and they are four index quantities (due to four 
external lines). In column D, the new, partly factorized diagram is pre- 
sented with one dressed vertex. In the next step, parts F2 are computed, 
which are also of n6 character (except for b and d,  which are n4 and n5 
dependent, respectively) for the same reason as before. Column D2 
presents fully factorized diagrams that being of n6 dependence (except b 
and d, which are n5 dependent) are computed directly. 

Finally, a similar vertical type of factorization is applicable to coupled- 
cluster diagrams, since they are, by definition, denominator factorized. 
Figure 27 presents an example of the CC diagrams and its decomposition, 
for computational efficiency, into independently calculated parts. The 
first part (A) is computed with an n6 dependence. The second one (B) is of 
n’, and finally the fully factorized diagram b requires an n7 basis set 
dependence. 
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second harmonic, 55-57 
third harmonic, 57-59 
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4-Hydroxypyridine, see 4-Pyridone tauto- 
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vibrations 
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Jahn-Teller effect 
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induction of pure rotational transitions, 

in polarizability of molecules, 1-84 
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Kerr effect, 28-45, 69 
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time-dependent proof, 292 
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Many-body perturbation theory, 281-344 
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dependence, 340-343 
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antisymmetrized skeleton energy 

generation by coupled-cluster itera- 

reduction of terms, 294-297 
fifth-order, relationship to coupled- 

cluster approaches, 281-344 
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from coupled-cluster quadruples, 3 10 
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second-order energy, 306-308 
third-order energy, 308, 309 
wave function diagram, 287 
wave operator diagram, 291 
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ory 
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for oxygen, solid, 198 
stability conditions, 173-175 
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2-Methoxypyridine tautomers, 121 
1-Methyladenine tautomers, 113 
3-Methylcytosine tautomers, 113 
N-Methylformamide tautomers, 97 
Methylformimidate, see N-Methylfor- 

mamide tautomers 
l-Methyl-2-pyridinone, see 2-Methoxypyri. 

dine tautomers 
5-Methyluracil, 102 
Molecular crystals 

100 

dynamics, see Molecular dynamics 
Hamiltonian, see Crystal Hamiltonian 
plastic, 150, 162, 186-191 
vibrations, see Lattice vibrations 

Molecular dynamics, 13 1-206 
classical, 163- 165 

for solid nitrogen, 181 
Monte Carlo method, 110, 136, 163-165 

Multipole moments, 1-84, 135 
Mutation theory, role of tautomers, 121- 

for solid nitrogen, 186 

126 

N 

Nitrogen, solid 
crystal structure, 176-177 
free energy, 190 

molecular motions, 175-191 
from harmonic and quasi-harmonic 

large-amplitude, in ordered phases, 

lattice frequencies, 178, 179 

models, 178-181 

181-186 

orientational probability distribution, 
184. 189 

0 

OMTP, see Overlap multipole procedure 
Order-disorder phase transition, 186-191 
Overlap multipole procedure, 108, 110 
2-Oxo-6-methylpyridine, 89 
2-Oxopyridine 1 -oxide tautomers, 12 1 
2-Oxopyridine tautomers, 89, 93-96, 100, 

in excited state, stabilization by solva- 

polyhydration energies, 112 
relative electronic energies, 93-96 

120-1 21 

tion, 120, 121 

calculation steps, 95 
vapor phase, 93 

vapor phase, 93 
thermodynamic quantities, 93-95 

3-Oxopyridine tautomers, 100 
4-Oxopyridine tautomers, 100 

in excited state, solvation stabilization, 

polyhydration energy, 112 
relative electronic energies, 94, 96 
thermodynamic quantities, 94 

relative electronic energies, 94 
thermodynamic quantities, 94 

relative electronic energies, 94 
thermodynamic quantities, 94 

coupling between lattice vibrations and 

crystal Hamiltonian, 195-200 
crystal structure, 192 
dynamics and magnetism, 191-200 
exchange coupling parameter, 198 
exchange interaction energy, orienta- 

tional dependence, 197 
Heisenberg exchange coupling constant, 

orientational dependence, 197, 199, 
200 

120, 121 

2-Oxopyrimidine tautomers 

4-Oxopyrimidine tautomers 

Oxygen, solid 

spin dynamics, 195-200 
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quadrupole moment, 193 
spin Hamiltonian, 194-200 
spin wave calculations, 193-195 

P 

Perturbation theory, 153-159, 207, 230, 
276 

many-body, see Many-body perturbation 
theory 

Phonons, 131-206 
Phototautomerism, in nucleic acid base 

pairs, 118 
Polarizability , molecular 

anisotropy of, in degenerate states, 28- 

Jahn-Teller effect, see Jahn-Teller 
68 

effect 
Polarization, atomic, 7, 8 
Proton tunneling, 117, 118, 123 
PT, see Peturbation theory 
2,4-Pyridinediol, 97 

tautomeric energies, 98 
2-Pyridone tautomers 

in solution, 108, 109 
in vapor, 97, 103 

4-Pyridone tautomers 
in solution, 108, 109 
in vapor, 97 

Q 
Quasi-harmonic theory of lattice dynamics, 

see Lattice vibrations, quasi-harmonic 
theory 

R 

Raman scattering 
pure rotational, 50-53 

vibronic-rotational transitions, selection 
depolarization of light, 45-59 

rules, 48-50 
Random phase approximation, 170-173, 

for nitrogen, solid, 182, 186, 187, 191 
for oxygen, solid, 198 

depolarization of light in, in viscous 

I85 

Rayleigh scattering 

medium, 54-55 

optical active states, 66-68 
in symmetric molecular systems, 66-68 

Rayleigh-Schrodinger theory, review, 

Rotational absorption, pure 
283-289 

dipolarly unstable systems, 13-18 
temperature dependence, 17 
tetrahedral spectrum, 16, 17 

spectra, 12-23 
Raman, 50-53 

transitions, 18-23 
RPA, see Random phase approximation 

S 

Self-consistent phonon method, 157-162, 

Spherical-top molecules 
birefringence, 74-75 

depolarization of light, 45-59 
pure rotational spectrum, 18-23 

rotational transitions, 18-23 

180, 185 

gas, 28-45 

Spin-orbital interactions, induction of pure 

Symmetric molecular systems 
dipole moments, see Dipole moment, of 

symmetric molecular systems 
optical activity, temperature dependent, 

in anisotropic external fields, 63-66 
in external fields, 59-63 

quadrupole moments, 68-81 
measurement by birefringence, 69-75 

rotational absorption spectra, 12-23 

expansion of atom-atom potentials, 

to express intermolecular potential, 137- 

59-68 

Symmetry-adapted functions, 137-141, 167 

141-144 

141 

T 
Tautomeric equilibria, 85- 130 

in electronic ground state 
in solution, 104-1 14 
in vapor, 89-104 

effect of solvation, 120 
in excited electronic state, 114-121 

in nucleic acid bases, 121-126 
potential energy surface, 90-92, 115 
role in mutation theory, see Mutation 

theory, role of tautomers 
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TDH, see Random phase approximation U 
Tetrahedral rotation functions, 139, 

Thermodynamic variation principle, 200- 
147 

203 

Uracil tautomers, 89, 91, 94, 98, 102, 103 
relative tautomeric energies, 99, 100 

Thione-thiol tautomerism, 90 V 
Time-dependent Hartree approximation, 

Tunneling, see Proton tunneling 
Tunneling-rotational transitions, 15 

see Random-phase approximation Vibronic interactions, 1-84, 132 
ground states, 8 
reduction factor, 8 


